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ABSTRACT
The paper deals with the problem of computing schedules
for multi-threaded real-time programs. In [14] we introduced
a scheduling method based on the geometrization of PV
programs. In this paper, we pursue this direction further
by showing a property of the geometrization that permits
finding good schedules by means of efficient geometric com-
putation. In addition, this geometric property is also ex-
ploited to reduce the scheduling problem to a simple path
planning problem originating from robotics, for which we
developed a scheduling algorithm using probabilistic path
planning techniques. These results enabled us to implement
a prototype tool that can handle models with up to 100
concurrent threads.

Categories and Subject Descriptors
D.2.2 [Software Engineering]: Design Tools and Tech-
niques—Computer-aided software engineering (CASE)

General Terms
Algorithms, design.

Keywords
Multi-threaded real-time programs, scheduling, PV pro-
grams, path planning.

1. INTRODUCTION
Increasing demands on new functions and features of em-

bedded systems make these systems more and more com-
plex. Parallel programming is a way to handle their com-
plexity, and embedded platforms can now support such pro-
gramming, such as in C or Java. On the other hand, a key
feature of embedded systems is that they interact with a
physical environment in real time. But analyzing real-time
behavior of concurrent programs is a difficult task. Indeed
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when each part of such a program has its own real-time
characteristics, their interaction often makes the real-time
behaviour of the whole program very complex. In this paper
we deal with a class of concurrent programs which consist
of several threads that share some resources. Each resource
has a limited capacity defined by the number of threads that
it can serve at the same time. The real-time constraints of
the threads are known, and we are interested in the behavior
of the program when all the threads run concurrently.

In particular, our goal is to find a good real-time schedule
for such a program. More precisely, this schedule specifies
how the resources should be shared by the threads, so that
the serving capacity of each resource is respected and, in
addition, the execution time of the program is as small as
possible. To determine such a schedule, one needs to resolve
the conflicts between two or more threads that happen when
their simultaneous demand for the same resource exceeds the
serving capacity of that resource. A resolution here means
a decision to which threads to give the resource and which
threads have to wait until the resource is released. Note that
this program may be part of a larger program (for example,
the body of an infinite loop). In the design of an embedded
system, an important advantage of such a schedule is that it
guarantees that all the program executions are deadlock free.
Additionally, it provides a guaranteed worst case execution
time (also called worst-case response time), and from the
schedule the designer can gain a lot of insight about other
properties of the program executions, such as the frequency
and duration of waits.

The approach we use to solve this problem can be sum-
marized by two main ideas. First, to model the behavior of
real-time multi-threaded programs, we use a timed exten-
sion of the PV programs. Second, the scheduling problem is
solved by combining an abstraction of program executions
and the use of geometric properties of the model. These
ideas were initiated in our previous work [14], and this paper
pursues this direction further. Its main novelty is the discov-
ery of a geometric property of PV programs, which makes
the search for good schedules more efficient via simple geo-
metric computation. In addition, this geometric property is
also exploited to reduce the scheduling problem to a simple
path planning problem in robotics, for which we developed a
randomized search algorithm, inspired by probabilistic path
planning techniques. These results enabled us to handle
models with up to 100 concurrent threads.

The paper has three main parts. In Section 2, we de-
scribe the PV program model, its geometric representation
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and then formulate our scheduling problem. The definitions
and notions introduced in this part as well as our previous
results [14] are necessary for the development of our new
results that follow. In Section 3, we present the above men-
tioned geometric property of the model, and in Section 4 we
show how it is used to solve the scheduling problem. This
constitutes the main theoretical result of the paper. The last
section is devoted to some experimental results, a discussion
on related work and some concluding remarks.

2. TIMED PV PROGRAMS AND
DIAGRAMS

In the paper, letters in bold are often used to denote vec-
tors and subscripts to denote the components of a vector,
for example ai is the ith component of vector a. Supercripts
are often used to denote the elements of a sequence, such as
ai is the ith element of sequence {s0, s1, . . . , sm}.

In this section we describe how to model real-time behav-
ior of multi-threaded programs using PV programs, a model
introduced by Dijkstra [10]. The reader is referred to [15,
12, 17] and the references therein for the results on the use of
this model in the analysis of concurrent programs. We model
each thread as a process, and a set of threads running to-
gether is modeled as a PV program. In the PV vocabulary,
P stands for “lock”, and V stands for “unlock” or “release”;
it is however important to emphasize that, in our model-
ing framework, the actions “P” and “V” model the events
of taking and releasing a resource, and they do not neces-
sarily mean locking and unlocking a resource in a concrete
implementation. These actions are used to specify resource
usage constraints, that is some resources need to be used in
a certain order and within some amount of time. A classical
PV program example, called the Swiss flag example, is as
follows:

A = ⊥A.Pa.Pb.Vb.Va.�A, B = ⊥B.Pb.Pa.Va.Vb.�B (1)

where a and b are resources whose serving capacity is 1. We
assume that the threads can always run concurrently, that is
a thread can run as soon as it gets all the required resources.
Hence, in this example, both threads A and B are assumed to
have their own processor to run on. A model for the cases
where the threads have to share processors was proposed
in [14]. In the following, we give the formal definition of the
model.

Resources and Threads. The shared resources are rep-
resented by a set � of resource names. Each resource has a
serving capacity1, represented by a function limit : � → N+.
To model resource usage, we consider two types of resource
actions: taking and releasing a resource r ∈ �, denoted re-
spectively by Pr and Vr. As mentioned earlier, we do not call
these actions locking and unlocking a resource in order to
avoid the misunderstanding that our framework assumes an
implementation of schedulers using semaphores. The notion
of semaphores here refers to the fact that some resources can
be simultanously used by at most a fixed number of threads.

We consider a set of N threads: E1, . . . , EN . Each thread
Ei is a total order of events. Each event e has an associ-
ated resource action, for example Pr. The order relation of
Ei is denoted by �Ei (or simply by � when the context is

1In the PV vocabulary we say that the resource is protected
by a semaphore.

clear). Each thread Ei contains at least two special events:
its start event ⊥Ei and its end event �Ei , which are re-
spectively the bottom and top elements of the order. The
threads are assumed to be well-behaved, in the sense that
each resource should be released before it is taken again
by the same thread. We say that thread Ei is accessing

resource r at event e iff Pr has occurred before or at e
and, additionally, the corresponding release action Vr oc-
curs (strictly) after e.

The running together of N threads is modeled by the
product E =

Q
i=1,...,N Ei. We denote by � the order of E ,

which is defined componentwise. An element of E is called
a state and often denoted by the letter ε, and thus εi is
its event on thread Ei. We denote by ⊥ = (⊥E1 , . . . ,⊥EN )
the bottom state of E and by � = (�E1 , . . . ,�EN ) its top

state.
If B is a partial order and b, b′ ∈ B are such that b � b′,

the pair of these elements is called an arc and denoted by
〈b, b′〉. Also, if B is a total order and if b ∈ B and b 
= ⊥B,
then predB(b) denotes the direct predecessor of b in B, that
is predB(b) � b′ � b =⇒ b′ = predB(b). When the order is
clear from the context, we simply write pred(b). The notion
of direct successors can be defined similarly.

