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Abstract

We present a solution approach to the multidimensional
periodic scheduling problem. We introduce the concept of
multidimensional periodic operationsin order to cope with
problemsoriginating fromloop hierarchiesand explicit tim-
ing requirements. \\e present an iterative algorithmfor the
scheduling problem, based on an ILP approachfor checking
the constraints, and we show some experimental results. Fi-
nally, we extend the solution approach to handle parametric
descriptions.

1 Introduction

The design of a digital signal processing (DSP) system
concerns the mapping of a DSP algorithm onto (dedicated
or programmable) hardwarethat implementsit. Many high-
throughput DSP algorithms consist of repetitive executions
of operations, resulting in repetitive production and con-
sumption of data. This can be described by nested loops
and multidimensional arrays. Such a DSP algorithm can be
viewed as arepetition of executions of operationsin several
dimensions, each of which correspondsto one loop. A spe-
cific execution of an operation can be identified by the cor-
responding values of the loop iterators. In addition to repet-
itive executions, video signal processing algorithms contain
strict timing requirements that constrain the rates at which
input data arrive, and the rates at which output data must be
produced.

To handle these characteristics, we introduce an explicit
timing model containing operations that are executed peri-
odically. Theperiodsof each operationaregivenby aperiod
vector, whose components denote the time between two
consecutive iterations in each dimension of repetition. In
the multidimensional periodic scheduling problem, we now
have to determine for each operation a period vector, a start
time, and a processing unit (PU) on which it is executed.

There are three sets of scheduling constraints. First, we
havetiming constraints, which bound the period vectorsand
start times of the operations. Secondly, we have processing
unit constraints, which specify that at most one execution
of an operation can occupy aPU at atime. Thirdly, we have
precedence constraints, which specify that datamust be pro-

duced beforeit is consumed.

The scheduling objective we consider is to minimize the
area occupied by the hardware. In video applications, area
is not only determined by processing units, but also by the
size of the memoriesthat are used and the number of them.
So, atrade-off has to be made between processing units and
the total memory size and bandwidth.

The multidimensional periodic scheduling problemisone
of the sub-problemsin the design methodology Phideo [§],
which isaimed at the automated design of dedicated digital
video signal processors.

1.1 Related Work

In the area of one-dimensional periodic scheduling, re-
lated work is done on mapping video signal processing al-
gorithms onto programmable video signal processors [6]
and on synchronousdataflow for DSP[7]. If, inaddition, all
operations have the same period, related work can be found
in the area of pipelined scheduling [10, 15].

The literature also presents severa approaches to the
problem of handling multidimensional executions with
multidimensional productions and consumptions of data,
however without strict periodicity and strict timing require-
ments. In the area of high-throughput DSP, work is done
on loop transformations [4, 11], in which descriptions with
loops are modified in order to obtain, for instance, more
paralelism and a higher throughput. In that approach the
throughput is considered an objective rather than a con-
straint.  In [13] loop transformations are handled by a
method based on placement of polytopes. Further related
work, but without strict timing requirements, is donein the
area of systolic array design [1] and in the area of data flow
analysisfor parallel program construction[2, 12].

In the multidimensional periodic scheduling problem, we
consider operations to be executed repeatedly, with both
multidimensional repetitionsand strict periodicity [14]. The
executions of the operations are considered as multidimen-
sional repetitions, since considering all executions separ-
ately isimpracticable. The explicit timing in the model, in-
corporated by the periodicity, facilitates constraint handling
and allows an adequate cost model. Furthermore, it enables
us to obtain the required parallelism rather easily.
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1.2 Paper Outline

The objective of this paper is to present the multidimen-
sional periodic scheduling problem, and a sol ution approach
to solve it. Due to space limitations, we restrict ourselves
in this paper to the case that the period vectors and the
set of processing units are given. Furthermore, we restrict
ourselves for the moment to finding a feasible solution in-
stead of finding onewith minimal cost. For the general prob-
lem without these restrictions, we refer to [14].

