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ABSTRACT

Distortion of matching pursuit is calculated in terms of matching
pursuit encoder parameters for uniformly distributed signals and
dictionaries. Then, the MP encoder is optimized using the ana-
lytically derived approximation for MP distortion. Our simula-
tion results show that this optimized MP encoder exhibits optimum
performance for nonuniform signal and dictionary distributions as
well.

1. INTRODUCTION

Many techniques have been proposed to improve the performance
of MP encoder by adapting the parameters of the encoder ([2, 3,
4]). However, due to lack of an accurate approximation for MP
distortion, these techniques are mostly based on training the en-
coder to find the optimal parameters. Even when the analytical
approach is taken, a very conservative upper bound for the MP
distortion is used to find the optimal parameters ([2, 3]). Addi-
tionally, this upper bound must be estimated through experiments
for different dictionaries. In this paper, we express the distortion of
matching pursuit in terms of MP encoder parameters for uniformly
distributed signals and dictionaries. This distortion is a much less
conservative upper bound for MP distortion than the one obtained
in [2, 3]. Moreover, we use our derived analytical relation to min-
imize MP distortion for a given rate and find the optimal number
of MP stages and step numbers of quantizers used to quantize the
inner product coefficients. Finally, we show that when the MP en-
coder is optimized for uniformly distributed signals and dictionar-
ies, it exhibits optimum performance for other signal distributions
and dictionaries (This is observed from experimental results).

2. MATCHING PURSUIT

Matching pursuit is a greedy algorithm that decomposes a signal
f into an overcomplete dictionary of bases [1]. At each stage of
matching pursuit the dictionary vector g. that results in the max-
imum inner-product with the residual signal R’ f is found. Then,
the residual signal is projected on g. This can be written as:

R'f=(R'fg,)9, + R f (1)

where R'T f is the new residual signal. At the first stage R f is
replaced by the signal f. The matching pursuit iterations continue
based on equation (1) until the bit budget is exhausted. Therefore,
the signal decomposition can be written as:

k—1
f=> (R'f,9y.)9+, + R*f @)
1=0
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3. DISTORTION OF MP FOR UNIFORM SIGNALS

In this section the average distortion of matching pursuit is calcu-
lated in terms of MP encoder parameters for uniformly distributed
signals and dictionaries.

Let us divide both sides of equation (1) by || R f||:

o = e 919y e ©))
[REFI MR R
and let:
s Rf a g IRl
= : and r; £ ||r3]| = - “
[R=11 R 1
Equation (3) is the MP equation for the normalized signal H%}‘H

and therefore, r; is the norm of the resulting residual signal when
matching pursuit is applied to the normalized signal. Substituting
[IR® £|| by || f|| and using equation (4) repeatedly, we can write:

IR fIl = || fllrira...rk 5)

The norm of the residual signal at the k" stage is equal to the total
distortion of k-stage matching pursuit. Therfore:

Dy = ||[R*£II” = I£11*(r1ra-.7i)? (6)

In order to find the distortion of matching pursuit, the behavior of
the residual norm r; must be studied. In what follows, we first
approximate the Voronoi regions in which the vectors 7; are lo-
cated. Then, we find the probability distribution of r; and their
product (Hf:1 ri). Once that probability distribution is available,
the expectation of Dyp can be calculated.

Let us consider equation (3) and assume that the dimension
of the vector f is N. Therefore, %
of a unit N-sphere where N-sphere is an [N-dimensional hyper-
sphere. Moreover, since the dictionary elements are normalized N
dimensional vectors, they are also on the surface of the unit N-
sphere. Now suppose the negative of each of the dictionary vec-
tors is included in the dictionary. Therefore, finding the maximum
inner-product is equivalent to finding the minimum Euclidean dis-
tance. If the size of the original dictionary is M, the size of the
new dictionary will be 20 . Note that this assumption is only for
our modeling convenience and is not implemented in practice. In
fact, the sign bit of the inner product coefficient is now used to
encode the dictionary index for a dictionary of size 2M.

is a vector on the surface

Now assume the signal is uniformly distributed on the sur-
face of the IN-sphere. Since the signal is uniform, for the best
performance, the dictionary vectors must be uniformly placed on
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Fig. 1. (a) 3-dimensional Voronoi region is approximated by a two
dimensional circle with the same volume as the surface area of
the Voronoi region (in two dimensions, Volume=rR?2, area=271R)
(b) Geometric interpretation of the residue 7;. (c) 75 is uniformly
distributed in the volume of the 2-dimensional sphere.

the surface of the N-sphere. This means that the Voronoi regions
for each dictionary vector must be identical and therefore have the
same area. Moreover, to maximize uniformity, the Voronoi regions
must approach the shape of a spherical cap.