Task Duration. Our version of timed PV programs [14]
is an enrichment of the classic PV program model with a
task duration between every two consecutive events of each
thread. Indeed, in practical real-time programming, one can
estimate the duration of the execution of the program code
between two events. Such estimations are usually done to
account for the worst cases; this duration is a worst-case ex-
ecution time (WCET). So we associate with each event of a
thread the duration (or the WCET) of the task correspond-
ing to the part of the program code which is run between the
occurrences of this event and of its direct successor. When
event e ∈ Ei occurs, we say that thread Ei starts task e.
We denote by E the union

S
i=1,...,N |Ei| \ {�Ei}, where

|Ei| is the set of events of Ei. Thus, the task durations are
defined by a function d : E → R+, and for each thread Ei,
d(�Ei) = 0. In this work, we do not consider tasks with
duration 0.

As an example, the following is a timed version of the
Swiss flag program:

A = ⊥A.1.Pa.1.Pb.2.Vb.5.Va.2.�A,

B = ⊥B.1.Pb.4.Pa.1.Va.1.Vb.1.�B

The numbers between the actions are the task durations.
For example, the first number 1 in thread A is the duration of
the task which is executed between the beginning of thread
A and its first action Pa.

Forbidden States. A state ε ∈ E is said to be forbidden

if at ε there is at least one resource to which the num-
ber of concurrent accesses is greater than its limit, that
is ∃r ∈ � :

P
i=1,...,N accessingi(r, ε) > limit(r) where

accessingi(r, ε) = 1 if thread Ei is accessing resource r
at εi and accessingi(r,ε) = 0 otherwise. We denote by F
the set of all forbidden states of E , and by A the set of all
allowed states, which is the complement of E .

Strings. An arc 〈ε, ε′〉 is called a small step if ∀ i ∈
{1, . . . , N} : pred(ε′

i) �Ei εi �Ei ε′
i.
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Definition 1. A string s is a total suborder of E such
that for each state ε in s \ {⊥s}, the arc 〈preds(ε), ε〉 is a
small step.

Note that we define a string as a subset of E . A string that
does not contain a forbidden state and hence does not induce
any resource access conflicts, is called a feasible string.
We remark that in our previous work [14], a string is defined
as a subset of A and thus all strings are by definition feasible.
The idea of not restricting to elements of A is to separate
time constraints and resource constraints in order to model
time more explicitly, as we shall show later.

Timed Execution. The above notion of strings does not
capture time information. To this end, we introduce the
notion of timed state and timed execution. A timed state

is a pair μ = (ε, t) where ε ∈ E and t is a non-negative
real number. Given a timed state μ = (ε, t), it is called
forbidden if ε is a forbidden state. The meaning of (ε, t) is
that at time point t the latest event on thread Ei is εi.

A sequence of timed states γ = μ1, . . . , μm =
(ε1, t1), . . . , (εm, tm) is called a timed execution. A timed
execution is feasible iff none of its elements is forbidden.
In addition, a timed execution is said to be consistent iff
the event order and time constraints of all the threads are
respected.

Definition 2. A timed execution γ = μ1, . . . , μm =
(ε1, t1), . . . , (εm, tm) is consistent iff the following condi-
tions are satisfied for each thread Ei, i ∈ {1, . . . , N}:

1. The sequence ε1
i , . . . , ε

m
i is a string.

2. For each j ∈ {2, . . . , m − 1} such that εj
i 
= εj−1

i , let
j′ ∈ {1, . . . , m−1} be the smallest index strictly greater

than j such that εj′
i 
= εj

i . If such j′ exists, then tj′ −
tj ≥ d(εj

i ).

The duration of γ is defined by d(γ) = tm − t1. A
feasible consistent timed execution γ = μ1, . . . , μm =
(ε1, t1), . . . , (εm, tm) with ε1 = ⊥ and εm = � is called a
timed schedule.

The first condition guarantees that the required task or-
der (or event order) of each thread is respected. The sec-
ond condition guarantees that the task duration constraints
are satisfied. It can be interpreated as follows: each time
lapses between two consecutive (different) events should be
larger than the corresponding task duration (specified in the
timed PV program). The above definition implies the time
progress property of a consistent timed execution since its
sequence t1, . . . , tm is strictly increasing.

Scheduling Problem. We can now formally state our
scheduling problem as computing a timed schedule with
the shortest duration, which we simply call a shortest or
optimal schedule. To this end, we use strings to abstract
timed schedules, which will be discussed in the rest of this
section. We defer a discussion on related models and prob-
lems, in particular timed automata and job-shop scheduling,
to Section 5.

We remark that due to the complexity of real-life systems,
finding an optimal schedule often requires prohibitive com-
putation time, and hence a problem of great interest is to

compute good or short schedules (that is, those close to the
optimal ones) in a reasonable time. This is indeed our prac-
tical goal, and therefore although the theoretical results in
the paper address the optimality criterion, we also propose a
practical non-exhaustive method to achieve a good trade-off
between computation time and optimality.

Before continuing, we discuss some possible applications
of this framework. Clearly, it can be naturally used for real-
time software with threads sharing resources. The exam-
ples of resources are: data, input/output devices (such as
ports, bounded queues), processors. The scheduling prob-
lem we address in this paper falls into the category of static
scheduling, which is often used when safety and quality-of-
service requirements are critical and the tasks of the threads
are specific and frequent. This happens in embedded soft-
ware used in various domains, such as automobile, avion-
ics and mobile computing. As a concrete example, when a
server (in a client-server configuration) must frequently han-
dle similar jobs, the treatment of its queues can benefit from
a scheduling method based on an precise estimation of the
time needed for responding the requests, as the one we pro-
pose in this paper. On the other hand, for dynamic schedul-
ing, our geometrical model can be useful to gain knowledge
of the real-time behaviour of a multi-threaded application.
For example, the interactions among some threads can be
analyzed via a projection onto a subspace corresponding to
these threads, and from the worst case response time com-
puted by our scheduling algorithm, one can achieve a reli-
able good lower bound on the execution time of the part of
the program under study. Besides real-time programming,
our framework can be applied for planning concurrent ac-
tors accessing shared resources. As we shall see, our model
includes the job-shop scheduling model; consequently, it is
not limited to software application and is relevant in other
industrial contexts, such as task-planning in a factory.

2.1 Geometrization
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Figure 1: The PV diagram of the timed Swiss flag
program

Each PV program has a geometric representation which is
its PV diagram. The PV diagram of the Swiss flag program
is shown in Figure 1. In this diagram, a schedule can be
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represented by a sequence of small steps (drawn in arrows)
from (⊥A,⊥B) to (�A,�B). The figure shows a feasible
schedule drawn in solid arrows.

To explain the geometric representation, we use the nota-
tion “ ” for the mapping. Each thread Ei is mapped onto
a subset of R by specifying for each event e ∈ Ei an ordi-
nate c(e). Roughly speaking, a geometrization is a map-
ping of the program executions to trajectories in a subset
of R

N . In [14], we introduced a geometrization which maps
the product of the threads Ei (1 ≤ i ≤ N) to Z

N . We also
proposed a method to find short schedules using this ge-
ometrization. This method does not depend on the scaling
of the diagram (i.e. the task durations need not be modeled
precisely). To exploit its geometric properties further, in
this paper we use a geometrization, called exact scaling

geometrization, where the diagram is scaled according to
the task durations.

The ordinates are inductively defined so as to visually
reflect the task durations as follows:

j
c(⊥Ei) = 0,
c(e) = c(predEi

(e)) + d(predEi
(e)) if e 
= ⊥Ei .

