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ABSTRACT

Convex optimization problems are very popular in the VLSI
design society due to their guaranteed convergence to a global
optimal point. While optimizing tabular data, significant fit-
ting e orts are required to fit the data into convex form. Fit-
ting the tables into analytically convex forms like posynomi-
als, su ers from excessive fitting errors, as the fitting prob-
lem may be non-convex. In recent literature optimal numer-
ically convex tables have been proposed. Since these tables
are numerical, it is extremely important to make the table
data smooth, and yet preserve its convexity. The smooth-
ness ensures that the convex optimizer behaves predictably
and converges quickly to the global optimal point. The exist-
ing smoothing techniques either cannot preserve convexity,
or require very high execution time. In this paper, we pro-
pose a linear time algorithm to smoothen a given numerically
convex data and at the same time preserve convexity. Our
proposed algorithm can smoothen the data in
linear time without introducing any additional error on the
numerically convex data. We present our
results on industrial cell libraries. when ap-
plied on convex tables produced by shows a 30X
reduction in fitting square error over a posynomial fitting
algorithm.

1. INTRODUCTION
Convex optimization problems are very popular in the

VLSI design society due to their guaranteed convergence
to a global optimal point[2, 5, 6, 7]. While optimizing tab-
ular data such as gate delay, significant fitting e orts are
required to fit look-up table data into convex form. Fitting
the tables into analytically explicit convex functional form
such as posynomials [2, 5], su ers from high fitting errors
as the fitting problem may be non-convex. Fitting methods
such as K-mean algorithms [12] reduce the fitting errors, but
still do not guarantee optimality. It is important to have an
optimal solution to the fitting problem.
Another orthogonal approach is to directly use the look-up

table data for optimization. Using finite di erence method,
we can still obtain sensitivity and even hessian which are
su cient for optimization usage. However, it is critical to
modify the data such that both convexity and smoothness
properties can be guaranteed to ensure fast global conver-
gence. In fairly recent literature, an algorithm
to generate numerically convex tables has been proposed
[15]. These tables are created optimally by minimizing the

perturbation of data to make them numerically convex. But
since these tables are numerical, it is extremely important
to make the table data smooth, and yet preserve its con-
vexity. Smoothness will ensure that the convex optimizer
behaves in a predictable way and converges quickly to the
global optimal point. The smoothing technique proposed in
[15] cannot guarantee continuous di erentiability, nor can it
preserve the convexity of the data. A simultaneous convex
fitting and smoothing algorithm was pro-
posed by Roy et al.[16] but it tried to solve a large semidefi-
nite optimization problem with higher data points resulting
in high execution time.
In this paper, we propose an algorithm to smoothen a

given numerically convex data in linear time, while preserv-
ing the qualitative shape properties of the original data,
in other words convexity. After a lookup table is fitted
into a numerically convex model, our proposed algorithm

can smoothen the data in linear time with-
out introducing any additional error on the numerically con-
vex data. Hence can also be described as a
convexity preserving interpolation technique. We formulate
the convexity preserving smoothing problem as a series of
inexpensive local semidefinite optimizations which can be
solved in linear time.
We present our results on industrial cell

libraries. followed by can gener-
ate numerically convex and smooth data while giving 30X
reduction in fitting square error over a well-developed posyn-
omial fitting algorithm, and 3X reduction in fitting square
error over .
The organization of the paper is as follows. In Section 2

we provide some general background on convexity, smooth-
ness and semidefinite programming. We briefly survey the

formulation and smoothness technique from [15]
in section 3. We propose our algorithm prob-
lem formulation in section 4. In section 5 we briefly describe

, and , previous techniques
with which we compare our algorithm. In section 6 we pro-
vide experimental results of +
on industrial cell libraries. We conclude our discussion in
section 7.

2. FUNDAMENTAL CONCEPTS
In this section, the fundamental concepts of convexity,

smoothness and semidefinite programming is introduced.

2.1 Convexity, Hessian, and Smoothness
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We now introduce the definition of a convex function. A
function ( ) is convex if

( (1 ) + ) (1 ) ( ) + ( )

(0 1)

If ( ) is 2nd-order di erentiable then ( ) is convex if and
only if 2 ( ) º 0 for all , where 2 ( ) is the
Hessian of ( ), denoted as ( ) and is defined as

[ ( )] = [ 2 ( )] =
2 ( )

= 1

and 2 ( ) º 0 means the Hessian of ( ) is positive semidef-
inite, i.e. all the eigenvalues of the Hessian are greater or
equal to zero. In a convex function, every local minimizer is
also a global minimizer.

