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Abstract

We present a new approach to symbolic simulation
with BDDs. Our method uses Reordering Based Syn-
thesis (RBS) which allows the integration of dynamic
variable ordering (even) within a single synthesis oper-
ation (e.g. an AND-operation). Thus, huge peak sizes
during the construction can often be avoided, and we
obtain a method that, with no penalty in runtime, is
more memory e�cient than traditional ITE operator
based symbolic simulation.

The results are con�rmed by experiments on a large
set of benchmarks: We give a comparison to previously
published approaches and also consider some industrial
benchmarks which are known to be hard to handle.

1 Introduction

Ordered Binary Decision Diagrams (OBDDs) [5]
are the state-of-the-art data structure in CAD systems
for the representation and manipulation of Boolean
functions. In the meantime they are widely used, es-
pecially in the area of veri�cation and synthesis.

The interest in OBDDs results from the fact that
the data structure is generally accepted as providing
a good compromise between conciseness of representa-
tion and e�ciency of manipulation [7]. Manipulation
algorithms in all packages realized until recently (see
e.g. [3, 14, 13, 21, 11]) are based on recursive function
calls in combination with a computed table. The Apply
and the If-Then-Else operator (ITE) are well-known
representatives of this method.

Although ITE gives reasonable results in several ap-
plications, recent research has shown that alternative
methods might be interesting, e.g. BFS operations [15]
and use of memory system hierarchy [17] are often
more powerful for very large applications.

In [12] a new approach for the implementation of
BDD packages has been presented that is based on
Dynamic Variable Reordering [10, 18]. Therefore, we
call the corresponding method for realizing synthesis

operations Reordering Based Synthesis (RBS).

In this paper we present a new method for sym-
bolic simulation based on RBS. We �rst demonstrate
that the use of terminal cases can also be integrated
in RBS. By the use of terminal cases and the exten-
sion of RBS to the computation of complex gates (as
whole single-output PLAs) in one step we improved
on the algorithm presented in [12] by a factor of two
with respect to runtime. Furthermore, the approach
is capable of interrupting the synthesis at any posi-
tion without any loss of information. Thus, it is much
more 
exible than recursive synthesis.

Our experiments underline the quality of the ap-
proach. We consider symbolic simulations for the IS-
CAS'85 and some industrial benchmarks (known to
be hard for BDDs). The results show that our new
method has much lower memory requirements com-
pared to ITE-based methods without any overhead
with respect to runtime. This is demonstrated in par-
ticular by measuring the peak size, i.e. the maximal
number of nodes needed during the run.

The paper is structured as follows: In Section 2
basic notations and de�nitions are reviewed that are
important for the understanding of the paper. Section
3 presents our approach to symbolic simulation using
BDDs. Terminal cases and complex gate handling are
introduced. Experimental results are presented in Sec-
tion 4. Finally the results are summarized.

2 Preliminaries

2.1 Binary Decision Diagrams

We brie
y provide the essential de�nitions and
properties of BDDs. For more details see [5, 6].

As well-known each Boolean function f : Bn ! B

can be represented by a Binary Decision Diagram
(BDD) [5], i.e. a directed acyclic graph where a Shan-
non decomposition is carried out in each non-terminal
node.



A BDD is called ordered if each variable is encoun-
tered at most once on each path from the root to a
terminal node and if the variables are encountered in
the same order on all such paths. A BDD is called
reduced if it does not contain vertices either with iso-
morphic sub-graphs or with both edges pointing to the
same node.

For functions represented by reduced, ordered
BDDs (ROBDDs) e�cient manipulations are possible
[5]. Furthermore, the size1 of an ROBDD can be re-
duced if Complement Edges (CEs) are used [3]. Then
a node is used to represent a function and its comple-
ment at the same time. In the following only ROBDDs
with CEs are considered and for briefness these graphs
are called BDDs.