If the total surface area of the unit N-sphere is A, since there
are 2M Voronoi regions and the Voronoi regions are identical, the
surface area of each of the Voronoi regions will be S = ‘2471‘;. For
the optimum dictionary these shapes must be as close as possible
to the shape of a spherical cap and their surface areas must be as
close as possible to .S. Therefore, when the number of elements in
the dictionary is high, it is reasonable to approximate the Voronoi
regions by N — 1 dimensional spheres with the same volume as
the surface area of the Voronoi regions (S). This is shown in figure
1.(a). Thus, using the equations for the volume and surface area of
hyper-spheres [5], the volume of these N — 1 dimensional spheres
can be written as (the radius of the unit N-sphere is 1):

N-—1

(57!

Therefore, the radius of the /N — 1 dimensional sphere is found by:

N
Nr2

@2n

_q_ Ax
V-1 =5=o3r

N—-1 _

=

@)

®

Now that the Voronoi regions are modelled for the uniform dic-
tionary, the distribution of the residual norms (r;) can be found.
According to (3) and (4):

Ri—lf B
R

Ri—lf

<||R7;,1f||7g’Y (9)

)Gy + 7

1—1
Therefore, 7 is the residual vector for the normalized signal fmi_lf”.

Hence, r; points from the approximation of the normalized sig-
nal to a point on the Voronoi region as shown in figure 1.(b). The
Voronoi regions are approximated by an N — 1 dimensional sphere
with radius R. Since the input signal is uniformly distributed on
the surface area of a unit N-sphere, we can assume the residue vec-
tor 7 is uniformly distributed in the volume of the (/N — 1)-sphere
with radius R as shown in figure 1.(c).

With this assumption, 7; = ||7;|| will be the distance of the
point corresponding to vector 7; to the center of the sphere. Let r;
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be the random variable corresponding to this distance. We can ob-
tain the probability distribution of r; assuming the residual signal
is uniformly distributed in the volume of the (N — 1)-sphere:

N-—-1

T N—-1

(N—l)!ri PN-1

Fry(ri) = P(ri <7) = — =zv1 (0

(WNEI)'RNA

=1
Therefore:
dFy, (r; N—1)rN—2

Now in order to solve equation (6), the probability distribution
function of a new random variable corresponding to rirs...r; must
be found. First, we define a new random variable r; as:

e (12)
Therefore, the PDF of r} can be computed as [6]:
for ) = (N=1)r¥ 2 0<ri<1 (13)
From equations (6) and (12), the distortion of k-stage MP is:
Dwe = [|£I*R*" (rirs...r1)° (14)

Thus, in order to find Dyp, the PDF of rir)...rj must be calcu-
lated. We use lemma 1 to find this probability distribution.

Lemma 1 Suppose x and y are independent random variables
with PDF’s:

fy@)=ay’ 0<y<1, fu(z) = az’(Inz)’™" 0<z<1
(15)

Let z = xy. Then:
fa(z) =

—%zﬁ(lnz)p 0<z<1 (16)

where o, (3, a and p are constants.

Proof: Let w be an auxiliary random variable defined by w
x. The determinant of the Jacobian matrix is J(z,y) = —w.
Therefore the PDF of z can be written as [6]:

f2(2) = /fzw(z7 w)dw = / ﬁfxy(w7 i)dw a7

For nonzero probability distribution functions,  and y must be
between 0 and 1. Therefore, 0 < w < 1l and 0 < 5 < 1. This
yields the boundaries of the integral equation as z < w < 1. The
independence of the two random variables implies that:

| z
L (2) = — fx =)d 18
£ = [ ) fy(S)aw (18)
Substituting the PDF’s of x and y from (15) into (18):
1 8 1
— g B p—1 i _ B p—ldﬂ
fz(z)—/z o (Inw) awﬁdw—aaz /z (Inw) p”
19
Therefore, the solution of the integral equation is:
fa(2) :—%zﬁ(lnz)f’ 0<z<1 W (20)



