A Time-Domain Method for Numerical Noise Analysis of Oscillators

Makiko Okumura

R & D Center, Toshiba Corporation,
1, Komukai Toshiba-cho, Saiwai-ku,
Kawasaki 210, Japan
Tel: +81-44-549-2284
Fax: 4+81-44-520-1806
e-mail: okumura@ecsl.rdc.toshiba.co.jp

Abstract— A numerical noise analysis method for
oscillators is proposed. Noise sources are usually small
and can be considered as perturbations to a large
amplitude oscillation. Transfer functions from each
noise source to the oscillator output can be calcu-
lated by modeling the oscillator as a linear periodic
time-varying circuit. The proposed method is a time
domain method and can be applied to strongly non-
linear circuits. Thermal noise, shot noise and flicker
noise are considered as noise sources. Error in the

time domain method is also discussed.

I. INTRODUCTION

Estimation of noise is important in oscillator circuit
design; however, it is difficult since an oscillator is a non-
linear circuit periodically changing its operating point.
Simulation methods for phase noise of an oscillator are
described in [1] [2]. However, the method using harmonic
balance[1] is practical only for weakly nonlinear circuits,
because it requires extremely large memory and compu-
tational time for highly nonlinear circuits. Reference [2]
does not treat oscillators including flicker-noise sources.
It is well known that flicker noise up-converted from the
base band dominates around the oscillation frequency. A
simulation including flicker noise is of prime practical im-
portance for oscillator design. Our proposed method can
simulate noise in strongly nonlinear circuits with flicker
noise sources.

This paper is a natural extension of our previous
work[3] to autonomous systems. In order to calculate the
noise transfer functions, the oscillator is modeled as a lin-
ear periodic time-varying circuit, under the assumption
that noise is small. A set of linear periodic time-varying
discrete equivalent circuits is obtained during numerical
integration for one period of the oscillation. Each equiv-
alent circuit is evaluated at numerical integration time
steps.

Analyses of oscillator noise[4][5][6] have been discussed
using simple R-L-C resonator model. In reference [4], os-
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cillator noise was represented by two terms: one is a linear
component for diode’s capacitor and the other is the first
order nonlinear component. In reference [5], high order
components were analyzed using high order nonlinear ca-
pacitor. All these nonlinear components were considered
to be related to up-converted components of the oscilla-
tor noise. However, actually, some nonlinear components
are up-converted from baseband and some nonlinear com-
ponents are down-converted from high frequency bands.
In this paper, up-converted noise components and down-
converted noise components are related to the periodic
time-varying transfer function which is calculable.

The algorithm has been implemented in a SPICE based
circuit simulator SPREAD[3]. Noise sources considered
were thermal noise, shot noise and flicker noise. Flicker
noise was approximated by a stationary colored noise. In
Section II, the noise analysis method 1s described. Two
examples are shown in Section III. One is a Wien bridge
oscillator and the other is a multivibrator. It is found
that our time domain method is effective from these sim-
ulation results. However, on the other hand, the result is
different from an estimate by using a conventional simple
model. It is found that this discrepancy was caused by
“losses” in numerical integration. In Section IV, this loss
is considered in numerical integration algorithms. This
paper is summarized in Section V.

II. NOISE ANALYSIS METHOD

A. State equation for autonomous system

Consider a nonlinear autonomous system:

fly(t), 9(t)) =0 (1)

where #(t) denotes the time derivative of y(¢). It assumes
that system (1) has a stable periodic solution y,:(t) with
period T

Yst(t + 1) = yst(¢) for all ¢



The steady-state periodic solution can be computed us-
ing the shooting method [7][8], or simply using transient
analysis.