2.2 Recursive Synthesis

Typically synthesis on BDDs is based on a recursive
algorithm. The ternary If-Then-Else-operator (ITE)
[3] forms the core of recursion based synthesis oper-
ations for BDDs. (ITE is normally implemented by
depth-�rst-search, but also breadth-�rst-search is pos-
sible.) ITE is a Boolean function de�ned for three
operands as follows:

ite(F;G;H) = F �G+ F �H

ITE can be used to implement all two-variable Boolean
operations, e.g. F + G = ite(F; 1; G). The recursive
formulation

ite(F;G;H) = (v; ite(Fv ; Gv ; Hv); ite(Fv ; Gv; Hv))

determines the computation of the operation. Fv and
Fv denote F evaluated at v = 1 and v = 0, respec-
tively (the same holds for G and H). The (time and
space) complexity for the ITE-function can be given
as O(jF j � jGj � jH j) when using an ideal computed ta-
ble. For binary operations only two operands are non-
terminals. Thus, a binary operation has complexity
O(jF j � jGj). (For more details see [3].)

2.3 Reordering Based Synthesis

In order to modify the variable ordering of BDDs
we can exchange variables in adjacent levels. This
method is called Level Exchange (LE) [10] in the fol-
lowing. Since an exchange of neighbouring variables
is a local operation consisting only of the relinking of
nodes in these two levels, this can be done very e�-
ciently. In [18] it was shown that it is even possible
to perform LEs as local operations when using BDDs
with CEs. LE was �rst proposed for optimizing the
variable ordering of a BDD.

1The size of a BDD F denoted by jF j equals the number of
its non-terminal nodes.

Recently, in [12] a new method for performing syn-
thesis based on LEs has been proposed. The basic idea
of this approach can be stated as follows:

Assume that two BDDs F and G of size jF j and
jGj are given. They are to be combined to result in
the BDD R = F +G. Therefore a new variable c that
is called coding variable is introduced and the BDD
R0 = c � F + c �G is constructed2. The construction of
R0 can be done in constant time if the BDDs F and
G are given and c is introduced as the top variable.

Then the coding variable c is shifted to the bottom
of the BDD based on LEs and an existential quanti�-
cation of c is carried out. (Existential quanti�cation
of a variable in the bottom level is trivial.) Since dur-
ing that run a non-reduced BDD can occur a �nal
reduction run has to be carried out. In [12] this algo-
rithm has been denoted as MORE. (For more details
see [12].)

As described above for recursive synthesis oper-
ations based on ITE a polynomial upper bound of
O(jF j � jGj) is known. For RBS only the method has
been presented [12], but no upper bounds (neither for
runtime nor for space complexity) have been given.
In the following we prove that this method has also
polynomial worst case behavior.

Theorem 1 Let F andG be two BDDs de�ned over n
Boolean variables and � any binary operation. Then
F � G can be computed in space O(max(jF j; jGj)2)
and time O(n �max(jF j; jGj)2) by RBS.

Proof: Without loss of generality we give the proof
for the OR-operation between F and G. A coding
variable has to be introduced and moved from the top
to the bottom. Each intermediate step is done by
LE. If the variable directly \jumps" from the �rst to
the i-th position in the ordering the graph size grows
at most by a quadratic number [2]. Since this holds
for all i the total number of nodes is less than the
bound given in the theorem. The bound on the time
complexity now follows directly from the fact that LE
is an operation linear in the size of the corresponding
levels. 2

2.3.1 Another side of the same coin

The introduction of a node with coding variable c may
also be interpreted in the following way: c de�nes an
OR function node representing the OR-operation of
its two subfunctions. In this way also function nodes
for other operations can be de�ned. To apply RBS

2Note: Here we only brie
y describe the OR-operation, but
the approach can directly be applied for any binary synthesis
operation (see also Subsection 2.3.1).



we have to give the rules along which ordinary non-
terminal nodes in the decision diagram can be inter-
changed with function nodes. Function nodes with
constant subfunctions can then easily be replaced by
the result of the operation. Using this interpretation
the concept can also be generalized to other types of
decision diagrams [1, 8]. Extensive experiments have
to be made to demonstrate the validity of this ap-
proach for e.g. word-level DDs. For the purpose of
this paper we restrict to BDDs and the application of
RBS in symbolic simulation.

