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Abstract

It is often stated that AND/EXOR circuits are

much easier testable than AND/OR circuits.

This statement only holds for restricted classes of

AND/EXOR expressions, like positive polarity Reed-
Muller expressions and �xed polarity Reed-Muller ex-
pressions. For these two classes of circuits good deter-
ministic testability properties are known. In this paper

we show that for these circuits also good random pat-
tern testability can be proven. An input probability

distribution is given which yields a short expected test

length for biased random patterns. This is the �rst

time that theoretical results on random pattern testa-

bility are presented for 2-level AND/EXOR circuit re-

alizations of arbitrary Boolean functions.

For more general classes of 2-level AND/EXOR

circuits analogous results are not proven. We present

experimental results that show that in general mini-

mized 2-level AND/OR circuits are as well (or badly)

testable as minimized 2-level AND/EXOR circuits.

1 Introduction

Many papers on AND/EXORminimization use as a
motivation that AND/EXOR circuits are much better
testable than AND/OR circuits (see e.g. [22, 16, 1, 8,
11]).

This results from the observation that good Deter-

ministic Testability (DT) properties can be proven for
circuits derived from restricted classes of Exclusive-
or Sum-Of-Products Expressions (ESOPs) like Posi-

tive Polarity Reed-Muller Expressions (PPRMs) [13]
and Fixed Polarity Reed-Muller Expressions (FPRMs)
[16].

We show that these circuits can easily be modi�ed
in a way that they also have good Random Pattern

Testability (RPT) properties. The hardware overhead
for a biased test pattern generator depends on the
number of probability distributions and the number
of di�erent probabilities used for the primary inputs
[24]. In our approach a single probability distribution
with only three di�erent probabilities is used. Thus,
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it can be implemented e�ciently in a Built-In Self-

Test (BIST) environment. Moreover, for a circuit with
n primary inputs the biased random patterns yield
an expected test length, which is shown to be only
O(n � log(n)). Therefore, the test application time is
also very short.

For larger classes of AND/EXOR circuits analogous
results are not proven - nor for DT neither for RPT. In
contrast, we show by experimental results that testa-
bility of minimized 2-level AND/EXOR circuits is sim-
ilar to testability of minimized 2-level AND/OR cir-
cuits, which have already been shown to be quite badly
testable in [23]. In our experiments we consider dif-
ferent realizations of EXOR gates with more than two
inputs, i.e. they are realized by a cascade or a tree of
2-input EXOR gates. Furthermore, we also examine
a combination of both realizations. Additionally, the
e�ect of considering each 2-input EXOR gate as a ba-
sic cell or substituting it by a 4-NAND realization is
shown.

The paper is structured as follows: In Section 2 we
give some preliminaries which are important for the
understanding of the paper. DT and RPT of various
AND/EXOR expressions is studied in Section 3. Ex-
perimental results are given in Section 4. Finally, in
Section 5 the results are summarized.

2 Preliminaries

In this section basic notations are introduced which
are important for the understanding of the paper.

2.1 Exclusive-or Sum-Of-Products Ex-
pressions

For Exclusive-or Sum-Of-Products Expressions

(ESOPs) various restricted subclasses can be consid-
ered. In the following we use the notations from [21].
To make the paper self-contained we review the main
notations. (For more details see [18, 21].)

A Boolean function Bn ! B can be decomposed
by the following formulas:

f = xif
0

i � xif
1

i Shannon (S)

f = f0i � xif
2

i positive Davio (pD)

f = f1i � xif
2

i negative Davio (nD)



f0i (f1i ) denotes the cofactor of f with respect to xi =
0 (xi = 1) and f2i is de�ned as f2i := f0i � f1i , � being
the EXOR operation.

Depending on the restriction which formulas can be
applied di�erent classes of expressions can be de�ned:

� Positive Polarity Reed-Muller Expression (PP-
RM): Only pD decomposition is applied.

