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ABSTRACT

Modeling frequency-dependent nonlinear characteristics of com-
plex analog blocks and subsystems is critical for enabling efficient
verification of mixed-signal system designs. Recent progress has
been made for constructing such macromodels, however, their accu-
racy and/or efficiency can break down for certain problems, partic-
ularly those with high-Q filtering. In this paper we explore a novel
hybrid approach for generating accurate analog macromodels for
time-varying weakly nonlinear circuits. The combined benefits of
nonlinear Padé approximations and pruning by exploitation of the
system’s internal structure allows us to construct nonlinear circuit
modelsthat are accurate for wide input frequency ranges, and there-
by capable of modeling systems with sharp frequency selectivity.
Such components are widely encountered in analog signal process-
ing and RF applications. The efficacy of the proposed approach is
demonstrated by the modeling of large time-varying nonlinear cir-
cuits that are commonly found in these application areas.

1. INTRODUCTION

Building compact analog circuit macromodels is a key for
enabling complete system verification and high-level design explo-
ration for mixed-signal system design [3]. Various analog macro-
models can be categorized according to their intended application (a
good taxonomy can be found in [17]). Performance models such as
those in [17] and [18] are mainly employed in synthesis for design
space exploration; While other research work has focused on mod-
elswith a primary application of simulation and system verification
[8]-[10][12]-[16]. It should be noted, however, that the latter cate-
gory is not excluded from use in design exploration when appropri-
ate.

This paper addresses the modeling problems that largely fall into
the second category. To this end, two requirements exist for any
such circuit model: efficiency and accuracy. The latter is often mea-
sured by certain performance metrics such as gain, bandwidth and
linearity, etc. It is worth emphasizing that modeling system distor-
tion is crucia for most analog applications, since circuit linearity is
one of the most important design specifications. This casts the mod-
eling task into a nonlinear model generation or nonlinear model
reduction problem, both of which are substantially more challenging
than their linear time-invariant model counterparts[8]-[10][12]-[16].

Several nonlinear model generation approaches have been
recently reported, and can be largely categorized into two major
classes: pruning-based and transformation-based. The first type of
approaches work directly on the original circuit structure, and apply
pruning-based simplification for model generation. In particularly,
symbolic modeling of weakly nonlinear circuits has been used to
build system-level models [14]-[16]. The underlying mathematical
description employed is Volterra series [1]-[2], and the resulting
model isin ablock-diagram form suitable for signal-flow type sim-
ulation using tools such as Matlab Simulink [19].

The second class of methods, categorized as transformation-
based, have been stimulated by the progress made for model order
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reduction of large linear IC interconnects in the past decade (e.g.
[4]-[7]). The recent research effort in this direction was to extend
projection-based model order reduction techniques for LTI (linear
time invariant) systems to accommodate nonlinear system reduc-
tion. The piecewise-linear approximation approach in [12] models
a nonlinear system using a collection of weighted linear models
based upon a state trgjectory generated by a training input. Then
each of these linear models are reduced using projection-based
techniques for LTI systems[5]-[7]. This approach has the potential
capahility of handling large nonlinearities, but limited by the train-
ing-input dependency. This piecewise-linear approximation was
recently extended to a piecewise-polynomial approach to better
model nonlinear distortion [24]. Another approach that does not
completely fall into either of the above two categories uses model
templates for building system-level simulation models [23].

For a broad class of weakly nonlinear systems in analog signal
processing and RF communication ICs, the low distortion level, as
well as the required modeling accuracy, seemingly makes Volterra
series a more suitable choice for system description. The work of
[8]-[10] extends the projection-based LTI techniques to weakly
nonlinear systems that are described by Volterra series, thereby
facilitating a direct transformation-based macromodeling.
Recently, several improvements to this nonlinear model reduction
framework were proposed in [13]. Based on a careful moment
analysis under a genera nonlinear system context, the nonlinear
model order reduction algorithm NORM [13] uses a minimum set
of Krylov subspaces for projection, leading to a significant reduc-
tion of model size.