The order of Ei is thus mapped to the order ≤ between
the real numbers c(e), and Ei is the resulting total order
({c(e) | e ∈ |Ei|},≤). This mapping is clearly an isomor-
phism of total orders. The geometrization of E is defined
as the product of partial orders E =

Q
i=1,...,N Ei and is

isomorphic to E .

Mapping States. Geometrically speaking, in R
N , the ge-

ometrization E forms a non-uniform N-dimensional grid G
over the bounding box B = [0, c(�1)] × . . . × [0, c(�N )] ⊂
R

N . Every state ε = (ε1, . . . , εN ) ∈ E is mapped to
ε = (c(ε1), . . . , c(εN )) ∈ R

N which is a grid point.
The set F of forbidden states is mapped to the set F

of forbidden points. In Figure 1, the black circles indi-
cate the forbidden states, and the white circles indicate the
allowed states. For example, point (2, 1) is forbidden be-
cause its associated combination of actions (Pb, Pb) means
that both threads are accessing resource b at the same time,
which is not possible since the serving capacity of b is 1.

The forbidden states have an intuitive geometric interpre-
tation. Given a box B = [l1, u1] × . . . × [lN , uN ], its associ-
ated right-open box is defined as B′ = {x | ∀i ∈ {1, . . . , N} :
li ≤ xi < ui} where xi is the ith coordinate of the point x.
For every ε ∈ F , let box(ε) be the elementary box whose
bottom left vertex is ε. An elementary box is a box such
that all its vertices are grid points and, additionally, its inte-
rior does not contain any grid points. Then, the associated
right-open box of box(ε) is called the elementary forbidden
box associated with ε, denoted by obox(ε). The union of
all such boxes PF =

S
ε∈F obox(ε) is called the forbidden

region (whose closure is indeed a non-convex polyhedron
with axis-parallel faces). In Figure 1 the forbidden region
has the form of the Swiss flag. Due to the time progress
property of timed schedules, we can prove that a feasible
schedule never enters the forbidden region. Similarly, the
allowed region is defined as PA = B \ PF .

An important advantage of such diagrams is that they al-
low to ‘visualize’ special behaviors of a program, for example
we can see two special cases: point (1, 1) corresponds to a
deadlock and point (4, 6) to unreachable state.

Mapping Strings. A string s is mapped to a sequence s
of grid points in the bounding box B.

In view of exploiting continuous geometric properties, we
also define the continuous geometrization of an arc 〈ε, ε′〉
as the directed line segment from vertex ε to vertex ε′ and
denote it by 〈ε, ε′〉. The reason for this choice is that there
is a relation, which we shall show later, between the feasible
strings and the corresponding line segments.

2.2 Discrete Abstraction Of Timed Executions
In our timed PV program model, a string can be thought

of as a discrete abstraction of timed executions. Indeed,
one string corresponds to a uncountable number of timed
executions. We define the duration of a string as the
duration of a shortest (concrete) consistent timed execution
corresponding to the string. In other words, it is the dura-
tion of such a timed execution where all the resource actions
are taken as soon as possible. In [14], we showed an algo-
rithm to determine the duration of a string, which can be
seen as a constructive definition of this notion.

In particular, we are interested in strings with no unnec-
essary wait, which are called eager strings. A thread waits
out of necessity when its next resource is unavailable. In
Figure 1, an example of a non-necessary wait is a schedule
that would go, for example, through points (4, 0) and (9, 0)
before going to (9, 1), which means that thread B waits un-
til thread A releases resource a before accessing resource b
while resource b is already available. Notice that a shortest
schedule is necessarily eager; the other direction is however
not true in general. The notion of bow that we describe in
the following is indeed a way to abstract eager strings. The
main idea is to see whether it is possible to make a ‘big’ step
instead of small steps, as in the definition of strings.

Definition 3. Given an arc 〈ε, ε′〉 from A,

• The tightened length of the arc 〈ε, ε′〉, denoted by
d(〈ε′, ε〉), is the duration of a shortest feasible string
from ε to ε′ if at least one such feasible string exists;
otherwise, d(〈ε′, ε〉) = +∞.

• The max-distance of 〈ε, ε′〉 is ‖〈ε, ε′〉‖ =
maxi=1,...,N(c(ε′

i) − c(εi)).

• The arc 〈ε, ε′〉 is called a bow iff d(〈ε, ε′〉) = ‖〈ε, ε′〉‖.
Geometrically speaking, the max-distance ‖〈ε, ε′〉‖ is the
longest side of the box whose bottom left and top right ver-
tices are ε and ε′. It is easy to see that one cannot expect
to obtain a string from ε and ε′ with duration shorter than
‖〈ε, ε′〉‖ since it is exactly the time needed to execute the
longest thread without waiting (i.e. without interruption).
On the other hand, if there is at least one string from ε and
ε′ with duration equal to ‖〈ε, ε′〉‖, then the arc 〈ε, ε′〉 is
called a bow.

As an example, in Figure 1, the arc 〈(9, 0), (11, 6)〉 is a
bow. Indeed, its max distance is 6, and the shortest feasible
string from (9, 0) to (11, 6) goes directly along the arrow.
More formally, this means letting the threads A and B start
the resource actions Va and ⊥B , and let them run continu-
ously until the thread B releases the resource a by the action
Pa. This is possible because to execute this string, no com-
mon resource is shared by both the threads. We note that
there is an idle period on the thread A because the time
needed to finish the task between Va and �A is 2 but the
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time needed for the thread B to finish the task between ⊥B

and Va is 6.
As another example, the arc 〈(0, 1), (9, 8)〉 is not a bow.

Indeed, the latter has the max-distance ‖〈(0, 1), (9, 8)〉‖ =
9, while its tightened length is 13 since a shortest string
(0, 1), (1, 6), (2, 7), (9, 8) exchanges resource b at point (1, 6),
and thread A has to wait until this exchange for at least 4
time units.

Remark 1. Given a feasible string s consisting of two
consecutive small steps 〈ε, ε′〉 and 〈ε′, ε′′〉, let d(s) denote
the duration of s. Then, d(s) ≤ ‖〈ε, ε′〉‖ + ‖〈ε′, ε′′〉‖.

The above remark can be explained with a simple pro-
gram that has 2 concurrent threads. We first determine
the smallest time δ needed to follow the first small step
〈ε, ε′〉 = 〈(ε1, ε2), (ε

′
1, ε

′
2)〉. If εi 
= ε′

i, we know that at
least [c(ε′

i) − c(εi)] time units have passed on thread Ei.
Suppose that ε1 = ε′

1 and ε2 
= ε′
2. Since no new event has

occurred on E1, the lower bound of the time lapse on E1 is
0, and thus the global time lapse δ = [c(ε′

2) − c(ε2)]. We
proceed with the second small step 〈ε′, ε′′〉 and consider the
following two cases:

• Case 1: No new event has occurred on E1, the lower
bound of the time lapse on thread E1 is still 0, and the
smallest time needed to follow these two consecutive
steps is [c(ε′′

2 ) − c(ε′
2)] + [c(ε′

2) − c(ε2)].