3 Reordering Based Synthesis during

Symbolic Simulation

One of the main applications for BDDs is the rep-
resentation of the functionality of a Boolean network.
For the computation of the BDDs representing the
outputs of a network the circuit is traversed in topo-
logical order and at each gate the corresponding BDD
operations are carried out. This process is called sym-
bolic simulation.

Recursive synthesis is known for long and several
sophisticated methods have been developed how to do
symbolic simulation e�ciently. Also, the computation
of BDD operations is often speeded up due to the early
detection of terminal cases.

In this section we show that similar techniques can
be used for RBS. We introduce the concept of termi-
nal cases (that signi�cantly di�ers from the ITE ap-
proach). Additionally, we study new opportunities for
symbolic simulation that result from this new synthe-
sis based on reordering.

3.1 Terminal Cases

To prevent unnecessary operations, i.e. Level Ex-
changes (LEs), it is useful to implement the detection
and solving of terminal cases similar to recursion based
synthesis algorithms. Whenever the creation of a node
with a coding variable is needed that has a son that is
equal to a terminal node, we can immediately return
the resulting node instead of creating a new one.

Example 1 The simplest situation of a terminal case
is given in Figure 1. If the high-pointer of a coding
variable node points to the terminal 1 the coding vari-
able can be directly substituted by constant 1.

Thus, the coding variable is eliminated in this BDD
part and needs not be shifted to the bottom. If no
more nodes with the current coding variable are exis-
tent, the reduction run can be applied. Therefore, the
terminal case handling speeds up the process of RBS.

As mentioned before, the terminal case in Figure
1 only represents the simplest case. In the following

1F

Terminal Case

c

x 1

G H

Figure 1: Simple example for Terminal Case

we describe several aspects that have to be addressed
until the full power of terminal cases can be used.

Due to the usage of CEs terminal cases for RBS
are only applicable with penalties. Before discussing
this in more detail we give a brief example to show
that CEs for coding variables must be handled in a
di�erent way than usual.

Example 2 We consider the situation of Case A and
Case B, depicted in the upper left box of Figure 2.
(A dot on a line denotes a CE.) In both cases the
computation can be terminated, since the result is al-
ready determined although the coding variable has not
reached the bottom level (of BDD F):

One can observe that the complement marks
on the top edges in
uence the determination
of the terminal case since in Case A we get

9c : (c � F + c � 1) = F + 1 = 1

and in Case B we get (after reversion of the
complement mark normalization)

9c : (c � F + c � 1) = F + 0 = F :

Note that the solution of Case A is not the
complement of the solution of Case B:

1 6= F = F

Remark: Obviously all terminal cases are detectable
during LE operations although not decidable at this
point. This is due to the fact that the information
of CEs on the top edges at this point is not available
without a traversal of the graph that is much too time
consuming (see right box of Figure 2).

To allow terminal cases nevertheless we either have
to store (at most two) possible terminal case solutions
or must avoid CEs atop of coding variable nodes.

We implemented both approaches and in the fol-
lowing brie
y describe their advantages and disadvan-
tages. (All (technical) details are left out due to page
limitation.)
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Store all terminal case solutions:

This strategy can be applied e�ciently by ma-
nipulating the node where a terminal case was
detected. We therefore exchange the coding vari-
able with a dummy variable and store the solu-
tions as sons of the node (see middle box in Figure
2 for the handling of Case A and Case B). Since
the incoming edges are not available the decision
of terminal cases can not be made during each
level exchange when using CEs. The removal of
dummy nodes is then performed during the re-
duction run.

Avoid CEs atop of coding variables:

This can be achieved by omitting the application
of normalization rules whenever we need to cre-
ate a coding variable node. By doing so, we will
never produce Case B and therefore can detect
and solve all terminal cases immediately (since
no decision for alternatives has to be made). The
drawback of this method is that all levels atop
of the current coding variable cannot make use
of complement marks and we temporarily loose
canonicity. However, after the shift phase that
\collects" the marks, the reduction run \spreads"
the marks again and restores canonicity.