Consider the perturbation to the system (1) around the
periodic steady-state solution y,(t):

Fsr(0), e (6)) + %53/(15) + ‘;—fyayu) =0

The above equation can be rewritten as

9()x(t) +c(t)&(t) =0, (2)

where
o{t) = 0y(t), #(0) = 83(0),

9
g(t) = 3—5,

Note that ¢(¢) and ¢(t) are T-periodic, i.e., g(t + T) =
g(t) and ¢(t + T) = ¢(t). System (2) is a linear periodic
time-varying circuit.

B. Power spectrum of oscillator noise

The above system (2) can be represented by a peri-
odic time-varying transfer function; 7 (£2,¢)[9]. The trans-
fer function is also T-periodic, 1ts Fourier coefficients are
obtained by

T
Hi(Q) = %/0 H(Q, et d, (3)

where w, = 2n/T. H;(Q) represents magnitude and phase
for frequency translated output. H;(2) can be interpreted
as the transfer function with frequency translation for the
output response with a frequency of € + lw, when the
input frequency is €.

Assuming stationary noise sources, output noise spec-
tral density from the k-th noise source in the periodic
time-varying circuit is given by[10]

oQ

Z ‘Hl(w—lwo)zk sp(w —lw,)

l=—0

Sp(w) = oW

where s(-) indicates power spectral density of the k-th
noise source. z; 1s a vector which indicates noise source
location. For example, when a noise source is connected
to the ¢-th state, the g-th element of z; is “1” and the
remaining elements are “0”. H;(w — lw,) is a transfer
function for output frequency w when input frequency is
w—lw,.

Now, Hg(w) is not involved with any frequency transla-
tion, that is, Ho(w) is related to a linear component. For
1 #0, Hi(w—lw,) are involved with frequency translation,
that is, H;(-) are related to nonlinear components. For
example, H(w — w,) is related to an up-converted com-
ponent, and H_j(w + w,) is related to a down-converted
component.

Assuming finite noise band, we consider a truncated
version of (4):

L 2
Si(w) = Z ‘Hl(w —lwo) 2/ sk (w — lw,)
l=—L

(5)

The power of each component is summed up until its con-
tribution become negligible, or until the output noise con-
verges.

The total rms noise of the oscillator 1s calculated by

C. Calculation of noise transfer functions

Apply aunit complex sinusoidal signal at the k-th noise
source to calculate the noise transfer function:

g(t)x(t) + c(t)i(t) = zxe’™ (7)

For computing H;(Q2) numerically, first divide the pe-
riod T into p intervals.

T:Zp:hm, Tm:ihk, =T ,75=0.

m=1 k=1

Then, the integration of (3) can be replaced by a summa-
tion

> H(Q, )KL, (8)

m=1

H(Q) =

M| =

where H(Q,7,) is a time sampled version of H(,t) at
t = Ty, K, is defined by

ho, (=0

Kl = 1—eiwohm .
” emIlweTm=1 [ £ 0.

Jlw,

Next, consider how to compute H (2, 7,) in (8). Since
g and ¢ are periodic, evaluating (7) at t = nT + 7, we
have

gmx (T + ) + ema(nT + 7))
— Zk;ejﬂ(nT-I—Tm). (9)

The differential equation (9) is numerically solved by
applying the backward FEuler method to give

(gm + Cﬂ)x(nT—l— Tm) — Z—mx(nT—l— Tn—1)

hm m

= 2, edUNT+Tm) (10)

The relationship between H(Q, 7,,,) and #(nT 4 7,) can
be written as

z(nT + 1) = H($Q, Tm)zkejﬂ("T'i'T’").

(11)



Substituting (11) into (10) gives

Ji Cy X, 2k
Cz Jz XZ 2k
. S = (12)
Cy Iy X, 2k
where
X = X(Q,7m) = H(Q, ™) 2k,
c . c
I = gm + =, C,, = ——38hm
Im + g ‘ hon

The discretization step h,, 1s the numerical integration
time step in the transient analysis for the periodic steady-
state response.

The analysis flow is as follows:

Step 1. Compute a steady-state solution of oscillator.