As we move towards modeling larger analog circuit building
blocks and subsystems, it becomes increasingly beneficial to
exploit the model order reduction techniques that were so success-
ful for LTI systems. Thisis particularly the case when various fil-
tering blocks, along with the parasitics, are included as part of the
system model. However, extending LTI based techniques for ana-
log model generation is nontrivial, as the nonlinear aspects of the
problem greatly complicates the situation. For the reduction frame-
work of [8]-[10][13], one difficulty is that the reduced high-order
model matrices are extremely dense, and increasingly more expen-
sive to form as the model size grows. This difficulty makes control
of the model size growth a critical issue for an effective model
reduction [13]. Thus, a full projection-based approach is more
appropriate when alow-order approximation is adeguate.

In this paper, we propose a hybrid approach for generating non-
linear analog macromodels that can efficiently capture weakly
nonlinear effects up to third order. The low-order system nonlinear
responses are captured efficiently using recently devel oped projec-
tion-based NORM algorithm of [13], while high-order responses
are approximated via direct matrix pruning, in conjunction with
the projection-based reduction of a linear adjoint network. The
pruning technique is similar to what was used in symbolic model-
ing [14]-[16], with the difference being that the pruning is applied
directly to the high-order system matrices for our approach, and
the model order reduction is embedded with the pruning to accel-
erate this relatively slow procedure. The overall model generation
cost is bounded by a time complexity of O(sElog(E) +kN3),
where E is the number of the nonzeros in the second and third
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order system matrices, N is the problem dimension, k is number
of matrix factorizations for building projection-based reduced
models, and s istotal number of frequency samples evaluated dur-
ing the pruning.

By exploiting projection-based model order reduction and the
internal circuit structure simultaneously, this hybrid approach
allows us to model system nonlinear distortion over a wide range
of input frequency of interest, thereby extending the applicability
of nonlinear model generation. We demonstrate the efficacy of our
approach on several large time-varying circuit examples, where
frequency-domain nonlinear characteristics vary dramatically due
to active or high Q filtering.

2. BACKGROUND

2.1 Nonlinear System Modeling Via Volterra Series

Volterra series has been widely used to characterize weakly non-
linear systems[1]-[2]. It isusually applicable to caseswhere thein-
put amplitudesto the system are small and nonlinearities are excited
in aweakly nonlinear fashion. For acircuit with input u(t) , there-
sponse (circuit unknowns) x(t) can be expressed using the expan-
sion

XM = % (), @
n=1

where x,(t) isthe nth order response, which is related to the input
viaconvolution in time domain:

Xp(t) = T Thn('[l, L Tu(t—Ty) .. u(t—T1,)dTy...dT,,.
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In the above eguation, h,(-) isthe nth order Volterra kernel, and
can be thought as an extension to the impul se response function of
a linear system. (2) can also be cast into the frequency domain,
where the Laplace transform of the nth order Volterra kernel
Ha(sy, Sy, -, Sy) » OF the nth order nonlinear transfer function, is
used.

Before using Volterra series for analysis, consider the following
ordinary differential-algebraic equations for a nonlinear circuit

(D) + ax(v)) = buv), ®

where f(.) and q(.) represent resistive and dynamic nonlineari-
ties. To apply Volterra series, first expand circuit nonlinearities
about adc bias x, (thiscan be extended to avarying operating point
for time-varying systems) into Taylor series. Correspondingly, we
define
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It followsthat thefirst through third order nonlinear small-signal re-
sponses, based upon X, , are computed recursively as

%(Clxl) +Gyx, = bug(t)

d
%(CIXZ) +Gyxp = —m(cz(xl 0 x1)) = Ga(x, O %)

» (9
%(Clxa) +GyxX3 = =Go(Xg U X + %5 U X)=G3(xy O X1 X3)

—%(Cz(x1 O X, + %, 0 Xq) + C3(x O X X3))
where ug isthe small-signal input to the circuit.