Although both strategies proved to have similar run-
time behaviour, the \CE avoidance technique" was
chosen as favourite method, since its memory perfor-

mance is superior thanks to the immediate terminal
case solving.

3.2 Complex Gates

In contrast to recursive synthesis the RBS can han-
dle an \arbitrary" number of operands at the same
time instead of only two. We will demonstrate by
means of the following example that large advantages
may result from this.

Example 3 Let F be an AND gate with three inputs
f , g and h that occurs during symbolic simulation of
a circuit. BDD packages based on recursive synthesis
have to compute:

(f � g) � h, f � (g � h) or (f � h) � g

The order in which the calculation is performed largely
in
uences the number of nodes that are needed during
the computation, e.g. if f � g is computed �rst, but
h = 0. In this case the result f � g (which might be
large) is computed �rst even though the results of the
AND gate is 0. RBS detects this trivially.

This was only a simple case. If f , g and h are chosen
as follows:

f = (yz + �yz)f 0

g = (yz + y�z)g0

h = (�yz + y�z)h0



with the property that f 0, g0 and h0 are independent of
y and z and have pairwise large BDDs when combined
by AND, i.e. the result is of quadratic size (quadratic
in the size of the input BDDs). Then it is straightfor-
ward to see that each recursive synthesis method us-
ing only two operands needs quadratic runtime, while
RBS can detect the result again as constant 0 in con-
stant time due to the terminal cases.

Thus, for more complex circuits it is more useful
to describe the logical behaviour by not only using
standard cells. The functionality of these gates can be
expressed by a PLA description, as e.g. used in BLIF.

Obviously the BDD representing the output func-
tion of such a gate can not directly be calculated by
means of classical binary synthesis operations since
the number of operands is greater than two. Thus,
the calculation has to be done sequentially.

In our approach based on RBS we compute one gate
(of \arbitrary" number of inputs) in one step (using
two RBS calls) and thus operate highly in parallel.
(The details are left out due to page limitation.) The
e�ect of this method will be demonstrated in the next
section by experiments.

3.3 Combining Synthesis and Dynamic
Variable Ordering

Before we describe the underlying algorithm of our
symbolic simulation procedure we want to underline
another very important aspect of RBS: The synthesis
process can be interrupted at any point without loss
of intermediate results. Thus, there arise new possi-
bilities for the dynamic minimization during the con-
struction of BDDs; the dynamic reordering can even
support the synthesis operation, if it is guaranteed
that the coding variables are never shifted towards
the top.

Now we can guarantee the initialization of dynamic
minimizations at any time of need, i.e. before crossing
an upper size boundary, even during a single synthesis
process as well as a minimization without restrictions
or loss of intermediate results. Supervising heuristics,
having a �ner granularity than it is possible when the
construction process is relying on recursion based syn-
thesis algorithms, are used to control the construction
process and initiate minimization procedures in ap-
propriate situations:

Recursive synthesis based packages stop the com-
putation after a synthesis operation, having a worst
case complexity that is quadratic in the size of the
graph. Otherwise, already computed results have to
be thrown away or the reordering process can only
be performed in a restricted region of the BDD. In
our approach the synthesis can be stopped after each
reordering step. Therefore we get a worst case com-
plexity linear in the size of the current level (which is

construction(circuit, boundary, step, windows) f
Determine topological order for symbolic simulation;

for each (gate of circuit in topological order) do f
Construct BDD for gate output in parallel using build;

g
return resulting BDDs for primary outputs;

g

build(operand list consisting of op BDDs) f
Build coding tree by use of m := dlog2(op)e coding variables;

for each coding variable do f
while (coding variable not in bottom level) do f
if (BDD size after levelexchange < boundary) f
Shift coding variable one level downward
by means of levelexchange;

g else f
Perform minimization on level windows;
if (no improvement made)
boundary := boundary + step;

g
g
Perform existential quanti�cation and reduce result tree;

g
return result tree;

g

Figure 3: Sketch of construction heuristic

considerably lower than being quadratic in the graph
size). Additionally, none of the results get lost.