The organization is as follows. In Section 2 we formu-
late the multidimensional periodic scheduling problem. In
Section 3 we show how the processing unit constraints and
precedence constraints can be checked by means of an al-
integer ILP algorithm. Based on this, Section 4 presents an
iterative algorithm to find a feasible start time and PU as-
signment. Section 5 shows some experimental resultsof this
algorithm on practical problem instances. Finally, in Sec-
tion 6, we extend the sol ution approach to handle parametric
descriptions.

2 Problem Formulation

In this section we discuss the multidimensional periodic
scheduling problem. We do this by means of a fictive ex-
ample of avideo algorithm, which isgivenin Figure 1. For

for f =0to o period 30
begin
for j; =0to 3 period 7
for j, =0to 5 period 1
{in} X(f][j1]J2) = input( )
for k; =0to 3 period 7
for k, =0to 2 period 2
ma}yf]lka]lke] =X{f][ke] [2ke] * X(F]ka][5— 2]
forly =0to 2 period 1
(N} Zf-1=0
for my =0to 2 period 5
for mp =0to 3 period 1

{ad} Zf][my][mp| = 2[f][my][mp — 1] + y[f][mg][my]
forn; =0to 2 period 1
fout} = output(z[f][n][3])
end

Figure 1. Example of avideo agorithm, describing re-
petitive operations and data dependencies. Between curly
braces the names of the operations are given.

the moment, we assume that the loop bounds, the periods,
and the iterators' coefficients in the array indices are con-
stants; we return to this assumption in Section 6.

A video agorithmisrepresented by asignal flow graph, of
which the nodesdenote operationsand the edges denote data
dependencies. Figure 2 showsthe signal flow graph corres-
ponding to the video algorithm of Figure 1.

The operations we consider may have several input and
output ports. For reasons of simplicity, we assume in this
paper that the consumption of input data and the production

Figure2. Anabstract picture of asignal flow graph. Each
operétion is repeatedly executed; details of the iterations
and of the data dependencies are not shown. The black
dots denote the operations’ input and output ports. The
numbers along the edges denote weights; see Section 3.2.

of output data all take place in the same clock cycle. In-
put and output operationsof asignal flow graph are modeled
as operations without input ports and output ports, respect-
ively. Next, we assume that the operations must be executed
on dedicated processing units, i.e., we assume a one-to-one
relation between operation types and PU types. In typical
video applications this is a realistic assumption, since pro-
cessing units perform rather complex functions, such as fil-
tering. For simplicity, we further assume for the moment
that the execution of an operation occupiesaprocessing unit
for one clock cycle.

Next, we give aformal definition of asignal flow graph,
after which we exemplify its attributes by meansof thevideo
algorithm of Figure 1.

Definition 1 (signal flow graph). A signal flow graph Gis
given by a6-tuple (V,t,1,E,A,b), where

e Visaset of multidimensional periodic operations,

e t(Vv) denotesthe operation type of each operationv eV,

I(v) e IN3" denotestheiterator bound vector, for each
v eV, wherelNe = INU {0},

E C Ox | isaset of directed edges representing datade-
pendencies, where O is the set of all operations' output
portsand | isthe set of all operations’ input ports,
A(p) € Z%P)*3V) denotestheindex matrix, for eachin-
put or output port p of each operation v,

b(p) € Z P denotes the index offset vector, for each
port pe OUl. O

In the example of Figure 1, the set of operations is given
by V = {in,mu,nl,ad, out}, each of which hasits own type.
Each operation v hasanumber (V) of iteratorsin theenclos-
ing loops, which are combined in an iterator vector i. For
example, theiterator vector of the multiplicationisgiven by

f
i=| ke
k2

For each operation v € V, the iterator vector i is bounded
between the zero vector and the iterator bound vector, i.e.,
0 <i < I(v). InFigure 1, the multiplication has an iterator



bound vector

I(mu):[(;].
2

We assume that only dimension O of an operation may have
an unbounded number of repetitions; the others are finite.
The datadependenciesare modeled in asignal flow graph
by means of the edge set E and by describing at each output
and input port the relation between the indices of the array
that isused there, and theiteratorsof the corresponding oper-
ation. In Figure 1 we have e.g. a 3-dimensional array x, and
acertain element in that array isindexed by an index vector

No
n= n |.
ny

Generally, at an output or input port p of an operation v, the
relation between index vector n and the iterator vector i of
the operation is given by

n(p,i) = A(p) i +b(p).