Step 2. Store linear discrete equivalent circuits during
numerical integration for one steady-state period.

Step 3. Compute noise transfer functions using equiva-
lent circuits obtained in Step 2.

Step 4. Accumulate linear component and fre-
quency sifted components(nonlinear components) us-
ing equation (8).

Step 5. Compute total noise using equation (6).

I11. SIMULATION RESULTS

Two examples are shown: one is a Wien bridge oscil-
lator and the other is an emitter-coupled multivibrator.
The periodic solution was calculated using the shooting
method. The experimental program used the backward
Euler method for numerical integration.

A. Wien bridge oscillator

The first example is shown in Fig. 1. The steady-
steady solution 1s shown in Fig. 2. This circuit oscillated
at 141.655 kHz. Noise sources considered were thermal
noise of resistors, shot noise of diodes and bipolar tran-
sistors and flicker noise of diodes and transistors. Figure
3 shows the noise model of transistor. Flicker noise was
approximated by a stationary colored noise. L value in
equation (5) was 8. Figure 4 shows noise spectral den-
sity of total noise and a line spectrum of the steady-state
oscillator output. The noise in this figure contains both
amplitude noise and phase noise. This realizes a simi-
lar situation when the output is measured by a spectrum
analyzer.

Figure 5 shows noise spectral density for some major
noise sources. The horizontal axis is offset frequency, f,,
from the oscillation frequency. The noise spectral den-
sity near the oscillation frequency 1s flat in Fig.5. It is
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Fig. 1. Wien bridge oscillator
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Fig. 5. Noise spectral density for major noise source

well known that noise spectral density for oscillator de-
creases with f,, at 9 dB/octave where 1/f effects pre-
dominate, and at 6 dB/octave where 1/ f effects no longer
predominate[11]. Our result is different from this. Tt is
considered that the cause is an error in the numerical
analysis. The error is discussed in Section IV.

B. Multivibrator

The second example is a voltage controlled emitter-
coupled multivibrator shown in Fig. 6. This circuit
cannot be simulated using the harmonic balance method
because very high order Fourier components are needed.
The steady-state responses of each node are shown in Fig.
7. Alasing from wide frequency band should be consid-
ered for this example and L value in equation (5) was 31
while I = 8 for the linear Wien bridge oscillator. This
clearly shows the frequency shifted components from high
frequency bands are large for strongly nonlinear oscilla-
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Fig. 6. Voltage controlled emitter-coupled multivibrator
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Fig. 7. Steady-state response of multivibrator
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Fig. 9. Noise spectral density of dominant noise source

tors. Again, thermal noise, shot noise and flicker noise
are taken into account. The number of noise sources is
82. Total noise spectrum at the output is shown in Fig.
8. Noise spectral densities from several major sources are
shown in Fig. 9. It was found that thermal noise of RB
in transistor Q3, Q4, Q5, Q6 and of R1 and shot noise of
Q6 and Q5 were important in this circuit. Flicker noise
was dominant near the oscillation frequency. However,
noise spectral density curves, with the exception of flicker
noises, have flat tops, because @) value becomes finite due
to the loss of the numerical integration. This will be dis-
cussed in Section IV.

Figure 10 shows H(Q, ) X VAT G, m = 1,2,...,p in
(8) for the thermal noise of RB in Q3 and output voltage
for a single period. The output noise is large when tran-
sistors are active and switching. It is suggested that the
average of these noises over one period decreases if tran-
sistors operate faster, as has been experienced by many
designers. This kind of simulation becomes possible since
our method is a time domain method.

IV. DiscussioN

The simulation results were different from the fact that
noise spectral density decreases with f,, at 6 dB/octave
where there 1s no flicker noise. It is believed that this
is attributable to a lossy numerical integration method
used for this particular implementation of the algorithm.
Analysis of this phenomenon is discussed in this section.