• Case 2: A new event occurred on E1, which allows
us to know that the lower bound of the time lapse on
thread E1 is [c(ε′′

1 ) − c(ε′
1)]. If again ε′′

2 
= ε′
2, com-

bining the lower bounds of the time lapses on both
threads, the smallest time lapse of these two consec-
utive steps is max{[c(ε′′

1 ) − c(ε′
1)], [c(ε

′′
2 ) − c(ε′

2)] +
[c(ε′

2) − c(ε2)]}. By definition, this is exactly the
duration of the string s. We can see that d(s) ≤
maxi{c(ε′

i)−c(εi)}+maxi{c(ε′′
i )−c(ε′

i)} = ‖〈ε, ε′〉‖+
‖〈ε′, ε′′〉‖.

The intuition behind this is that only when an event e occurs
on a thread we can determine a lower bound of the time lapse
on this thread since the occurrence of the previous event.
This lower bound imposes a constraint on the global time at
event e. When a new event simultaneously occurs on two or
more threads, the global time is determined by combining
the constraints imposed by all these threads, and we say
that in this situation these threads ‘synchronize’. Hence,
the way of describing the time constraints of each thread on
a separate dimension in a timed PV program can be thought
of as de-synchronizing them, and the threads need to be re-
synchronized only when their interaction affects the global
behavior.

To define the abstraction of eager strings, we addi-
tionally need the notion of critical exchange states, which
are states where an eager string should wait. An exchange

state is an element ε ∈ A where a resource can be
exchanged, that is there exists at least one resource r ∈ �
and two indices i, j such that εi = Vr and εj = Pr. An
exchange state ε such that ∃r : accessing(r, ε) = limit(r) is
called a critical exchange state.

In the Swiss flag example, the critical exchange states are
indicated by the circled addition symbols. We sometimes

call these states ‘exchange states’ for short. It is possible
to characterize these states geometrically. We can prove
that their geometrizations are indeed the boundary points
belonging to at least one positive face of the forbidden poly-
hedron [9]. Note that every face of the forbidden polyhedron
is parallel to one of the axes, and a face is called positive if
its normal vector points to the positive direction of the axis.

The abstraction of all the eager strings (and hence also
of all the shortest schedules) is the graph that has all the
critical exchange states together with ⊥ and � as nodes and
all the bows as edges. We call this graph the abstraction

graph. More formally, we denote by C the union of all
the critical exchange states and {⊥,�}. The abstraction
graph is the weighted graph defined by the binary relation
G ⊆ C × C satisfying: ε G ε′ ⇐⇒ 〈ε, ε′〉 is a bow; and the
cost (or weight) of the edge from ε to ε′ is the max-distance
‖〈ε, ε′〉‖. The cost of a path in the graph G is the sum of the
costs of its edges. For ε, ε′ ∈ C with ε � ε′, we denote by
l(ε, ε′) the duration of a shortest (or the least costly) path
in G from ε to ε′, and this duration is +∞ if there is no
path from ε to ε′.

The following theorem [14] states an important property
of the abstraction graph G.

Theorem 1 (Abstraction graph). The duration of
a shortest schedule from ⊥ to � is the cost of a shortest
path in G from ⊥ to �, that is d(〈⊥,�〉) = l(⊥,�).

The intuitive meaning of the theorem can be explained as
follows. It shows a special property of the shortest paths of
G: if π is a shortest path, then the cost of π is the duration of
a shortest schedule, and π is an abstraction of this schedule.
The problem of searching for a shortest schedule is thus
reformulated as that of finding a shortest path in the graph
G. To construct the abstraction graph, it suffices to consider
the critical exchange states. The existence of a bow between
two such states indicates that there exists an eager feasible
string or ‘direct route’ between these two states.

Computationally speaking, this abstraction is useful only
if one can efficiently determine whether an arc is a bow.
Checking the condition given in Definition 3 could be com-
plicated since it requires computing the tightened length
d(〈ε, ε′〉), which is not trivial if one wants to avoid enumer-
ating all feasible strings connecting ε to ε′. As mentioned
earlier, in [14] we proposed a method to do so using a spatial
decomposition of the allowed region into boxes. Essentially,
if a box does not contain any forbidden points, then any
arc whose geometrization is inside the box is a bow. In this
work, we intend to exploit the geometrization further in or-
der to be able to quickly find long bows (i.e. long direct
routes) allowing to speed up the search for short schedules.
These new results are presented in the rest of the paper.

3. DISCRETE ABSTRACTION IN RELA-
TION WITH GEOMETRIZATION

The following theorem states an important property of
bows in relation with the Euclidean intersection in the ex-
act scaling geometrization. This property enables us to ef-
ficiently determine whether an arc is a bow in order to con-
struct the abstraction graph.

Theorem 2. Let 〈ε, ε′〉 be an arc from A. If 〈ε, ε′〉∩PF =
∅ where PF is the forbidden region, then 〈ε, ε′〉 is a bow.
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As mentioned earlier, the tightened length d(〈ε′, ε〉) can-
not be smaller than ‖〈ε, ε′〉‖. This means that to prove the
theorem, it suffices to find a concrete feasible string from ε
to ε′ whose duration is exactly ‖〈ε, ε′〉‖. By definition of the
duration of a string, this also means finding a feasible timed
execution with the required duration. The idea of the proof
is to construct such a timed execution that we call a wit-
ness timed execution. This is done by a clipping procedure
explained in the following.

3.1 Constructing A Witness Timed Execution

Clipping. Let {xj}1≤j≤m be the sequence of all intersect-

ing points of the directed line segment 〈ε, ε′〉 with the grid
planes. A grid plane is a hyper-plane which is parallel to one
of the axes and contains at least one grid point. We denote
this by {xj}1≤j≤m = clipG(〈ε, ε′〉) and call this sequence

the clipping of 〈ε, ε′〉 on the grid G.
An example of clipping is shown in Figure 2 where

x1, x2, . . . , x7 is a sequence of intersecting points. We de-
rive a timed execution from this clipping by mapping each
intersecting point to a timed state. Note the time value of a
timed state is the absolute time lapse from the beginning of
the execution, and in order to determine this absolute time
lapse one needs to consider the time lapses relative to the
occurrence of the events. This is captured by the notion of
relatively-timed events.
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x1 = ε

x7 = ε′

e1 ⊕ βe1

x2

x6

b(xj ,xj+1)

Figure 2: Geometric realization

Relatively-Timed Events. We first remark that a grid
point can be directly mapped back to a state in E ; however,
an intersecting point in the clipping is not necessarily a grid
point. Note that a state in E corresponds to the moment
where all the threads take a resource action. An intersect-
ing point which is not a grid point indeed corresponds to a
situation where not all the threads simultaneously perform
a resource action.

Given e ∈ Ei and a real number β ∈ [0, d(e)) where
d(e) is the duration of task e, e ⊕ β denotes the relatively-
timed event at which at least β time units have elapsed since
the occurrence of the event e (or since task e is started); β is

called the relative time lapse of e⊕ β. Intuitively, regarding
thread Ei, e ⊕ β is a fictious event because its occurrence
is not associated with any resource actions by Ei; however,
as we shall see later, it is used to indicate a time point at
which at least one or more other threads perform a resource
action. Then, the set of relatively-timed events of thread
Ei is: Υi = {e ⊕ β | e ∈ |Ei| ∧ β ∈ [0, d(e))} where |Ei|
is the set of events of Ei. For each relatively-timed event
ρ = e ⊕ β ∈ Υi, event(ρ) gives the associated event e.