For exampl e, at the second input of the multiplication oper-

ation of Figure 1, we have
Ng f 10 0 f 0
n | = kq =101 O ki |+ 0.
No 5— 2k2 00 -2 k2 5

Note that we assume that the index vector can be written as
alinear expression in theiterator vector, which isarealistic
assumptionin video signal processing. Furthermore, for the
productions we assume single assignments, i.e., each ele-
ment of an array can be produced at most once.

A signal flow describes what operations have to be ex-
ecuted and what datais used. Next, aschedule defineswhen
they are executed and on what processing unit.

Definition 2 (schedule). A scheduleo isgiven by a4-tuple
(p,s,W, h), where
e p(v) € Z %V isaperiod vector, for each operationv e V,
e S(v) € Z isadtart time, for eachv eV,
e W isaset of processing units, and
e h:V — W isafunction that assigns each operationto a
PU of the sametype. m|

Given a schedule, thetime c(v,i) at which an executioni of
operation v takes place is given by

c(v,i) =p" (V) i+s(v).

For the video algorithm of Figure 1, the multiplication hasa

period vector
30
p(mu)=1| 7 |,

2

soif the start time of thisoperationischosens(mu) = 6, then
executioni = [f k; ko] takes place at time

c(mu,i) = 30f + 7ky + 2k + 6.

For the scope of this paper, we assumethat the period vectors
p and the set W of processing unitsaregiven. For thegeneral
problem, we refer to [14].

Next, we definethe threekindsof constraintsthat asched-
ule hasto satisfy. First, we have lower bounds s(v) and up-
per bounds §(v) on the start times of the operationsv € V,
resulting in timing constraints that specify that

S(v) < s(v) <3(v),

foral veV. If thestart timeof an operation visnot bounded
from below or from above, thisis denoted by s(v) = — or
5(V) = oo, respectively.

Secondly, we have processing unit constraints, which spe-
cify that at most one execution of an operation can occupy
aprocessing unit at atime. So, if we have an executioni of
an operation u € V and an execution j of an operationv eV,
with h(u) = h(v) and (u,i) # (v, j), then we must have

c(u,i) #c(v,j).

Note that this applies to two executions of two different op-
erations, aswell asto two different executionsof oneand the
same operation.

Thirdly, we have precedence constraints, which specify
that data must be produced before it is consumed. So, if
we have an edge (p,q) € E from an output port p of an
operation u to an input port q of an operation v, and if we
have an execution i of u and an execution j of v for which
n(p,i) =n(q, j), then we must have

c(u,i) <c(v,j).

Now we can formulate the restricted version of the multidi-
mensional periodic scheduling problem that we consider in
this paper.

Definition 3 (multidimensional periodic scheduling).

Givenareasignal flow graph G, aset W of processing units,
and for each operation aperiod vector and alower and upper
bound on its start time. Find a schedule o that satisfies the
timing constraints, the processing unit constraints, and the
precedence constraints. a

Multidimensional periodic scheduling is NP-hard [16].

3 Constraint Calculations

Inthissection we briefly discusshow we check the PU and
precedence constraints by formulating them as ILP prob-
lems and solving them by means of an all-integer ILP al-
gorithm.



3.1 Processing Unit Constraints

The first sub-problem during scheduling is to check the
processing unit constraints. To this end, we have to check
(i) whether no two executions of two different operations
overlapintimeif they are assigned to the same PU, and (ii)
whether no two different executionsof one and the same op-
eration overlap.

(i) To check whether two different operationsu, v € V with
h(u) = h(v) have overlapping executions, we have to solve
a so-called PU conflict problem, in which the question is
whether there is a solution i, j to the following set of con-
straints:

pT(u) i +s(u) =p'(v)j+s(v)
0<i<lI(u)
0<j<I(v)
i,]j integer.

(i) To check whether an operation v has two overlapping
executions, we have to solve a so-called PU self-conflict
problem, in which the question iswhether thereisa solution
i, ] tothefollowing set of constraints:

PT(V)i+s(v)=p"(V)]+s(V)
P #]
0<ij<I(v)
i,]j integer.