Figure 1: A numerically convex function in 1-

dimension

A data set is numerically convex if and only if there exists
a convex piecewise linear interpolant to the data. Figure 1
shows an example of a numerically convex function in one
dimension. Note that every analytically convex function is
also numerically convex but the converse is not true.
A function is called 1 if it has a derivative that is a

continuous function. A function is smooth at if given
0 there is a 0 such that

| | | ( ) ( ) |

For quick and guaranteed convergence to a global opti-
mal point, a convex function must be at least continuously
di erentiable.

2.2 Semidefinite Programming
Now we introduce the dual form of semidefinite program-

ming which we will use to solve our optimization problem.
The dual form ( ) of SDP is given by :

( )
=1

=1

º 0

= 1 (1)

where , are scalars, and are symmetric matrices
of the same dimension.

2.3 Adjacent points in amultidimensional grid
structure

We define adjacent points ( ) for an -dimensional
regular or irregular grid structure. Adjacent points are de-
fined with respect to a particular direction . Two points
are in the direction if they have identical co-
ordinates for all the other ( 1) directions and they have
adjacent coordinates in the direction. Thus if is a
numerical function of x = [ 1 2 ] , then the points
( 1( ) ( ) ( )) and ( 1( ) ( + 1) ( ))
are two .

3. CONVEXFIT
In this section, we briefly discuss the minimum-error con-

vex fitting problem and smoothing technique proposed by
Roy et al. [15].

3.1 Convex Fitting
Given an analytical or numerical function (x), let (x)
(x) = 0(x), then 0(x) is the perturbation of (x), the task
of is to minimize the perturbation of (x) to
make the hessian of (x) positive semidefinite. The minimum-
error convex fitting problem is defined as follows:

:

x

(x)

2( (x) + 0(x)) º 0

(x) 0(x) (x)

(x) 0

x (2)

Since the domain of (x), or (x), is often finite,
we can use a finite di erence scheme to approximate the
sensitivity and hessian of (x).

3.2 Smoothing of ConvexFit
Let be a numerical function of x = [ 1 2 ] . The

following quadratic form is used to generate smooth data
values of at intermediate points x0 = x+ x.

(x+ x) =
1

2
x (x) x+ x b+

where = (x) , b = [ (x)

1

(x)

2

(x) ] and is the
Hessian of . An n-dimensional space is divided into hyper-
cubes. Each point not on the boundary of the hypercubes,
has 2 surrounding points. The smoothing algorithm calcu-
lates the value at an intermediate point by using a weighted
sum of the values obtained from each surrounding point.

4. SMARTSMOOTH: LINEAR TIME CON-

VEXITYPRESERVINGSMOOTHINGOF

CONVEXFIT
In this section, we discuss the disadvantages of the previ-

ous smoothing techniques and propose as a
succeeding step to .
The smoothing algorithm mentioned in subsection 3.2 has

many disadvantages. Firstly, it adds additional data points
by interpolation to an existing numerically convex data.
There is no guarantee that the new points will preserve the
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Figure 2: Original data and Smoothing by Convex-

Fit for cell INV

convexity of the original data, as no such constraint is im-
posed on the new data points. Also the interpolated data
points may not make the table su ciently smooth, or in
other words, continuous di erentiability cannot be guaran-
teed from this smoothing technique. Fig. 2 illustrates the
model for cell INV which is convexified and then smoothed
by the above technique. It can be seen that smoothing does
not preserve the convexity of the model. A simultaneous
convex fitting and smoothing algorithm was
recently proposed [16]. This method had to solve increas-
ingly large semidefinite optimization problems for higher
number of data point insertion. Hence it was expensive in
terms of execution time. We now propose a
linear time convexity preserving smoothing algorithm.
In a convex optimization problem, the optimizer needs a

smooth continuously di erentiable convex function to quickly
reach the global optimal point. At first we introduce a term

or non-smoothness index. for a numerical func-
tion (x) is defined as

( ) = max | (x) (y) |

x y

[1 2 ]

The smaller the value of , the higher is the smooth-
ness in a curve. The maximum allowable non-smoothness
will be an input to our algorithm. We now formulate our
optimization problem to ensure smoothness in addition to
convexity.