� Fixed Polarity Reed-Muller Expression (FPRM)
[14]: Only pD and nD decomposition is applied
with the restriction that each variable has a �xed
decomposition type.

� Kronecker Expression (KRO) [4]: pD, nD and S
decomposition is applied with the restriction that
each variable has a �xed decomposition type.

� Pseudo Kronecker Expression (PSDKRO) [4]:
pD, nD and S decomposition is applied. To each
subfunction again all possible decompositions are
applied until constant functions are reached.

If in KROs the S decomposition is applied and both re-
sulting subfunctions represent the same Boolean func-
tion the expression can easily be simpli�ed [5]. The
resulting 2-level expression is called a Reduced KRO

(RKRO).
In the following we restrict ourselves to the follow-

ing four AND/EXOR classes: PPRM, FPRM, RKRO,
ESOP. They represent the most restricted and the
most general class, i.e. PPRM and ESOP and addi-
tionally two of the \inner classes".

2.2 Stuck-at Fault Model

It is well-known that, even if the circuits are cor-
rectly designed, a fraction of them will behave faulty
because of physical defects caused by imperfections
during the manufacturing process. Fault models which
cover a wide range of the possible defects have to be
de�ned and tests for faults in the fault models have
to be constructed. The fault model adopted in this
paper is the stuck-at fault model which is described in
the following.

A circuit can be viewed as a directed acyclic graph
whose vertices are labeled with a basic cell type (AND,
OR, NAND, NOR, EXOR, INVERTER) or with the
name of a Primary Input (PI) or a Primary Output

(PO).
The Stuck-At Fault Model (SAFM) [7, 3] is well-

known and used throughout the industry. It veri�es
the logical behavior of the circuit. We use the single-
fault assumption, i.e., we assume that at most one
fault can occur in the circuit.

De�nition 1 A single stuck-at fault causes exactly
one input or output pin of a node in the circuit C to
have a �xed constant value (0 or 1) independently of
the values applied to the PIs of the circuit.

An input vector I to C is a test for a stuck-at fault
F , i� the values of the POs of C on applying I to the
PIs in the presence of F are di�erent from the values
of the POs of C in the fault free case.

3 Testability of AND/EXOR Expres-
sions

In this section we review the main results proven
for DT of AND/EXOR expressions (see also [20]) and
for the �rst time present theoretical result on RPT.

3.1 Deterministic Testability

For PPRM circuits a modi�cation was presented
in [13] which allows to test the circuits for the single
SAFM with only n + 4 input vectors. The modi�ed

PPRM circuits need one extra input and one extra
output. This result was extended to multi-faults in
[15].

The generalization of [13] to FPRM circuits was
given in [16]. The extension of [15] to FPRM circuits
is straightforward. Motivated by these results it has
often been stated that AND/EXOR circuits are easily
testable. But the results have only been proven for the
very restricted classes of PPRM and FPRM circuits.

The major drawback of these easily testable circuits
is their size: There exist several functions that have
only exponentially sized PPRMs and FPRMs, but can
be represented by small ESOPs (see e.g. [19] and Sec-
tion 4).

3.2 Random Pattern Testability

We will prove that for modi�ed FPRM circuits [13]
a weighted random pattern test with expected length
of O(n � log(n)) exists to test all faults in the single
SAFM. Since FPRMs are more general than PPRMs
this result can also be applied to PPRMs.

The modi�cations of [13] were presented for PPRM
circuits but can easily be adapted to FPRM cir-
cuits. In the following example the modi�cations for
a FPRM circuit are illustrated.

Example 1 The modi�ed FPRM circuit for the func-
tion f(x1; x2; x3; x4) = x1x2x3�x1x2�x2x3x4 is given
in Figure 1. The primary inputs are labeled with the
name of the corresponding variables. Dashed boxes
are used to identify the extra hardware for testing pur-
poses. During normal operation 0 must be applied to
the test input x5.