We associate with each relatively-timed event e ⊕ β an
ordinate c(e⊕ β) = c(e) + β. Hence, an event e ∈ Ei can be
indeed written as a relatively-timed event of the form e⊕ 0.
The definition of order on the relatively-timed events in Υi

can be defined as: e �Υi e′ iff c(e) ≤ c(e′).

Remark 2. With respect to a thread, the difference be-
tween the relative time lapse β of a relatively-timed event
e ⊕ β and the time component t of a timed event (e, t) (de-
fined in Section 2) is that the latter is an absolute time (i.e.
the time lapse from the beginning of the execution), while
the former is a relative time (i.e. the time lapse from the
occurrence of the last event, which is e).

Relatively-Timed States. A vector of relatively-
timed events υ = (υ1, . . . , υN ) where υi ∈ Υi

is called a relatively-timed state. We denote
events(υ) = (event(υ1), . . . , event(υN )). The order
� on relatively-timed states is defined componentwise,
namely υ � υ′ iff ∀i ∈ {1, . . . , N} : υi �Υi υ′

i, or
equivalently ∀i ∈ {1, . . . , N} : c(υi) ≤ c(υ′

i).
Let us explain the intuitive meaning of relatively-

timed states. At relatively-timed state υ = (ε1 ⊕
β1, . . . , εN ⊕ βN ), if the relative time lapse βi = 0,
then thread Ei is performing the action associated with
event(υi); if βi > 0, thread Ei is performing no resource
action and, in addition, at least βi time units have elapsed
since the occurrence of εi. By “performing no resource ac-
tion” we mean that the thread does not take or release a
resource, but it might continue the current task if this task
is not yet finished.

Given two relatively-timed states υ, υ′ ∈ Υ such that υ �
υ′, then 〈υ, υ′〉 is called a small timed step if events(υ) =
events(υ′) or 〈events(υ), events(υ′)〉 is a small step. In
other words, υ and υ′ may have the same associated events
but differ in the relative time lapse vector.

Definition 4. If 〈υ, υ′〉 is a small timed step, the
time lapse between υ and υ′ is defined as: Δ(υ, υ′) =
maxi∈{1,...,N}{c(υ′

i) − c(υi)}.
The meaning of a small timed step 〈υ, υ′〉 is that following
the arc 〈υ, υ′〉 involves letting each thread Ei start the task
υi and run for exactly Δ(υ, υ′) time. If there exists a thread
Ei such that c(υ′

i) − c(υi) < Δ(υ, υ′), we say that when
taking the small step 〈υ, υ′〉 the thread Ei ‘has to wait’
because the time lapse required for the thread Ei to reach
event(υ′

i) from event(υi) is smaller than Δ(υ, υ′).

Mapping Points to Relatively-Timed States. Given a
real number y ∈ [0, c(�i)], let e be the event in thread Ei

and e′ is its direct successor such that c(e) ≤ y and c(e′) > y.
Such an ordinate c(e) is denoted by �y�. Then, we define
�i(y) = e ⊕ β where β = y − �y�.
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As an example, in Figure 2, the first coordinate of the
point x2 is mapped to �i(x

2
1) = e1 ⊕ β.

Definition 5. 1. Given a point x = (x1, . . . , xN ) ∈
B, the map � of points to relatively-timed states is de-
fined as: �(x) = (�1(x1), . . . , �N (xN)).

2. Given a sequence of points {xj}1≤j≤m,
�({xj}1≤j≤m) = {υj}1≤j≤m where υj = �(xj)
for all j.

Witness Timed Execution Construction. Using the
map �, from the clipping clipG(〈ε, ε′〉) = {xj}1≤j≤m we
construct the following sequence of relatively-timed states:
φ = υ1, . . . , υm = �(x1), . . . , �(xm). It is not hard to
see that each arc 〈υi, υi+1〉 is a small timed step and
event(υ1), . . . , event(υm) is a string. Then, from φ we con-
struct a timed execution as follows:

γ = (event(υ1), t1), . . . , (event(υm), tm) (2)

such that t1 = 0 and for j > 1 : tj =
P

k=2,...,j Δ(υk−1, υk).
It is easy to verify that the timed execution γ is consistent.

To summarize, the construction of a witness timed
execution for a bow 〈ε, ε′〉 consists of three steps. In the

first step, the clipping of the geometrization 〈ε, ε′〉 gives a
sequence of intersecting points, each of which corresponds
to a moment where at least one thread performs a resource
action. In the second step, the intersecting points are
mapped to a sequence of relatively-timed states that
specify the time lapses necessary to evolve from one state
to another in this sequence. These time lapses indeed
represent the local time constraints of each thread. In the
last step, we combine all the local time constraints to derive
the global time constraints in the timed execution γ.

3.2 Proof of Theorem 2
To prove that γ is a witness timed execution, we need to

prove that: γ is feasible and its duration is indeed ‖〈ε, ε′〉‖.
We begin by proving the first part, that is, γ does not

induce any resource conflicts. Due to space limitation, we
present only the main idea of the proof: if a point x is
non-forbidden, then the state events(�(x)) is non-forbidden
(see [9] for a detailed proof). The intuitive meaning of this is
that with respect to resource usage, a relatively-timed event
e ⊕ β ∈ Υi with β ∈ (0, d(e)) is equivalent to e ∈ Ei, since
during the time interval between the occurrences of e⊕0 and
e⊕β no resources have been taken or released by thread Ei.

We proceed to prove that the duration of γ is ‖〈ε, ε′〉‖. The
following intermediate result is a direct consequence of the
definition of the duration of a timed execution.

Lemma 1. The duration of the timed execution defined
in (2) is

d(γ) = tm − t1 =
X

1≤j≤m−1

Δ(υj , υj+1).

Geometrically speaking, Definition 4 implies that
Δ(υj , υj+1) is equal to the length of the longest side of the
box that has xj as its bottom left vertex and xj+1 as its top

right vertex, denoted by b(xj , xj+1) (see Figure 2 for an ex-
ample). Let k be the dimension corresponding to the longest

side of the box b(x1, xm). Note that this box has 〈ε, ε′〉
as diagonal. It is easy to see that k is also the dimension
corresponding to the longest side of each box b(xj , xj+1).
Combining this with Lemma 1, we have

d(γ) =
X

1≤j<m

Δ(υj , υj+1)

=
X

1≤j<m

c(υj+1
k ) − c(υj

k)

= c(υm
k ) − c(υ1

k) = c(ε′
k) − c(εk) = ‖〈ε, ε′〉‖

The proof of Theorem 2 is now complete.

Remark 3. The proof of the theorem also provides a
method for concretizing strings. Hence, after finding a short-
est path in the abstraction graph, one can use the construc-
tion in the proof to define a concrete shortest timed schedule.

Intersection Test. Before continuing we briefly discuss
how we implemented the intersection test. In [14] the for-
bidden region PF is represented as a non-convex orthogonal
polyhedron [6]. This representation has the advantage of
being compact since one needs to keep only one polyhedron.
However, due to its complexity (depending on the number
of vertices and faces that is exponential in dimension), the
test of intersection between a line segment and PF may be
expensive in high dimensions. We therefore represent the
forbidden region as a list of the forbidden boxes (each box
corresponds to the constraints involving the limited number
of accesses to a resource). Then, we test the intersection
between the line segment with each box separately using an
extension of ray tracing techniques to general dimensions.
Since a box can be represented by 2N linear constraints,
the complexity of this test is polynomial in dimension N .