2.2 Nonlinear Model Order Reduction

Equation (5) can be immediately interpreted as a set of linear
systems with different inputs. Following the work in [8][10], this
nonlinear system model can be reduced using an extension to pro-
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jection-based LTI reduction techniques (e.g. [5]-[7]). The nonlin-
ear model reduction was achieved by successively reducing these
linear systems with increasing number of inputs, for approximating
the first order response x,, second order response x, and third
order response x;, respectively. However, the efficacy of model
order reduction eventualy suffers from the rapid increase in the
number of inputs to the successive linear networks. In [9], a well
structured projection-based moment matching scheme was devel-
oped based on a theoreticaly interesting bilinear form of weakly
nonlinear systems. However, a bilinear form of anonlinear system
has significantly more state variables than the original state-equa-
tion representation. Therefore, the use of abilinear form leads to a
reduction problem with amuch larger size.

In[13], anonlinear model order reduction algorithm NORM was
proposed to improve the reduced model compactness under the pro-
jection-based framework by carefully examining the problem under
agenera nonlinear context. For the expanded MNA formulation of
(5), this was accomplished by first deriving a general matrix-form
nonlinear transfer function H, (s, S, ...s,) and the associated mo-
ments, and then applying a minimum set of Krylov-subspace pro-
jection vectors to match the moments of nonlinear transfer
functions. A complete description of the NORM algorithm is out-
side of the scope of this paper. To provide sufficient background to
understand the hybrid approach proposed in this paper, we briefly
discuss the algorithm and limit it to single-input multi-output (SI-
MO) time-invariant systems.

Thefirst order linear transfer function of (5) is given by

(Gy+SCy)Hy(s) = b. (6)
Due to the recursive nature of (5), the symmetrized second order
nonlinear transfer function is determined by

[Gy+8CilHy(s),8;) = —[G,+5C,] [Hy(s;) O Hy(sy), 7
where Hy(s) T HL(S;) = 2(Ha(sy) 0 Hy(s,) + Hy(s,) O Ha(sy)),

s=s5,+5s,.ltcanbe showrfthat the symmetrized third order trans-
fer function can be computed using

[Gy +38Cq]H3(sy, S5, 83) = —[G3+5C4] O
H1(s1) O Hy(sp) O Hy(s3)-2 [0 G, + 5C,] [Hy(s;) O Hy(sy S3)
where § = s, +s,+5s;, H;(s;) OH(s,) OHy(s;) is the arith-

metic average of terms over all possible permutations of frequency
variablesin the Kronecker product, and

H1(s1) U Hy(sp 85) = %(Hl(sl) 0 Hy(sp, S3) + Hi(sp) [ Hy(sy, 85)
+Hy(s9) D Hy(5,8) + (s, ) DHy(s) @
+Hy(sy, 83) O Hy(s;) + Ha(sp, S3) O Hy(sy)

To perform a projection-based nonlinear Padé approximation,
moments of the corresponding nonlinear transfer functions are re-
quired. For this purpose, (6)-(8) are expanded into a power series
w.r.t frequency variables at the origin

0 o k
Hqi(s) = ZSKML K Ha(s1, 80) = Zzslls;_l'\/lz, kI

®)

k=0 k=0l=0 (10)
LI ,
Hs(sy S0.83) = 222513233 M3 i 1,m
k=0l=0m=0

where My ., My | and Mg | ., areakth order moment of H,(s),
Hy(sy, S) and Hi(sy, s, S3) , respectively. We define areduced or-
der model as a kth order model in Hy(s), Hy(s,s,) or
Hj(sy, S5 S3) if and only if the respective moments are preserved in
the reduced model up to the kth order. In NORM, to match aspecific
number of moments, a set of Krylov subspace vectors with a mini-
mum total dimension is used in projection-based reduction for im-
proving the model compactness. For instance, if we define



m-1

A:—Gzlcl, rlzG_lb, Km(A, p) = colspan{p, Ap, ..., A" g} ,
it can be shown that the following Krylov subspaces are the re-
quired minimum set containing up to the kth order moment direc-
tionsof H,:

K20 = LI Kn(A W), (1)
where

G1'G,((A™ry) O (Ary) + (A"ry) O (A™ry))
Om=z0,0n20,m+n<sk mzn,withm =k-m-n+1
G Co((A™ry) O (A'ry) + (A"ry) O (A™ry))
Omz20,0n20,m+n<sk-1mzn,withm =k-m-n

Vi_

(12)

A minimum set of Krylov subspace vectors can aso be found for
moment matching of the third order transfer function Hj. If we
combine Krylov subspaces for moment matching of the first
through the third order nonlinear transfer functions and compute a
orthonormal basisV for the combined subspaces, the reduced order
model can be computed via a projection of the form:

G, = V'G,V,C,=V'C,V, G, = VIG,(VIO V), C,y = VIC(VO V)

G; = VIGy(VOVI V),Ca=V'Cy(VOVI V),b=V'b (13)

As seen from (13), the dense third order reduced system matrices
areof dimension q x q3 , Where q isthe number of columnsfor pro-
jection V, which represents the size of the reduced order model.
Thus, controlling model size by a proper selection of projection
vectorsis critical, as addressed in NORM:

» The use of a minimum set of Krylov subspace vectors avoids
unnecessary inflation of the model size, thereby leading to asig-
nificant improvement in model compactness. Furthermore, it is
shown that the order of moment matching for atransfer function
a a higher order cannot exceed that of a transfer function of a
lower order. In NORM, the order of moment matching for the
nonlinear transfer function at each order can be chosen individ-
ually, provided that the above condition is satisfied, and the size
of overall reduced order model is minimized for each of these
choices.

Unlike the counterpart of LTI system reduction, adopting a
multi-point method can improve the model compactness under
nonlinear context as recognized in NORM. This stems from the
fact that the total dimension of optimal Krylov subspaces used
in a single-point method actually exceeds the number of
moments matched in the resulting reduced order model. How-
ever, the use of a multi-point method, in particular, a zeroth
order multi-point NORM, where high order nonlinear transfer
function values (zeroth order moments) are matched simulta-
neously at severa expansion points, can produce a reduced
order model with a size equal to the number of moments
matched. That means multi-point methods can further increase
the model compactness that is essential for nonlinear system
reduction.

To compare different methods, we define the size of areduced or-
der model as the number of state variables that it contains. The
worst-case model sizes for the system in (5) are compared in
Table 1, where reduced order models match the moment of H, or
H, and H; up to certain order. NORM-SP is the single-point ver-
sion of NORM, and NORM-MP is the “equivalent” zeroth order
multi-point NORM in which the same number of transfer function
moments are matched. It is evident that the use of NORM, especial-

456

ly multi-point NORM, dramatically reduces the model size.

Model Order 3 4 5 6 7 8
[8I[10]:H2 116 230 402 644 968 1386
[8][10]:H2-H3 |3,700 11,480 28,914 63,070 123,848 224,460
NORM-SP:H2 24 40 62 o1 128 174
NORM-SP:H2-H3| 66 118 194 301 446 636
NORM-MP:H2 | 16 23 30 39 73 59
NORM-MP:H2-H3| 37 56 78 108 141 182

Table 1. Wor st-case reduced order model size

2.3 Modeling of Time-Varying Weakly Nonlinear
Systems

A large class of networks, such as clocked switching networks
and RF current switching mixers, can be characterized as time-
varying weakly nonlinear systems with respect to the small input
signal being processed. This would require us to treat the large ex-
citations to the system, such as clock and LO, as part of the system
under modeling, and analyze the small-signal input upon the time-
varying operating point caused by the large excitations. One special
case of practical interest is that the system has a periodically time-
varying operating point introduced by a periodic clock or LO.