From equation (13) the PDF’s of r} and r5 have the same form as
equation (15) withaa =a =N —-1,8= N —2and p = 1 and
r} and r5 are independent. Therefore, using Lemma 1, the PDF of
zo £ rr) can be written as:

fag(z2) = —=(N —1)%2) 2(Inz) 0< 2z <1 1)
Equation (21) has the same form as the PDF of x in Lemma 1
witha = —(N —1)%, 3 = N — 2 and p = 2. The PDF of r}
(equation (13)) has also the same form as the PDF of y in Lemma
lwithao = N—1and 8 = N —2and r and z2 = rir) are
independent. Thus, the PDF of z3 £ zorf = r’1r'ar’s can be
found using Lemma 1:

(N =1)° n_2

3 23 (ln23)2 0<23<1

fas3(23) = (22)

Continuing this for & times, the PDF of z; = r/r}...r}, will be:

(N — (- )H?

=1 Z 2 (Inz)F !

Jai (2) = 0<z <1

(23)
Now E(2') = [y 21 fay. (21)dzx can be computed by:

B = [

Lety = —(n+ N — 1) In 2. Therefore, 2z, = e~ AFNT ,dzy =
—e "N Tdy/(n+ N —1)and 0 < y < oo. Thus:

n (N _ 1)k(_1)k71

2k %=1 22 (nz) e (24)

o D[yt evdy (N = DFT(k)
T k=1D)(n+ N =1k (k—1)!(n+ N — 1)k
(25)

Since I'(k) = (k — 1)! for integer k, the expectation of zj; is:
Blaf) = () 26)

Substituting (26) into (14), the average distortion of k-stage match-
ing pursuit for uniform signals and dictionaries can be found by:

N -1

D = |/ IPR* ()"

@7

4. OPTIMIZATION

The total distortion of MP encoder is the distortion caused by the
remaining residual signal calculated by equation (27) plus the dis-
tortion caused by quantizing the inner product coefficients at each
stage. Suppose the inner product coefficients are quantized by a
uniform quantizer with ¢ quantization steps. The distribution of
inner product coefficients is rather complex. In this paper we as-
sume the coefficients are uniformly distributed in the range of the
quantizer. Our simulation results for random signals show that this
assumption does not cause a significant error in our calculations.
With this assumption, the quantization distortion can be written as:

k—1 2 2
ISI° _ I
Dq = == 28
Q ;) 122 12¢2 (28)
The rate of a k-stage MP encoder can be found by:
Rate = klog, q + klogy, M (29)
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Now the problem is to find the optimum number of MP stages k
and quantization levels ¢ to minimize the distortion for a given
signal dimension, dictionary size and rate budget. The Lagrangian
multiplier method is used to solve this optimization problem:

J(A) = Dwp + Dq + ARate (30)

where ) is the Lagrangian multiplier. Substituting (27), (28) and
(29) into (30), the Lagrangian cost function can be formulated as:

ez N =1 K|f]1P
JO) = PR (Gp)* + S + Ak Iogy 4+ klog, M)
(1)
It is easy to show that:
aJ (M) [1£]?In2
=0 opt = A/ —— 32
aq = q pt 6A ( )
Substituting equation (32) into equation (28) yields:
kA
7 22 33)

The optimal number of MP stages (k) can be found by solving:

OJ(N) amak (N —1\" , N—1
k. - IR\ §57) W\ R (F57)
A [I]? In2 _
+21n2+>\10g2 o + Alogo, M =0 (34)
Thus:
In sz A logs \/7‘””62;“2+>\10g2 M
90\ —[I£112 In(R2 (K1)
= :0 :> kot: —
ok ’ In(R?(§51))

(33)
Now that the optimum values for k£ and ¢ have been found, the next
step is to find the optimal X that satisfies the bit budget constraint
and minimizes equation (31). Assuming the bit budget is fixed and
is denoted by Rpudget:

Rpugger = klog, q + klog, M (36)

Since both k and g are functions of A, equation (36) can be solved
numerically to find A for any value of M, N and Rpudge:.

5. SIMULATION RESULTS

In this section, first the accuracy of our analytical result for the MP
distortion is verified by comparison to practical matching pursuit
encoders. Then, our optimization scheme is evaluated and at the
end, the application of our optimization method for nonuniform
signals and dictionaries is discussed.