4. FINDING A GOOD SCHEDULE VIA
PATH PLANNING

4.1 Randomized Search
Using the bow condition in Theorem 2, we can construct

the abstraction graph and then search for a shortest path
of the graph. The main problem with this approach is that
the number of critical exchange states, which is much smaller
than the number of all the states, still grows exponentially
with the dimension. We thus propose a non-exhautive so-
lution that uses a randomized search, inspired by the RRT
(Rapidly Explored Random Tree), which is one of the suc-
cessful path planning methods in robotics (see [21] for a
survey on the RRT method). Indeed, in the geometrization
framework, given two points corresponding to two critical
exchange states, by Theorem 2, if the line segment con-
necting these two points does not intersect with the for-
bidden region, then a feasible schedule with no unnecessary
wait between two states exists (and we can compute it).
The problem of constructing the abstraction graph is thus
similar to a path planning problem, namely computing a
collision-free path between a start point and a goal point in
an environment with known obstacles. The constraints on
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the solution path in the path planning problem arise from
the geometry of the obstacles and in our scheduling problem
from the geometry of the forbidden region. While the RRT
approach, to construct the paths, considers all the points
in the obstable-free space, using Theorem 1 only the criti-
cal exchange states need to be considered. In addition, the
paths we are interested in should satisfy the time progress
condition; therefore, the resulting path planning problem is
indeed a simple motion planning problem2 where the robot’s
motion is governed by the constant derivative dynamics of
a clock. This dynamics is easily handled by considering the
arcs (which by definition satisfy the time progress condi-
tion). In general, the path and motion planning problems
are hard, for example the problem of finding a shortest path
in 3 dimensions is known to be NP-hard [20]. It is how-
ever important to note the simplicity of the obstacles in our
problem: they are in fact axis-aligned boxes. Additionally,
since our practical goal is to quickly find a good schedule,
the good coverage properties of the RRT approach allows
achieving a good trade-off between the computation time
and the quality of the results.

The method we propose is summarized in Algorithm 1.
Essentially, we randomize the selection of the critical ex-
change states. In order to avoid enumerating all such states,
the randomized selection is done as follows. Let BF be the
set of all forbidden boxes, hence the forbidden region can
be written as PF =

S
BF . We first randomly choose a

box in BF and then randomly choose a vertex of BF . The
procedure is repeated until the sampled vertex is a critical
exchange state. The test of critical exchange states is done
using the geometric charaterization of these points, men-
tioned in the previous section.

Algorithm 1 Randomized search

C = {⊥, �}, k = 0
repeat

box = random(BF )
xg = random(Vertices(box))
if (xg 
∈ C ∧ xg is a critical exchange point) then

xn = Neighbor(G, xg)
x = feasibleBest(xn, xg)
if (x 
= xn) then

newEdge(G, xn, x)
end if
k + +

end if
π = ShortestPath(G, ⊥, �)

until (k = Kmax)

When a new critical exchange point xg is selected, we call
it a (current) goal point. We then find the the graph a near-
est neighbor xn in the max-distance such that xg and xn is
an arc (due to the time progress condition). The computa-
tion of the function feasibleBest is as follows. It checks
whether the line segment from xn to xg intersects with the
forbidden region. If this intersection is empty, x = xg and a
new edge from xn to xg is added in the graph, otherwise it
tries to grow the graph from xn towards the goal point xg as
far as possible, which results in x 
= xg. When the number
of nodes reaches Kmax which is a user-defined parameter,

2In a path planning problem, the dynamics of robots are not
considered.

the algorithm searches for a shortest path in the graph and
stops if there is no request to proceed by the user.

An important ingredient in Algorithm 1 is the search for a
nearest neighbor in the graph G. To do so, we additionally
store the coordinates of points in a kd-tree [13] while the
bows are still stored as the edges of the graph G. Due to
the use of the max-distance, the operations on the kd-tree we
construct is slightly different than those on classic kd-trees.
Nonetheless, due to space limitation we do not describe these
computations, which can be found in [9]. When running the
above algorithm, the graph grows towards the end point �;
it is also possible to simultaneously grow the graph towards
both � and ⊥.

In addition, we can prove that when every goal point has
a strictly positive probability of being sampled, then the
probability that the algorithm discovers a given schedule is
always strictly positive. This property is called ‘complete
resolution’ in the context of RRTs (see for example [8]).
Moreover, it is possible to biase the exploration using the
intuitions provided by the geometrization. Indeed, the max-
distance and the Euclidian distance are closely related with
respect to the definition of duration. For example, a sched-
ule that is close in the Euclidian distance to the diagonal
of the bounding box (i.e. connecting ⊥ and �) is likely to
be a short schedule. Therefore, one can use the Euclidian
distance as a measure to define a non-uniform sampling of
the goal points. More precisely, we can define an heuristics
which favors the sampling of the critical exchange states
that are close to the diagonal of the bounding box in the
Euclidian distance.

4.2 Experimental Results
We have implemented the above algorithm for random-

ized search together with a possibility of biased explorations.
The experimental results obtained using the prototype tool
on a number of examples are shown in the tables of Figure 4
and Figure 5. We also include in Figure 3 an illustrative
picture of the forbidden region and the computed schedule
(in white line) of a 3-dimensional example. The first set of
examples contains a number of timed versions of the Din-
ing Philosophers problem in various dimensions, which we
call the timed N-philosophers problems. The second set
contains some well-known job-shop scheduling (JSS) bench-
marks. The durations of the schedules obtained using our
prototype tool are shown in the column “Duration” of the
tables. The goal of this experimentation is to evaluate the
scalability and the precision of our geometric approach.

Since there are variants of job-shop problems, we first
briefly describe the problems we solved. In these problems,
each job is a sequence of operations, one on a machine, and
the serving capacity of each machine is 1. Indeed, the ma-
chines can be modeled by resources and the jobs by threads.
Note that the constraints in job-shop scheduling are rather
specific. When a machine is needed by two different jobs
Ei and Ej , their simultaneous access to this machine cor-
responds to the following forbidden box: [c(⊥1), c(�1)] ×
[c(εi), c(εi+1)] × [c(εj), c(εj+1)] . . . [c(⊥N ), c(�N )] where εi

and εj are the events of taking the resource in question by
thread Ei and thread Ej , and εi+1 and εj+1 are the events
of releasing this resource. This box covers the whole range
of the bounding box on the dimensions of all other threads
Ek with k 
= i and k 
= j. On the other hand, the JSS
problems are by definition deadlock-free. Note that a gen-
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Figure 3: Schedule for a 3D example

program Dim #forb. boxes Duration CPU time (s)

20 phil. 20 20 100 64
50 phil. 50 50 304 248
80 phil. 80 80 490 625
100 phil. 100 100 608 921

Figure 4: Computation results for some timed N-
philosophers problems

eral timed PV program allows nested resource actions and
thus are richer than these JSS models. However, to test
the performance of our approach, we did not try to exploit
this particularity and treated the job-shop scheduling prob-
lems as if they were problems with more complex types of
constraints.