To demonstrate the resource sparing we applied
an expandable supervising heuristic that controls the
BDD construction during symbolic simulation accord-
ing to three external parameters:

� Boundary determines the number of BDD nodes
that must be reached in order to perform dynamic
minimizations.

� Step denotes the value by which Boundary will
be increased if the previous minimization was not
capable of reducing the number of BDD nodes.

� Windows determines the number of half-
overlapping level windows (covering the regions
above and below the currently shifted coding vari-
able) on which the minimization algorithms oper-
ate.

Notice once more that due to the �ner granularity
of our approach we can immediately react to an im-
pending upper size boundary crossing. Additionally
no results have to be recomputed after performing in-
termediate minimizations.

A sketch of the algorithm is given in Figure 3. The
parameters are dynamically applied dependent on the
\hardness" of the benchmark.



Circuit BDD Size MORE A.MORE

c0432 31 177 21.5 6.8
c0499 40 657 12.6 5.2
c0880 8 654 1.4 0.6
c1355 57 945 27.1 10.9
c1908 14 073 12.9 2.8
c2670 9 771 5.1 1.7
c3540 150 672 114.0 72.2
c5315 84 267 31.5 8.9
c7552 8 481 8.5 2.6

Total 234.6 111.7

Ratio 1 0.47

Table 1: Comparison to MORE

4 Experimental Results

In this section we present a set of experimental re-
sults. All methods presented above have been imple-
mented and integrated in the program A.MORE. The
experiments were carried out on a SUN SPARCstation
20 with 256 MByte of main-memory and all runtimes
are reported in CPU seconds. For all experiments we
applied interleaving [9] to determine an initial variable
ordering.

In the following three subsections we report three
di�erent types of experiments. We �rst study the ef-
fect of terminal cases and complex gate handling by a
comparison to the approach from [12].

We then compare our results to the CUDD package
[21]. The comparison is done for a large number of
benchmarks that are known to be hard for BDDs.

Finally, we demonstrate the e�ciency of our ap-
proach by considering the peak size that occurs dur-
ing symbolic simulation, i.e. the maximal number of
nodes needed during a run.

4.1 Terminal Cases and Complex Gates

Table 1 shows the BDD construction times needed
for the ISCAS'85 benchmarks [4] for the MORE ap-
proach from [12]. The results of A.MORE are given
in the last column. For this experiment no dynamic
variable reordering for optimization of the BDD size
has been used. As can easily be seen the methods pre-
sented in this paper speed up the synthesis based on
reordering by more than a factor of two on average.

4.2 E�cient Construction

In a second series of experiments we consider sym-
bolic simulation for the ISCAS'85 benchmarks and
some industrial circuits.

Remark: Since some of the runtime measurements
of the mentioned publications were made on DEC Al-
pha stations with 256 MByte of main-memory instead

of SUN workstations, we recalculated these values ac-
cording to the factorial machine speed di�erence3, al-
lowing a fair comparison of all runtime results. Since
the tables are, due to missing values of foreign mea-
surements, partly incomplete, the �elds for missing
entries were �lled with the keyword `n/a' (not avail-
able). As a consequence, Totals are only summarized
for lines that are complete for all competitors. How-
ever, the Ratio of a column was always determined for
the set of all lines that were available relative to the
corresponding values of the relevant columns.

The results for the ISCAS'85 benchmarks are given
in Table 3. The second column denoted as Best-Ever
gives the results from [16]. The results for the recur-
sive synthesis based package CUDD [21] are given in
column CUDD. (The runtimes are taken from [20].)
A.MORE denotes the approach presented in this pa-
per.

The initial parameter setting of our supervising
heuristic was chosen as shown in Table 2. The pa-
rameter Windows turned out to be most e�ective
when set on 3 half-overlapping windows. Variations in
these parameters can take large in
uence on the run-
times as well as on the �nal sizes and peak sizes. As
a general rule we can expect smaller runtimes while
getting larger BDDs when increasing the boundary
values. On the other hand, smaller BDDs can be ac-
quired at higher runtime costs when choosing small
initial paramater values. We made a decision for the
average in this trade-o�.