• Addition of points by quadratic interpolation

Let be a numerically convex function of x = [ 1 ]
We use quadratic interpolation to generate additional
data values of at intermediate points x0 = x+ x.

(x+ x) =
1

2
x (x) x+ x b+

where = (x) , b = [ (x)

1

(x)

2

(x) ] and
is the Hessian of .

• Locally perturb newly added data to make it

continuously di erentiable and preserve con-

vexity

Let (x0) be the new function with the additional points
generated from the above step. We now divide the do-
main of (x0) into smaller hypercubes. Let 1(x

0

h1),

2(x
0

h2), ... , (x0hk) be the corresponding subfunc-
tions in the hypercubes x0h1, x

0

h2, ..., x
0

hk. Instead of
running an optimization problem on the entire data
set (x0), we solve an optimization problem for each
subfunction. As our original data points is numeri-
cally convex, this problem becomes feasible. Hence
we can make the new function smooth and drastically
reduce execution time of smoothing. For each hy-
percube we introduce perturbation in only the newly
added points to make the perturbed subfunction con-
tinuously di erentiable and also make the hessian pos-
itive semidefinite. Let (x0hi) = (x0hi) +

0 (x0hi),
0(x0hi) being the perturbation. Note that

0(xhi) = 0
for 0 , where consists of the original data
points in . In other words, the original data
points are given zero perturbation. The problem is
formulated below for each hypercube 0 :

:

x
| 0 (x) |

2( (x0hi) +
0 (x0hi)) º 0

(x0hi) (y0hi)

x0hi y
0

hi

[1 2 ]

0 (3)

The nonlinear function | 0 (x) | can be transformed
by the following formulation

0 :

x
(x)

2( (x0hi) +
0 (x0hi)) º 0

(x0hi)
0 (x0hi) (x0hi)

(x0hi) 0

(x0hi) (y0hi)

x0hi y
0

hi

[1 2 ]

0 (4)

The first constraint in 0 ensures that the
new function remains convex by enforcing a positive semidef-
inite hessian. The fourth constraint ensures that the non-
smoothness in the new function is less than the maximum
allowable parameter . Hence, we get a numerically
convex data model which is also su ciently smooth. Note
that since the number of data points in each local semidef-
inite optimization is small (constant), our overall execution
time is linear with respect to the number of data points. The

0 formulation can be easily fitted into the dual
form ( ) of semidefinite programming framework [3] and
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Figure 3: Plot of original data and ConvexFit +

SmartSmooth model for cell INV

can be optimally solved by any semidefinite programming
solver. Figure 3 illustrates the model developed from our
algorithm.

5. POSYNOMIALFITTINGANDCONVEXS-

MOOTH FOR COMPARISON
We compare + with the two

algorithms and . We briefly
describe both the techniques here.
The posynomial modeling procedure is done via least-

square regression analysis on the cell data. The problem
can be formally defined as follows:

:
=1

((
=1 =1

) )2

0 (5)

where is the number of sets of tunable parameters , is
the number of tunable parameters, < is the entry
of the set of tunable parameters, < is one of dif-
ferent values from the cell look-up table each corresponding
to the set of tunable parameters. , and are
the unknown parameters we are trying to determine.

is a simultaneous convex fitting and smooth-
ing algorithm. In this algorithm additional data points are
initially added to the lookup table by quadratic interpola-
tion. Then the new table is convexified and smoothed by
running a global semidefinite optimization problem. This
method has to solve increasingly large semidefinite optimiza-
tion problems for higher number of data point insertion.

Hence it is expensive in terms of execution time.

Table 1: Cell-Rise Fitting Errors Comparison

Cell name
PosynomialFit ConvexSmooth CFit+SSmooth
SE AE SE AE SE AE

( )2 ( ) ( )2 ( ) ( )2 ( )
AN2 0.883 0.035 0.232 0.011 0.287 0.016

AOI222 9.214 0.137 0.187 0.010 0.144 0.008
BUF 3.861 0.047 11.273 0.081 1.412 0.026
INV 9.427 0.087 0.052 0.004 0.052 0.004

MAOI1 8.100 0.125 0.403 0.018 0.024 0.004
MUX4 5.900 0.108 0.032 0.005 0.032 0.004
ND3 1.774 0.068 1.111 0.029 0.168 0.014
OA12 3.523 0.084 0.348 0.013 0.336 0.016