Concerning the timed N-philosophers problems, we do not
know their optima, but the computed solutions are clearly
non-trivial and appear good in comparison with the worst-
case upper bound estimation. On the JSS problems, our
method found fairly good schedules in reasonable CPU time.
On some of these JSS problems the optima were found. In
operation research, there exist numerous methods in opera-
tion research specific for JSS (see for example [23]) and re-
cently verification techniques for timed automata were also
used to solve the JSS problems. These timed automata
based methods employ sophisticated search-order strategies,
such as branch-and-bound or using estimates of remaining
costs [7, 1]. Our experimental results on JSS problems are
not as good as the results obtained by these methods, but
they are still reasonably comparable.

In summary, we observe that our method is efficient for
quickly finding a reasonable solution of large problems. On
the other hand, the number of forbidden boxes is a lead-
ing factor for complexity (since it not only determines the
number of critical exchange states but also the number of
intersection tests to perform). In a JJS problem with M ma-
chines and J jobs, the number of forbidden boxes is equal
to 1

2
MJ(J + 1) and thus grows quadraticaly with the num-

ber of jobs (i.e. the dimension). Therefore, our method is
suitable for the problems which could be in high dimension
but with a reasonable number of forbidden boxes.

Prog #j, #m #forb. Duration Known CPU time
boxes optimum (s)

ft06 6, 6 90 56 55 66
ft10 10, 10 450 992 930 318
abz6 10, 5 225 1142 943 851
la01 10, 5 225 666 666 646
la05 10, 5 225 596 593 87
la16 10, 10 450 1047 945 247
la19 10, 10 450 1050 842 42
la20 10, 10 450 989 902 125
la24 15, 10 450 1048 935 269
abz9 20, 15 2850 820 679 310

Figure 5: Results for some JSS problems

5. RELATED WORK
A comparison of our timed PV model with some related

models [11, 16, 4] can be found in our previous paper. In this
section, we present a comparison of our approach of schedul-
ing with the existing approaches using timed automata [4].
The problem of scheduling using timed automata has been
studied in a number of publications [5, 2, 19, 7, 3, 18, 22, 1]
and more general optimality criteria (other than execution
time) are also considered in some of these work (for exam-
ple [5, 19, 7]). It is easy to see that timed automata are more
expressive than timed PV programs since the former allow
to describe more complex synchronization mechanisms. In
addition, a timed PV program can be directly rewritten as a
product of timed automata. Each automaton corresponds to
a thread and its locations represent the events in our model.
Its transitions representing the time constraints have the
guards of the form x > d(e) (where x is a clock variable)
and clock resets. Thus, using timed automata, one could
address the scheduling problem for more complex real-time
systems.

Naturally, the geometry resulting from the time con-
straints in timed automata is more complex than that in
timed PV programs. Indeed, in a timed automaton each
time constraint is represented by a half-space that could
have a slope following the derivatives of the clocks, while in
a timed PV program, the half-spaces are all axis-parallel.
As mentioned earlier, the reason for this is that in a timed
PV program each thread is described separately on one di-
mension, which can be thought of as a way of ‘desynchro-
nizing’ them, and then when analyzing the global behavior,
the ‘synchronization’ of local time constraints is handled by
using the max-distance. Hence, the geometrization of the
product of the threads is, on one hand, very easy to con-
struct, and on the other hand provides a lot of useful in-
sight. The computation is performed on boxes, a geometric
object simpler than zones in timed automata. Moreover, the
geometry of a PV diagram permits modular combination of
its discrete properties (such as to identify special points that
contribute to the optimal schedules) and continuous prop-
erties (such as to test feasibility of some long direct paths).
However, it should be noted that for special cases, such as
JSS, one can derive efficient heuristics without manipulating
zones (see for example [1]).

6. CONCLUDING REMARKS
In this paper we described a framework for computing

schedules of multi-threaded real-time programs. This frame-
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work is based on a combination of techniques from differ-
ent domains: concurrent processes, motion planning, and
computational geometry. The originality of the paper is
the way to transform the scheduling problem to a simple
path planning problem for which well-developed techniques
in robotics can be applied. The paper also shows the compu-
tational advantages of PV programs. In fact, their geometry
is simple enough to benefit from efficient geometric compu-
tations on boxes. The experimental results are encouraging,
and we intend to continue this work in various directions.
One direction is to extend the model towards more complex
specifications, such as those with deadlines and branching.
Another direction is to focus on problems with particular
geometry (such as the JSS problems). Indeed, it is possible
to include optimization that exploits the special structure of
the forbidden boxes in these problems. Studying properties
of other geometrizations including non-exact-scaling ones is
also an interesting theoretical problem to address.
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[3] K. Altisen, G. Gößler, and J. Sifakis. Scheduler
modelling based on the controller synthesis paradigm.
Journal of Real-Time Systems, 23:55–84, 2002. Special
issue on control-theoretical approaches to real-time
computing.

[4] R. Alur and D. L. Dill. A theory of timed automata.
Theoretical Computer Science, 126(2):183–235, 1994.

[5] R. Alur, S. La Torre, and G. Pappas. Optimal paths
in weighted timed automata. In Proc. of Fourth Int.
Workshop on Hybrid Systems: Computation and
Control, volume 2034 of LNCS, pages 49–62. Springer,
2001.

[6] O. Bournez, O. Maler, and A. Pnueli. Orthogonal
polyhedra: Representation and computation. In Proc.
of Hybrid Systems: Computation and Control
(HSCC’99), volume 1569 of LNCS, pages 46–60.
Springer, 1999.

[7] G. Behrmann and A. Fehnker, Efficient Guiding
Towards Cost-Optimality in UPPAAL, In Proceedings
of the 7th International Conference on Tools and
Algorithms for the Construction and Analysis of
Systems, LNCS 2031, Springer, 2001.

[8] P. Cheng and S. M. LaValle, Resolution complete
rapidly-exploring random trees, In Proc. IEEE Int’l
Conference on Robotics and Automation, pages
267–272, 2002.

[9] T. Dang and Ph. Gerner. On scheduling using PV
programs. Technical report, Verimag, IMAG, April
2006.

[10] E. W. Dijkstra. Co-operating sequential processes. In
F. Genuys, editor, Programming Languages, pages
43–110. Academic Press, New York, 1968.

[11] U. Fahrenberg. The geometry of timed PV programs.
In Electronic Notes in Theoretical Computer Science,
volume 81. Elsevier, 2003.

[12] L. Fajstrup, E. Goubault, and M. Raussen. Detecting
deadlocks in concurrent systems. In Proc.
CONCUR’98, pages 332–347, 1998.

[13] V. Gaede and O. Günther. Multidimensional access
methods. ACM Computing Surveys, 30(2):170–231,
June 1998.

[14] P. Gerner and T. Dang. Computing schedules for
multithreaded real-time programs using geometry. In
Y. Lakhnech and S. Yovine, editors, Joint
International Conferences on Formal Modelling and
Analysis of Timed Systems FORMAT and Formal
Techniques in Real-Time and Fault-Tolerant Systems
FTRTFT, LNCS 3253, pages 325–342.
Springer-Verlag, 2004.

[15] E. Goubault. Schedulers as abstract interpretations of
higher-dimensional automata. In Proc. of PEPM’95
(La Jolla). ACM Press, June 1995.

[16] E. Goubault. Transitions take time. In Proc. of
ESOP’96, LNCS 1058, pages 173–187. Springer, 1996.

[17] E. Goubault. Geometry and concurrency: A user’s
guide. Mathematical Structures in Computer Science,
10(4), August 2000.