Although the congtraint i # j is not linear, it can easily be
replaced by a constraint c'i > cTj by choosing proper coef-
ficients ¢x. Note that the PU self-conflict problems can be
solved before the start time and PU assignment, since they
do not depend on these assignments.

3.2 Precedence Constraints

The second sub-problem during schedulingisto check the
precedence constraints. To this end, we have to check that
data is produced before it is consumed. So, for each edge
e=(p,q) € E from an output port p of an operation u to an
input port g of an operation v, we must have

Pr(U) i+ s(u) <pT(V) ] +5(v),

for all executionsi of uandj of vwithn(p,i) =n(q,j). So,
if we determineaweight w(e) for edge e, by solving thefol-
lowing precedence problem:

w(e) = maximum p'(u)i—p'(v)j+1
subjectto  A(p) i +b(p) =A(q)]+b(q)

0<i<I(u)

0<j<I(v)

i, integer,
then we just have to check whether s(v) — s(u) > w(e).
Note that if the above system does not have a solution,
then w(e) = —oo, in which case s(v) — s(u) > w(e) aways
holds. For the video algorithm of Figure 1, the resulting
edge weights are denoted in Figure 2.

3.3 All-Integer ILP

Although the checks of the above constraints are NP-
complete problems [16], the corresponding ILP instances
are small in practice; typically they contain less than ten
variables and the number of constraintsis aso in this order.
Thereasonfor thisisthat the | L Pinstanceshaveto be solved
each time for a pair of operations, and that the number of
variablesin such an ILP instance is determined by the num-
ber of dimensions of the two operationsinvolved. So, if the
number of operationsincreases, then only the number of ILP
instances increases, but not their sizes.

Since the ILPinstances encounteredin practice are small,
and since we want to check the constraints exactly, we opt
to solve the above ILP problemsto optimality. We do this
by means of an all-integer ILP algorithm [3], which has the
main advantage that no rounding errors occur, and thus pre-
vents wrong conclusions. Furthermore, the algorithm runs
extremely fast for practical instances. Due to space limita-
tions, the all-integer ILP algorithm and its application to the
mentioned ILP problemsis not discussed here; see [14].

4 Start Timeand PU Assignment

Inthissectionwe present an algorithm for the multidimen-
sional periodic scheduling problemwith given periodsand a
given set of processing units. Since the problem is NP-hard
and since practical instances may contain alarge number of
operations, we opt for a heuristic approach.

The first step of the algorithm is to determine the edge
weights of all data dependenciesin E, by solving the cor-
responding precedence problems discussed in Section 3.2,
in order to determine the minimal differences between the
operations’ start times.

The second step of the algorithmisto determinetheinitial
freedom of the operations’ start times. To this end, we de-
terminean ‘assoon aspossible’ (ASAP) scheduleand an‘as
late aspossible’ (ALAP) schedule, based on the determined
edge weights and the lower and upper bounds on the opera-
tions start times. An algorithm for determining the ASAP
and ALAP schedules can befoundin e.g. [14, 15].

Intheremainder of thealgorithmwe determineastart time
and PU assignment by meansof an iterativeapproach, which
shows someresemblancewith list scheduling [5]. Inthisap-
proach, apartial solutionisiteratively augmented, by select-
ing in each iteration an unschedul ed operation and assigning
it astart time and a PU, or reducing its freedom.

The partial solutions consist of a start time domain
{30(V),...,si(Vv)} for each operationv € V, from which s(v)
has to be chosen, and a set F C V of operations that are
aready scheduled, with fixed start time s(v) = go(v) =
$hi (V) and processing unit h(v) € W of the corresponding
type. Throughout the algorithm, the start time domains are
kept feasible, which means that both the start time assign-
ments s = 5, and s = s, obey the precedence and timing



constraints. This implies that whenever the start time do-
main of an operation changes, then the start time domains
of the other operations have to be updated, using the edge
weightsw(e).

A basic algorithm for the scheduling problem can now be
written as shown in Figure 3.