For the proof of the main theorem we use a result from
[10]:

Lemma 1 Let t1; t2; : : : ; tn be completely speci�ed
input vectors with ti 6= tj for i 6= j and each input
vector ti has probability Pr(ti) = p to be chosen.

Then, the expected test length L for t1; t2; : : : ; tn is
given by:

L =
1

p
�

nX
i=1

(�1)i+1 �

�
n

i

�
�
1

i
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Figure 1: Modi�ed FPRM circuit

Now, we can show the RPT properties for FPRM
circuits:

Theorem 1 For each Boolean function f : f0; 1gn !
f0; 1g a probability distribution Pr for the input prob-
abilities exists such that the expected test length to
test all single stuck-at faults in the modi�ed FPRM
circuit is O(n � log(n)).

Proof: Firstly, we propose a set of input vectors
which can be used to test all single stuck-at faults.
Then, a probability distribution for the inputs of the
FPRM circuit is given and we show that a short ex-
pected test length is obtained for this probability dis-
tribution.

The PIs of the FPRM circuit are denoted by
x1; x2; : : : ; xn. If the variable xi is decomposed by
pD and therefore the variable xi appears in the corre-
sponding FPRM only in uncomplemented form then
the polarity pi = 1. If xi is decomposed by nD
and therefore only the complemented variable xi is
used in the FPRM then the polarity pi = 0. The
extra test input is called xn+1. The input vectors
t�i (i 2 f1; 2; : : : ; n + 1g; � 2 f0; 1g) are de�ned as
follows1:

t�i(xj) =

(
pj if j 6= i ^ j � n
pj if j = i ^ j � n
� if j = n+ 1

The probability distribution Pr de�nes for each PI
xi (i 2 f1; 2; : : : ; xn+1g) the probability that value 1
is assumed for a random input vector. The values for
Pr are chosen as follows:

Pr(xi) =

(
(n� 1)=n if pi = 1 ^ j � n

1=n if pi = 0 ^ j � n
1=2 if j = n+ 1

1It is also possible to test all faults in the single SAFM for
modi�ed FPRM circuits with only n+4 input vectors [17]. But
for a BIST implementation the presented 2n + 2 patterns are
better suited because they can be be generated by input biased
random patterns with only one probability distribution.

Using the probability distribution Pr for the PIs
the probability for each of the 2n+ 2 input vectors t�i
(i 2 f1; 2; : : : ; n+ 1g; � 2 f0; 1g) is given by:

Pr(t�i) =

n+1Y
j=1

Pr(xj) � t
�
i(xj) + (1� Pr(xj)) � t�i(xj)

�
1

2
�

�
n� 1

n

�n�1

�
1

n

According to Lemma 1 we get for the expected test
length

L = 2 �

�
n

n� 1

�n�1

� n �

2n+2X
i=1

(�1)i+1 �

�
2n+ 2

i

�
�
1

i

Since some faults can also be tested by other input
vectors, this is only an upper bound for the actual
expected test length. Moreover, we use the follow-
ing properties to simplify the upper bound. It is well
known that

Pn

i=1(�1)
i+1 �

�
n

i

�
� 1
i
equals the nth har-

monic number Hn :=
Pn

i=1
1

i
(see e.g. [9], page 267f)

and that Hn < 1 + ln(n) (see [9], page 263). Further-

more, e = 2:71 : : : is an upper bound for
�
1 + 1

n

�n
.

Hence,

L � 2 � e � n � (1 + ln(2n+ 2)) = O(n � log(n))

2

4 Experimental Results

In this section we present experimental results. All
experiments have been carried out on a Sun Sparc 1+

workstation.
In the following we compare DT and RPT of cir-

cuits derived from various classes of ESOPs with
circuits derived from Sum-Of-Products Expressions

(SOPs). For minimization we used the following min-
imizers: [6] for PPRMs and FPRMs, [5] for RKROs,
[12] for ESOPs, and [2] for SOPs.