OR3B2 4.009 0.087 0.578 0.016 0.074 0.004
XOR2 2.537 0.064 1.504 0.025 0.000 0.000

6. EXPERIMENTAL RESULTS ON INDUS-

TRIAL CELL LIBRARY
We now present the experimental results of

+ , and on
a real industrial cell library. It is a 0 13 family stan-
dard cell library containing 415 generic core cells and 53
I/O cells. We perform our experiments using 67 combi-
national cells from this library. We use the DSDP5.7 [3]
solver in C to run our semidefinite optimizations ,

and . is im-
plemented in C++ using the CFSQP solver [4]. All the
procedures are performed after logarithmically transform-
ing the data points in the lookup table. The number of
monomial terms in is fixed to 5. All ex-
periments are performed on a PC with 1.40GHz Pentium IV
Microprocessor, 1.00 GB RAM and 40 GB hard drive run-
ning Windows XP. Experiments are performed for cell-rise,
cell-fall, rise-transition and fall-transition look-up tables for
each cell, and for one input pin per cell. These look-up
tables have a size ranging from 49 to 392 data points.

Table 2: Cell-Fall Fitting Errors Comparison

Cell name
PosynomialFit ConvexSmooth CFit+SSmooth
SE AE SE AE SE AE

( )2 ( ) ( )2 ( ) ( )2 ( )
AN2 0.130 0.0130 0.049 0.004 0.043 0.005

AOI222 1.689 0.0637 0.067 0.008 0.068 0.007
BUF 0.524 0.0189 3.99 0.054 0.052 0.003
INV 1.768 0.0391 0.022 0.003 0.035 0.005

MAOI1 1.017 0.0483 0.469 0.024 0.078 0.008
MUX4 0.926 0.0462 0.067 0.006 0.066 0.006
ND3 1.506 0.0672 0.241 0.017 0.048 0.008
OA12 0.506 0.0289 0.049 0.003 0.051 0.004

OR3B2 1.274 0.0530 0.043 0.006 0.003 0.001
XOR2 0.395 0.0292 0.078 0.004 0.000 0.000

6.1 Comparison of PosynomialFit, ConvexS-
mooth and ConvexFit + SmartSmooth

Tables 1, 2, 3, 4 summarize the total square error(SE) and
the average absolute error(AE) for the four di erent look-up
tables(results for only ten cells are shown due to space con-
straint). SE is calculated by summing the square of the error
for each data point in the look-up table. AE is calculated
by summing the absolute error for each data point in the
look-up table, and then dividing by the total number of data
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Table 3: Rise-Transition Fitting Errors Comparison

Cell name
PosynomialFit ConvexSmooth CFit+SSmooth

SE AE SE AE SE AE
( )2 ( ) ( )2 ( ) ( )2 ( )

AN2 4.818 0.0832 2.845 0.043 1.213 0.029
AOI222 52.601 0.3521 2.01 0.041 0.701 0.021
BUF 18.392 0.0990 7.586 0.021 7.410 0.059
INV 42.715 0.1843 0.546 0.016 0.206 0.010

MAOI1 39.820 0.2859 2.06 0.055 1.14 0.029
MUX4 33.874 0.2786 0.200 0.012 0.182 0.010
ND3 9.561 0.1526 5.56 0.059 0.186 0.008
OA12 18.054 0.1689 2.618 0.048 1.88 0.042

OR3B2 22.853 0.2164 3.499 0.049 0.649 0.022
XOR2 16.216 0.1695 0.169 0.015 0.002 0.001

points. It can be observed that +
shows more than 30X reduction in fitting square error over

, and 3X reduction in fitting square error
over . This is because adds
new points to the model generated by and only
perturbs the newly added points. Hence, it does not in-
troduce additional error on the data points generated by

. (Note that all the errors are calculated with
respect to the original points in the look-up table.)

Table 4: Fall-Transition Fitting Errors Comparison

Cell name
PosynomialFit ConvexSmooth CFit+SSmooth
SE AE SE AE SE AE

( )2 ( ) ( )2 ( ) ( )2 ( )
AN2 0.854 0.0421 0.141 0.008 0.136 0.009

AOI222 9.531 0.1582 0.058 0.006 0.051 0.006
BUF 2.048 0.0355 4.35 0.046 0.706 0.017
INV 5.317 0.0664 0.036 0.003 0.034 0.003

MAOI1 5.218 0.1081 0.804 0.029 0.216 0.012
MUX4 4.306 0.0933 0.026 0.004 0.026 0.004
ND3 6.414 0.1329 0.237 0.013 0.000 0.000
OA12 2.237 0.0576 0.203 0.009 0.200 0.012