1. Calculate the edge weights w(e) for al e € E, by solving the
corresponding precedence problems (by means of ILP).

2. Determine the ASAP and ALAP schedules, and initiaize the
start time domains. Furthermore, set F = @.

3. If F =V, then stop. Otherwise, take an operationve V\ F.

4. Try to scheduleoperationv at start timeso(v), i.e., try toassign
tovastart times(v) = 5,(v) and aprocessing unit h(v) € W of
the sametype, such that v has no conflict with operationsu € F
that have already been assigned to the same PU h(u) = h(v).
Here, conflicts are detected by solving the corresponding PU
conflict problems (by means of ILP).

5. If v can be scheduled at start time 54(V), then assign s(v) =
So(V) and s, (V) = §(V), fix h(v), and add v to F. Otherwise,
increase (V) by 1.

6. Adjust the start time domains {s(u),...,Sh(u)} of the un-
scheduled operationsu € V \ F, using the edge weights w(e).

7. 1f now an operation u € V \ F has an empty start time domain,
i.e., S0(U) > s (u), then stop; no scheduleisfound. Otherwise,
return to Step 3.

Figure 3. The start time and PU assignment a gorithm.

In the remainder of this section, we propose some refine-
ments to the basic algorithm. The first oneisto use the fol-
lowing priority function to select the operation v in Step 3.
We start by only considering operationsv € V \ F for which
all preceding operationsare already scheduled. Thisisdone
since scheduling an operation v at time g,(V) severely re-
ducesthefreedom of its predecessors. In casethegraph con-
tains cycles, we break them by only considering edgeswith
positive weights. If more than one operation is eligible, we
select the operation v for which the freedom s (V) — §0(V)
isminimal.

Next, wedlightly alter Step 4 of thealgorithm. Inthisstep,
the PU assignment h(u) of previously scheduled operations
uremainsunchanged. However, by reassigning these opera
tions, together with the new operation v, it is more probable
that operation v can be scheduled at start time 5(V).

Thirdly, we alter the increasing of 54(v) in Step 5. If
namely an operation v cannot be scheduled at time g,(v) due
to conflicts with other, already scheduled operationsu € F,
then based on the solutions of the corresponding ILP in-
stances we can derive alarger amount for shifting v. In this
way the efficiency of the algorithm isimproved.

Finally, we alter the algorithm in order to find a solution
with less memory requirements. To this end, operations v
that produce more data than they consume are tried to be
scheduled at time i (V) instead of 54(Vv) in Step 4.

5 Reaults

The presented algorithm has been implemented in C++,
and is incorporated in the design methodology Phideo [8].
In this section, we show some experimental results. The
presented run times are achieved on an HP9000/735.

The first example is that of Figure 1. Assuming a lower
bound 0 and an upper bound 50 for al the start times, the
obtained schedule is shown in Figure 4. The parallelism

0
in 000000 000000 000000 0G0C00 00000 (0000 C0A000 00000

mu 800 000 002(21000 000 000 000 000

nl 000 00

ad Z&’mmm 0000 0000 0000
out 3&)0 000

— A

time
Figure 4. The obtained schedule for the example of Fig-
ure 1, showing the executions for iterator values f = 0
(grey) and f = 1 (white). The numbers denote the oper-
ations’ start times.

in this schedule, including overlapping frames (iterator f ),
is obtained straightforwardly. After determining the edge
weights and the ASAP and ALAP schedules, the operations
in, mu, ad, and out are scheduled at their ASAP times, after
which operation nl is scheduled just before operation ad.
Therun time for thisexampleis 0.2 seconds.

The second example is a discrete cosine transformation
[9], with 35 operations. The runtimefor thisexampleis6.9
seconds. The period of the (infinite) frame loop is 32 clock
cycles. Of the first frame, the first execution takes place in
clock cycle 1 and the last onein cycle 183. This meansthat
executions of six different framesoverlap in time, making it
impracti cableto solve the scheduling problem by hand or by
loop transformations. Figure 5 shows the executions of the
operationsin atime window of 32 clock cycles.