As can be seen our approach has about the same
runtime behaviour as the ITE based package CUDD.
A.MORE is on average about 9% faster. Additionally
the sizes are often much better. In comparison to the
Best-Ever �nal node sizes A.MORE achieved values
that are only about 19% larger. For CUDD the size
is 28% larger even though the runtime is higher than
that of A.MORE. (Notice that Best-Ever is a `best
of' result selection out of several runs, while the re-
sults given in the CUDD and A.MORE columns are
measured with a �xed parameter set.)

The advantage of our approach becomes even
clearer if we consider larger examples, i.e. circuits with
a large number of inputs and outputs (latches are han-
dled as inputs and outputs) and industrial circuits
that are known to be hard for BDDs. The results are
given in Table 4. The �rst �ve columns denote the cir-
cuit name and some characteristics. For the industrial
benchmarks A.MORE outperforms the CUDD pack-
age clearly with respect to the number of nodes. Even
though A.MORE was not designed for BDD minimiza-
tion, i.e. the sifting method in [16] is much cleverer

3According to the geometric mean of SPEC runtime bench-
marks the speci�c DEC Alpha turned out to be about 2.7 times
faster than our SUN workstation.



Circuit Final BDD Size Boundary Step

easy < 10 000 1 000 1 000
medium intermediate 10 000 1 000
hard > 100 000 100 000 10 000

Table 2: Parameter Setting

Circuit Best-Ever CUDD A.MORE
Size Time Size Time Size Time

c0432 1 210 3.2 1 259 3.8 1 210 2.2
c0499 25 866 429.5 29 686 161.4 32 137 75.1
c0880 4 083 36.6 7 065 15.8 4 889 21.7
c1355 25 866 723.2 29 622 400.9 32 857 384.0
c1908 5 708 35.0 6 742 34.2 6 027 47.7
c2670 2 008 48.5 10 375 55.8 4 039 32.1
c3540 23 828 149.8 24 023 139.8 23 843 225.0
c5315 2 104 160.7 2 565 14.6 2 528 11.6
c7552 3 730 186.7 9 582 83.5 5 194 36.0

Total 94 403 1 773.2 120 919 909.8 112 724 835.4
Ratio 1 1 1.28 0.51 1.19 0.47

Table 3: Final Node Count

than the one applied here, A.MORE was able to sig-
ni�cantly improve on one of the larger benchmarks
(see s15850).

4.3 Peak Size

Up to now only the BDD size of the functions repre-
senting the outputs of the circuits has been considered.
An aspect of growing interest and importance is the
peak size, i.e. the maximal number of nodes needed
during the whole construction. In many applications
the �nal BDD size is very small (see e.g. tautology
checking).

We report on experiments carried out with
A.MORE. As a comparison we consider results from
[20], [19]. The results are given in Table 5. The peak
sizes and the �nal size needed by CUDD/SIS4 and
A.MORE are denoted in the last four columns. (No-
tice, that these results were obtained by a run of the
algorithm with standard parameter settings and that
the runtime has already been given in the preceeding
tables.) As can be seen A.MORE nearly never needs
much more nodes during the computation than for the
representation of the �nal result (the `peak size-�nal
size' ratio is only 1.33 in comparison to more than 3
for CUDD/SIS). Thus, it clearly outperforms the re-
cursive synthesis approach.

4Note that the peak size measurements for CUDD were done
within a SIS-environment with a di�erent garbage-collection-
scheme in comparison to CUDD-stand-alone-runs.

5 Conclusions

In this paper a new method for BDD construction
based on Reordering Based Synthesis has been pre-
sented. The use of terminal cases and complex gate
handling has improved the performance by a factor of
two in comparison to the originally presented method.

Experimental results for large circuits have demon-
strated the advantages of our approach in comparison
to previously published methods.

In particular, the novel reordering based technique
is much more memory e�cient than previously known
techniques what has been demonstrated by measuring
the peak size during symbolic simulation.
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