Figure 2.(a) shows the rate distortion curve of the matching
pursuit encoding of 8 dimensional random samples with a dic-
tionary of 128 random elements. The inner product coefficients
are quantized by a 3 bit quantizer and the rate distortion curve is
compared by what is predicted by equations (27) and (28) (D =
Durp 4+ Dg). As can be seen in the figure, our prediction is very
close to the experimental results although a random dictionary is
used instead of the optimal dictionary with elements uniformly dis-
tributed on the unit NV-sphere. Figure 2.(b) compares the experi-
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Fig. 2. (a) Comparison of rate distortion curves for N = 8, M = 128 and ¢ = 8. (b) Comparison of distoritons predicted by our equations
and experimental data for N = 16, k = 5 and ¢ = 32. (c) Rate distortion curves for optimum MP encoder and other MP encoders

mental and predicted distortions for a 5-stage matching pursuit en-
coder using a 5 bit quantizer. The input is 16-dimensional random
signal and the dictionary elements are random. The distortion is
obtained for different dictionary sizes and as shown in figure 2.(b)
the experimental distortion is very close to our prediction which
proves the accuracy of our calculations.

Now that the accuracy of our model is verified, the optimized
MP encoder must be evaluated. Figure 2.(c) shows the predicted
distortions for several MP encoders along with the rate distortion
curve of the optimized MP encoder. As shown in the figure, the
optimized encoder selects the optimal number of MP stages and
quantization step numbers to provide the best performance among
all encoders for different bit rates.

[ Rae [ kK [ q [ PSNR |

[[037bpp [ 2% 4% [ 2506dB | _Rate | kK | g | PSNR |

[ 037bpp [ 1 [ 16384 [ 24.14dB | 1.0lbpp | 5+ g 74.96dB
1.0lbpp | 5* 8% 27.17dB 1.00bpp 4 64 24.81dB
1.00bpp | 4 64 26.47dB || 1.03bpp | 6 2 | 24.17dB
1403bpp 6 2 26.91dB 0481bpp 4% 8% 24.61dB
1.42bpp | 7% g* 27.93dB || 0.84bpp | 3 | 256 | 24.34dB
1.50bpp | 6 64 27.80dB ||_0.86bpp | 5 2 24.03dB
1.50bpp 8 4 27.77dB 1.97bpp O 16* 75.78dB
1.97bpp | 9% 16% 28.61dB || 2.00bpp | 8 64 | 25.78dB
2.00bpp | 8 64 28.47dB || 2.03bpp | 10 8 25.71dB
2.03bpp | 10 8 28.60dB || 197bpp | 7 | 256 | 25.68dB
1.97bpp | 7 256 | 28.21dB

Table 1. Left table: results for Hill, Right table: results for Lenna.

Although we have only considered uniformly distributed signals
and dictionaries during derivation of our equations, our simulation
results show that our optimized MP encoder exhibits optimum per-
formance for other signal distributions and dictionaries. We have
compared our optimal MP encoder with MP encoders with differ-
ent number of MP stages and different quantizers for two images
(256 x 256 Lenna and Hill images). The dictionary is the Gabor
dictionary as suggested in [4] with 1024 elements and the block
size is 8 x 8. Table 1 compares the PSNR’s of different MP en-
coders for different bit rates. The optimum encoder according to
our optimization in section 4 is indicated in the table by a star for
each bit rate. As shown in the tables the PSNR obtained by the op-
timum MP encoder is the highest among other possible encoders
in all cases. This shows that although our optimized MP encoder is
derived for uniform signals and dictionaries, it can be used to op-
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timize MP encoders for other signal distributions. One reason for
this is that uniform signals have the highest entropy among other
distributions for discrete signals and consequently are among the
most difficult ones to compress. Therefore, the MP distortion for
uniform signals is generally higher than the distortion for other sig-
nal distributions. In fact, equation (27) presents an upper bound for
the MP distortion of nonuniform signals. In other words, the aver-
age distortion for the worst signal distribution is the upper bound
for the average distortion of arbitrary signal distributions. Since
this upper bound is not very conservatively selected (in contrast to
the one used in [2] which considers the worst case scenario at ev-
ery stage of matching pursuit for arbitrary dictionaries), it can be
used to efficiently optimize the MP system for other distributions.
Another advantage of our optimization method is that it does not
require any adaptation and can be mathematically computed as op-
posed to methods used in ([2, 3]).

6. CONCLUSION

In this paper, matching pursuit distortion is analytically expressed
in terms of MP encoder parameters for uniform signals and dic-
tionaries. This analytically derived distortion was used to find the
optimal MP encoder. Our simulation results showed that not only
the analytical derivation is very accurate, but also the optimum MP
encoder for uniformly distributed signals exhibits optimum perfor-
mance for other signal distributions and dictionaries.
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