6 Parameters

For some applications, the numbers of repetitions of oper-
ations are not constant, but they depend on parameters. For
instance, the number of pixels on avideo line may be para-
metric, in order to handle multiplevideo standards. Figure 6
shows a parametric version of the video algorithm of Fig-
ure 1. In this example, we have a parameter m that can as-
sume any integer value between 2 and 10, and a parameter
n that can assume any integer value between 2 and 5. Now
we have to determine a parametric schedule, and it has to
befeasible for any of these values. The resulting design can
then be used for any of the parameter settings.

The use of parameters for the numbers of repetitions in-
troduces parametric periods, as shown in Figure 6. Further-
more, theindex expressionsof multidimensional arraysgen-
erally also become parametric. Therefore, in the model we
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Figure 5. The results for the DCT example, shown in
atime window of 32 clock cycles. At the left hand side
the operation names are shown. At the right hand side
their PU instances are shown. All operations execute in
one clock cycle, except operations w4, w8, w16, and w32,
which take two clock cycles.

parameter min {2,...,10}
parameter nin {2,...,5}
for f =0to o period m(2n+1) +2
begin
for j; =0tom— 1 period 2n+1
for j, =0to2n—1 period 1
{in} X[f[j1]lj2] = input( )
fork; =0tom—1period 2n+1
for k, =0ton—1 period 2
{mu} vl kel (ko] = X[ [ke] [2ka] # X([f][ky][2n— 1~ 2k]
forl; =0ton—1 period 1
{n}  ZfN-1=0
formy =0ton— 1 period m+ 1
formp, =0tom— 1 period 1

{ad} Zf][my|[mp] = Z[f][my][mp — 1] + y[f][mp][my]
forny =0ton—1 period 1
{out} = output(zf]ing][m- 1])
end

Figure 6. Example of a parametric video agorithm.

no longer have constant entriesin theiterator bound vectors
I (v), the period vectors p(v), the index matrices A(p), and
the index offset vectors b(p), but these entries are substi-
tuted by polynomialsin the parameters, with integer coeffi-
cients. Furthermore, each parameter has aspecified rangein

themodel, fromwhichit can assumeany integer value. Now
the questionisto find a parametric start time assignment and
aPU assignment, that isfeasiblefor any of the possible para-
meter settings.

In order to handle parametric video algorithms, we have
extended the all-integer ILP algorithm, which we used to
solve the sub-problems. Basically, what we did is substi-
tuting the constant entries in the ILP tableaus by polyno-
mials in the parameters, and adapting the ILP algorithm to
handle these tableaus. In this way, we can solve the para-
metric ILP problems for checking the PU constraints and
the precedence constraints, resulting a.o0. in parametric edge
weights, after which we based the scheduling agorithm on
the new sub-routines. For more details about the parametric
algorithms, we refer to [14].

The parametric algorithms have been implemented in
C++. Figure 7 shows the parametric start time assignment
obtained by these algorithms for the example of Figure 6.
The start time assignment is given by s(in) = 0, s(mu) =

0
in (KDOZ(KKD(XID(IXD(IXD (000 00CO 0000 0000 0A0
n
mu 000000 gO 00 0000000000
mn

nl 0 00
2mn+1
ad 00000 Coo00 00000 Q0000
3mn+1
out 00 0

e
time

Figure 7. A feasible parametric schedule for the example

of Figure 6, here shown for parameter values m= 5 and

n = 2. Again, the executions are shown only for iterator

values f = 0 (grey) and f = 1 (white).

2n, s(nl) = 2mn, s(ad) = 2mn+ 1, and s(out) = 3mn+ 1,
whichisfeasiblefor any value setting of mand nwithin their
ranges. Therun time for this exampleis 0.4 seconds.

7 Conclusion

We have presented an iterative algorithm to solve the mul-
tidimensional periodic scheduling problem with given peri-
ods and processing units, both for non-parametric and para-
metric descriptions. The algorithm is based on afast (para-
metric) all-integer ILP routine to solve the sub-problems
concerning the checks of the processing unit constraintsand
the precedence constraints. Furthermore, we showed some
experimental results, in which the required parallelism was
easily obtained by means of the presented algorithms. The
algorithms have been incorporated in the design methodo-
logy Phideo [8], which is currently used by several design
groups within Philips.
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