OR3B2 7.531 0.1242 0.704 0.028 0.411 0.018
XOR2 2.943 0.0690 0.863 0.015 0.000 0.000

Table 5: Execution times in seconds

Mode
data points

196 196 1183 3610 8125 1183 3610 8125
PFit CFit ConvexSmooth CFit+SSmooth

CR 17s 2s 116s 489s 3024s 5s 11s 46s
CF 19s 1s 117s 560s 2470s 4s 10s 44s
RT 18s 2s 112s 403s 2551s 5s 10s 44s
FT 18s 2s 117s 461s 3237s 5s 11s 46s

6.2 Tradeoff between smoothness and execu-
tion time

Table 5 shows the runtimes of algorithms ,
and + for di er-

ent number of data points per cell. The execution times are
the average execution time per cell in seconds. The column
headings show the average number of data points per cell.
The and columns show the execution times for

and with the original number of
data points in the look-up table. The higher the number of
data points inserted in section 4 the smaller is the , and
the greater is the smoothness achieved in our model. But
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Figure 4: Plot of execution time Vs data points for

ConvexSmooth and ConvexFit + SmartSmooth

higher data points also increases the execution time of our
algorithm. It can be seen that +
with up to 20X point addition still requires a smaller exe-
cution time than . With 6X point addition
we demonstrate a 4X speedup over . We
also demonstrate a 56X speedup over which
clearly shows we have been able to tackle the higher execu-
tion time problem in providing higher smoothness. Often
depending on the size, complexity and type of our optimiza-
tion problem, we may not need more than 4X/10X addi-
tional point insertion in the look-up table. Hence the high-
est permissible value of should be found out for a specific
type of problem, to minimize the execution time of model-
ing. Figure 4 shows the plot of execution time against the
average number of data points per cell for
and + . requires
very high execution time while +
requires linear execution time with respect to the number of
data points.

6.3 Benefit of smoothing in faster convergence
of the gate sizing optimization

We test the performance of our smoothing algorithm in
the gate sizing optimization problem. We perform experi-
ments on ISCAS85 benchmark circuits using our gate sizing
tool implemented in C++. These circuits have 214 to 3512
gates. We perform gate sizing using two di erent types of
numerically convex models for the gate delay. The first is
the numerically convex table generated by and
we use linear interpolation to calculate intermediate points.
Linear interpolation always preserves convexity , but it may
not make the table su ciently smooth, as it creates non-
smooth corners. The second table used for the gate sizing
optimization is the table generated using and
smoothened by . Table 6 shows the conver-
gence time of optimization using the two lookup tables. It
can be seen that smoothing by can speed up
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the gate sizing optimization by 1.76X on average, for these
benchmarks. The quality (circuit delay) of the optimized
designs have been found to be comparable using both the
two models. Thus we have shown that smoothing helps in
faster convergence of the convex optimizer.

Table 6: Convergence time for sizing various circuits

circuit
Linear SmartSmooth
( ) ( )

C432 11 4
C499 3 1
C880 8 15
C1355 14 9
C1908 5 3
C2670 53 26
C3540 66 64
C5315 55 39
C6288 1952 347
C7552 169 110

7. CONCLUSION
Convex optimization problems are very popular in the

VLSI design society due to their capability to reach global
optimum in a reasonable amount of time. Table data needs
to be fitted into convex forms to be used in convex op-
timization problems. Fitting the tables into analytically
convex forms like posynomials, su ers from high fitting er-
rors as the fitting problem may be non-convex. In recent
literature numerically convex tables have been proposed.
Since these tables are numerical, it is extremely important
to make the table data smooth, yet preserve its convexity.
Smoothness ensures smooth convergence of the convex op-
timizer. The existing smoothing techniques either cannot
preserve convexity or su er from high execution time. In
this paper, we propose a linear time algorithm to smoothen
a given numerically convex data while preserving its convex-
ity. Our proposed algorithm can smoothen
the data in linear time and also preserve its convexity, so
that it can be used in convex optimization problems. We
demonstrate a 30X reduction in fitting square error over

, and a 3X reduction in fitting square error
over . We also demonstrate faster conver-
gence of the convex optimizer using our smoothing algo-
rithm. along with can be used
for generating smooth convex models for optimization of
non-analytical industrial scale designs, for which fitting to
analytical forms might often be too expensive.
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