Before we consider the testability of the circuits,
we give an impression of their sizes. The number of
terms needed for each benchmark is given in Table 1.
in (out) denotes the number of inputs (outputs) of
the function. (A dash symbolizes that the resulting
expression has more than 4000 terms.)

4.1 Deterministic Testability

In a �rst series of experiments we examined di�er-
ent realizations of EXOR gates with more than two
inputs. On the one hand we use a cascade (C) of 2-
input EXOR gates. On the other hand we consider
a tree-like (T) realization [20], since the resulting cir-
cuits have smaller depth and as a result are faster.



name in out PPRM FPRM RKRO ESOP SOP
add6 12 7 132 132 132 127 355
addm4 9 8 160 160 119 89 199
bc0 26 11 - 1117 349 168 179
cps 24 109 - 291 183 135 163
gary 15 11 - 349 246 96 107
in7 26 10 - 68 48 35 54
mlp4 8 8 97 97 85 63 128
rd53 5 3 20 20 20 15 31
rd73 7 3 63 63 63 36 127
vg2 25 8 - - 398 184 110

Table 1: Number of terms for minimized benchmarks

We also combined cascade and trees (CT), by group-
ing eight inputs that are realized by a tree and the
groups are cascaded. The modi�cation presented by
Reddy in [13] is denoted by CR.

Since DT has only been considered theoretically for
PPRM and FPRM circuits we also restrict ourselves
to these two classes. The fault coverages obtained by
applying the n+ 4 input vectors proposed in [13, 16]
are given in Tables 2 and 3. In Table 2 2-input EXOR
gates are considered to be a basic cell type and in
Table 3 each EXOR gate is substituted by a 4-NAND
realization.

As can be seen only CR circuits are fully testable.
Testability of most T and CT circuits is worse than
that of the C and CR circuits. For circuit cps the DT
of T and CT circuits is even less than 90%.

Comparing the results of Table 2 and Table 3 it
can be seen that the fault coverage is signi�cantly de-
creased by substituting the basic EXOR cells by 4-
NAND realizations. This e�ect has been examined in
more detail. The number of redundancies for di�er-
ent realizations of the circuit add6 are given in Ta-
ble 4. Besides considering the EXOR cell as a ba-
sic cell type we used the 4-NAND realization and the
AND/OR/INVERTER realization for the EXOR.

There are no redundancies for all classes of circuits
if the EXOR is considered to be a basic cell type. Also
for the modi�ed PPRM and FPRM circuits there are
no redundancies. This is because the modi�cations
are made in such a way, that every cellular fault [3]
can be tested at the EXOR cells and therefore every
non-redundant realization of the EXOR cell cannot
cause redundancies in the circuits. For all other types
of AND/EXOR circuits there are redundancies, inde-
pendent of the way the EXOR gates with more than
two inputs are realized. The AND/OR circuits have
no redundancies.

This observation is the same for all other bench-
marks, i.e. if the EXOR gates are substituted the re-
sulting circuits have many redundancies.

4.2 Random Pattern Testability

In this subsection we consider RPT of circuits
derived from FPRMs, RKROs, ESOPs, and SOPs.
PPRM circuits are left out, since most of the larger
circuits cannot be represented as PPRMs in reason-
able size and for the remaining circuits testability is
very similar to FPRM circuits (see Subsection 3.2).
Each EXOR gate is substituted by a 4-NAND real-
ization to make a fair comparison to SOP circuits. (If
EXOR gates are allowed the RPT of AND/EXOR cir-
cuits is slightly improved by about 2% on average, but
the results remain the same.)

1000 randomly generated input vectors are applied
to each circuit. In Table 5 the resulting fault coverages
are given in per cent. Here we only consider the classes
C and T, since no obvious extension of CR for SOP
and ESOPs exists and since CT and T have about the
same testability properties.