[18] C. Kloukinas, C. Nakhli, and S. Yovine. A
methodology and tool support for generating
scheduled native code for real-time java applications.
In R. Alur and I. Lee, editors, Proc. of the Third Int.
Conf. on Embedded Software (EMSOFT’03), LNCS
2855, volume 2855 of LNCS, pages 274–289. Springer,
2003.

[19] K. Larsen, G. Behrmann, E. Brinksma, A. Fehnker,
T. S. Hune, P. Petterson and J. Romijn. As Cheap as
Possible: Efficient Cost-Optimal Reachability for
Priced Timed Automata. In Proceedings of CAV,
LNSC 2102, pages 493–505, Springer, 2001.

[20] J. S. B. Mitchell and M Sharir, New Results on
Shortest Paths in Three Dimensions. Proc. 20th
Annual ACM Symposium on Computational
Geometry, pages 124-133, June 9-11, 2004.

[21] S. M. LaValle and J. J. Kuffner. Rapidly-exploring
random trees: Progress and prospects. In B. R.
Donald, K. M. Lynch, and D. Rus, editors,
Algorithmic and Computational Robotics: New
Directions, pages 293–308, 2001.

[22] J. I. Rasmussen, K. G. Larsen, and K. Subramani.
Resource-optimal scheduling using priced timed
automata. In Proc. of the 10th Int. Conf. on Tools and
Algorithms for the Construction and Analysis of
Systems (TACAS’04), LNCS, pages 220–235.
Springer, 2004.

[23] W. Nuijten and C. Le Pape. Constraint-Based Job
Shop Scheduling with Ilog Scheduler. In J.
Heuristics, 3(4), pages 27–286, 1998.

291



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Academy
    /AgencyFB-Bold
    /AgencyFB-Reg
    /Alba
    /AlbaMatter
    /AlbaSuper
    /Algerian
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialRoundedMTBold
    /ArialUnicodeMS
    /BabyKruffy
    /BaskOldFace
    /Bauhaus93
    /BellMT
    /BellMTBold
    /BellMTItalic
    /BerlinSansFB-Bold
    /BerlinSansFBDemi-Bold
    /BerlinSansFB-Reg
    /BernardMT-Condensed
    /BlackadderITC-Regular
    /BodoniMT
    /BodoniMTBlack
    /BodoniMTBlack-Italic
    /BodoniMT-Bold
    /BodoniMT-BoldItalic
    /BodoniMTCondensed
    /BodoniMTCondensed-Bold
    /BodoniMTCondensed-BoldItalic
    /BodoniMTCondensed-Italic
    /BodoniMT-Italic
    /BodoniMTPosterCompressed
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /BradleyHandITC
    /BritannicBold
    /Broadway
    /BrushScriptMT
    /CalifornianFB-Bold
    /CalifornianFB-Italic
    /CalifornianFB-Reg
    /CalisMTBol
    /CalistoMT
    /CalistoMT-BoldItalic
    /CalistoMT-Italic
    /Castellar
    /Centaur
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /Chick
    /Chiller-Regular
    /ColonnaMT
    /ComicSansMS
    /ComicSansMS-Bold
    /CooperBlack
    /CopperplateGothic-Bold
    /CopperplateGothic-Light
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /Croobie
    /CurlzMT
    /EdwardianScriptITC
    /Elephant-Italic
    /Elephant-Regular
    /EngraversMT
    /ErasITC-Bold
    /ErasITC-Demi
    /ErasITC-Light
    /ErasITC-Medium
    /EstrangeloEdessa
    /Fat
    /FelixTitlingMT
    /FootlightMTLight
    /ForteMT
    /FranklinGothic-Book
    /FranklinGothic-BookItalic
    /FranklinGothic-Demi
    /FranklinGothic-DemiCond
    /FranklinGothic-DemiItalic
    /FranklinGothic-Heavy
    /FranklinGothic-HeavyItalic
    /FranklinGothic-Medium
    /FranklinGothic-MediumCond
    /FranklinGothic-MediumItalic
    /FreestyleScript-Regular
    /FrenchScriptMT
    /Freshbot
    /Frosty
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Gigi-Regular
    /GillSansMT
    /GillSansMT-Bold
    /GillSansMT-BoldItalic
    /GillSansMT-Condensed
    /GillSansMT-ExtraCondensedBold
    /GillSansMT-Italic
    /GillSans-UltraBold
    /GillSans-UltraBoldCondensed
    /GlooGun
    /GloucesterMT-ExtraCondensed
    /GoudyOldStyleT-Bold
    /GoudyOldStyleT-Italic
    /GoudyOldStyleT-Regular
    /GoudyStout
    /Haettenschweiler
    /HarlowSolid
    /Harrington
    /HighTowerText-Italic
    /HighTowerText-Reg
    /Impact
    /ImprintMT-Shadow
    /InformalRoman-Regular
    /Jenkinsv20
    /Jenkinsv20Thik
    /Jokerman-Regular
    /Jokewood
    /JuiceITC-Regular
    /Karat
    /Kartika
    /KristenITC-Regular
    /KunstlerScript
    /Latha
    /LatinWide
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaBright
    /LucidaBright-Demi
    /LucidaBright-DemiItalic
    /LucidaBright-Italic
    /LucidaCalligraphy-Italic
    /LucidaConsole
    /LucidaFax
    /LucidaFax-Demi
    /LucidaFax-DemiItalic
    /LucidaFax-Italic
    /LucidaHandwriting-Italic
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSans-Typewriter
    /LucidaSans-TypewriterBold
    /LucidaSans-TypewriterBoldOblique
    /LucidaSans-TypewriterOblique
    /LucidaSansUnicode
    /Magneto-Bold
    /MaiandraGD-Regular
    /Mangal-Regular
    /MaturaMTScriptCapitals
    /MicrosoftSansSerif
    /Mistral
    /Modern-Regular
    /MonotypeCorsiva
    /MSOutlook
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /NiagaraEngraved-Reg
    /NiagaraSolid-Reg
    /OCRAExtended
    /OldEnglishTextMT
    /Onyx
    /PalaceScriptMT
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Papyrus-Regular
    /Parchment-Regular
    /Perpetua
    /Perpetua-Bold
    /Perpetua-BoldItalic
    /Perpetua-Italic
    /PerpetuaTitlingMT-Bold
    /PerpetuaTitlingMT-Light
    /Playbill
    /Poornut
    /PoorRichard-Regular
    /Porkys
    /PorkysHeavy
    /Pristina-Regular
    /PussycatSassy
    /PussycatSnickers
    /Raavi
    /RageItalic
    /Ravie
    /Rockwell
    /Rockwell-Bold
    /Rockwell-BoldItalic
    /Rockwell-Condensed
    /Rockwell-CondensedBold
    /Rockwell-ExtraBold
    /Rockwell-Italic
    /ScriptMTBold
    /ShowcardGothic-Reg
    /Shruti
    /SnapITC-Regular
    /Square721BT-Roman
    /Stencil
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TempusSansITC
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /TwCenMT-Bold
    /TwCenMT-BoldItalic
    /TwCenMT-Condensed
    /TwCenMT-CondensedBold
    /TwCenMT-CondensedExtraBold
    /TwCenMT-Italic
    /TwCenMT-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /VinerHandITC
    /Vivaldii
    /VladimirScript
    /Vrinda
    /Webdings
    /WeltronUrban
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2001
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