The error in the transfer function calculation € is de-

fined by

e=H(Q, 1) — H(Q, mm),

where H(Q,Tm) is an exact solution at time 7, and
H (S, 7,) is the numerical solution. From (11), we have

H(Q, Tm) = &(nT + Tm)e_jﬂ("T'i'T’"),
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Fig. 10. Noise spectral density for the time domain and output
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H(Q,7) = z(nT + Tm)e_jﬂ("T'i'T’").
Therefore,

e={&(nT + 1) — x(nT + 7y) eI THTm) —(13)

From (13), the error magnitude for transfer function can
be considered to be the same as the local truncation
error[12] of the numerical integration algorithm, because
le=7HnT+7m)| = 1. In the frequency-domain approachl[l],
solutions for linear subnetworks are exact, while solutions
by the time-domain approach cannot be exact even for
the linear subnetwork.

Reference [3] describes the frequency warping effects
for the backward Euler algorithm and the trapezoidal al-
gorithm in conjunction with the time-domain approach.
These algorithms are popular transformations between
the s- and z-domain in the design of digital filters. A
unit circle on z-plane maps by the following relations:

Backward Euler method:

1 —coswh n sinwh (14)
T Th h
Trapezoidal method:
= j2 tan &2 (15)
s = jy tan—-,

where z = ¢/*” and h is a uniform time step. It is found
that backward Euler algorithm generates loss since (14)
has a non-zero real part, while trapezoidal algorithm does
not.

Reference[3] describes that the simulated @ value de-
creases relative to the actual @ value in the backward
Euler algorithm. It is noted that the relative error caused
by discretization tends to increase when high @ circuit is
simulated. On the other hand, the relative error of the
@ value in the trapezoidal algorithm is zero. An oscilla-
tor has an infinite @ value when the circuit is in a stable



oscillation. The equivalent circuit needs to compensate
for the losses introduced by the numerical integration to
continue to oscillate.
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Fig. 11. Simple model for an oscillator with a resonator

Figure 11 shows a simple model of an oscillator with
a resonator. The negative resistor stands for the gain
of active elements. The positive resistor R is equal in
magnitude to the negative resistor —r in a stable oscil-
lation. Then, the @ value is infinity. However, a mag-
nitude of the negative resistor r in the equivalent circuit
becomes larger than the positive resistor R, if the oscil-
lation is maintained by using lossy numerical integration
algorithm. This is because R + Ry + R should be equal
to r instead of R = r, where Rc and Rj; are the losses
generated during the numerical integration, to maintain
oscillation.

For the second order Gear’s algorithms, Laplace trans-
form variable “s” is mapped by

Second order Gear’s method:

s= %{3 — 4 cos(wh) + cos(2wh)}

—|—j%{4sin(wh) Csin(wh)}). (16)

Equation (16) also has a non-zero real part. The second
order Gear’s algorithm 1s also lossy. Therefore, oscillators
should be simulated by using lossless numerical integra-
tion algorithms. To this end, the trapezoidal algorithm is
the best for oscillator simulation. If the backward Euler
method is used, a sufficiently small time step h 1s needed.
However, it leads to an increase in computational time
and requires a large memory.

V. SUMMARY AND CONCLUSION

A numerical noise analysis method for oscillators was
presented. The linear periodic time-varying discrete
equivalent circuits were obtained during numerical inte-
gration for one period of oscillation. Simulation results of
a Wien bridge oscillator and a multivibrator were shown.
Noise sources considered were thermal noise, shot noise
Flicker noises up-converted from the
base band were dominant near the oscillation frequency.
This method can simulate noise in strongly nonlinear cir-
cuits such as multivibrators and can observe noise spec-
trum evolution in time domain. However, it is found that

and flicker noise.

implementation of the algorithm using lossy numerical in-
tegration cannot accurately simulate oscillator noise. We
are now doing further study in order to implement the
algorithm using the trapezoidal method and verify the
results by comparing them with measured noise data.
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