The experiments show that AND/OR circuits are
often better testable with random patterns than
AND/EXOR circuits. In contrast, FPRM circuits
have often better RPT properties than AND/OR cir-
cuits - although we have not used weighted random
patterns - but often lead to larger circuits (see Ta-
ble 1).

5 Conclusions

In this paper deterministic and random pattern
testability has been considered for circuits derived
from di�erent classes of 2-level AND/EXOR expres-
sions.

For the �rst time theoretical results on random pat-
tern testability of 2-level AND/EXOR circuit realiza-
tions of arbitrary Boolean functions have been proven.
The circuits are testable by input biased random pat-
terns, which can be generated e�ciently in a BIST
environment. The expected test length for a circuit
with n primary inputs has been shown to be only
O(n � log(n)).

Experiments have shown that the belief that
AND/EXOR circuits in general have good testability



name PPRM FPRM
C T CT CR C T CT CR

add6 100 98.98 99.49 100 100 98.98 99.49 100
addm4 100 100 99.95 100 100 100 99.95 100
bc0 - - - - 99.94 99.80 99.73 100
cps - - - - 99.39 99.27 99.21 100
gary - - - - 99.89 99.87 99.80 100
in7 - - - - 98.28 98.50 98.07 100
mlp4 100 100 99.92 100 100 100 99.52 100
rd53 99.25 99.25 99.25 100 99.25 99.25 99.25 100
rd73 99.80 99.80 100 100 99.80 99.80 100 100
vg2 - - - - - - - -

Table 2: Deterministic testability with EXOR gates

name PPRM FPRM
C T CT CR C T CT CR

add6 96.86 92.52 94.87 100 96.86 92.52 94.87 100
addm4 98.57 96.34 95.96 100 98.57 96.34 95.96 100
bc0 - - - - 98.60 93.04 93.15 100
cps - - - - 92.33 89.40 89.15 100
gary - - - - 96.90 93.82 93.47 100
in7 - - - - 91.82 92.58 90.65 100
mlp4 98.72 95.93 95.37 100 98.72 95.93 95.37 100
rd53 92.17 91.15 93.87 100 92.17 91.15 93.87 100
rd73 94.44 93.80 94.89 100 94.44 93.80 94.89 100
vg2 - - - - - - - -

Table 3: Deterministic testability without EXOR gates

EXOR 4-NAND AND/OR/INVERTER
C T CT CR C T CT CR C T CT CR

PPRM 0 0 0 0 15 3 9 0 10 2 6 0
FPRM 0 0 0 0 15 3 9 0 10 2 6 0
RKRO 0 0 0 - 33 96 96 - 22 64 64 -
ESOP 0 0 0 - 45 93 92 - 28 59 58 -
SOP 0 0 0 - 0 0 0 - 0 0 0 -

Table 4: Number of redundancies for circuit add6



name FPRM RKRO ESOP SOP
C T C T C T C T

add6 98.89 99.78 97.79 96.43 95.72 94.65 85.72 84.30
addm4 99.03 97.53 96.26 95.08 92.35 90.84 97.84 97.80
bc0 83.52 78.33 70.46 67.65 77.40 75.48 81.04 80.51
cps 62.80 54.78 47.85 43.30 50.74 50.44 38.35 39.05
gary 85.17 80.94 83.47 81.78 72.10 70.97 72.72 72.08
in7 81.76 80.72 76.61 75.45 70.78 68.78 74.04 74.26
mlp4 99.28 97.20 96.77 94.59 92.58 90.67 99.62 99.62
rd53 96.93 96.93 94.40 93.47 92.44 94.18 100 100
rd73 98.63 98.08 97.43 95.12 97.97 95.94 100 100
vg2 - - 68.31 67.23 64.10 60.67 73.40 73.10

Table 5: Random pattern testability

properties is wrong. The experiments point out that
in many cases ESOP circuits are even worse testable
than SOP circuits. Only by modi�cation of the circuit
structure (e.g. by using extra test inputs) testability
can be improved [13, 20].
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