Assumethat thelarge-signal periodic excitation to the system has
a period T, = (2m)/ wy, then the weakly nonlinear system re-
sponse to the small-signal input can be characterized using period-
icdly time-varying Volterra series. Now the nonlinear transfer
function H,(t, sy, ...s,) becomes a periodic function of time with
the same period T, , and can be expanded into Fourier series

Hot oy ) = 3 Holon o) @ (19
K= —oo
Using (14), the nth order responseisin the form
Xq(t) = (%[)nj ...an(t, Wy, ... w,) U () .. U(w,)
- Jv(wﬁ'"m”)tdwl...dwn
= (%[)nlji ejkatD]o...]'oHn,k(wl,...wn) (15)
k= - _j?m1+...+

U(wy) .. [U(w,) (& ! o, ... oo,

It can be seen from the above equation that the kth harmonic H,, ,
of H,(t, .) specifiesthe nth order nonlinear effect that is frequency
translated by kw, due to the time variation of the system.

By extending the formulation for linear periodically time-vary-
ing systemsin [20][11][8] viaeither frequency-domain collocation
or time-domain backward difference, the periodically time-varying
nonlinear transfer functions can be formulated in amatrix form sim-
ilar to that of (6)-(8). In this paper, a time-domain backward Euler
is employed to discretize H,(t,.) over M sample points
H, = [H(ty, )T Holts )7, .o Hy(ty, )71 within a period of
T, . Analogous to the use of G,, C, by, G,,C,,G3,C5 in (6)-(8), a
set of matrices G;, Cy, by, G,,C,,G3,C; can be formulated based
on discretization of the system nonlinear characteristics over a pe-
riod of T, for time-varying systems. Based on these matrices, (6)-
(8) can bereformulated in terms of H;, H,, H; . Each of these equa-
tionsnow has M x N unknowns, where N isthe number of physical
circuit unknowns of the system. To accurately capture the time-
varying operating point due to the large-signal excitation, many
sample points are often required, leading to aset of large time-vary-
ing system equations. These equations must be reduced to be used
efficiently in smulation. In the remainder of this paper we focus on
the time-varying systems as the results for time-invariant systems



can be easily deduced from this more general description.
3. HYBRID APPROACH

3.1 An lllustrative Example

To motivate the need for a hybrid approach, consider the smple
nonlinear circuit shown in Fig. 1(a). This circuit has only two non-
linearities, resistors R, and R, . Each of them is modeled as a third
order polynomial i = a;v+a,v’ +asv’ .The small-signal current
sourcedrivesahigh Q resonator (tuned at 1GHz), whichisfollowed
by 500 RC segments. A cross-section of the third order nonlinear
transfer function at the output is plotted in Fig. 1(b). It is evident
from Fig. 1(b) that when coupled with high Q resonator (part of lin-
ear network), the two nonlinearities create a sharp transition for the
third order nonlinear transfer function within aneighborhood of the
resonant frequency. To capture accurately the third-order nonlinear
effects around the resonant frequency using a projection-based im-
plicit moment-matching, many projection vectors may be required.
In the reduced model, although the number of states can be signifi-
cantly reduced, a large and dense reduced third order matrix G,
may result(q4 nonzeros, q isthe number of states in the reduced
model). Thisisin contrast to the original third order matrix G5 that
is of much higher dimension but only has 2 nonzeros.

Projection-based nonlinear model reduction is very effectiveif a
low-order approximation is sufficiently accurate. In such cases, the
reduced order model can also be constructed rather efficiently (the
dominate cost isno more than afew matrix factorizations). Howev-
er, for the cases where either a good accuracy is required over a
widerange of frequency or the nonlinear frequency-domain charac-
teristics varies dramatically within a band of interest, a complete
projection-based approach might be difficult to apply. For practical
examples, the primary reason for this difficulty is that projecting
high order system matrices (e.g. G; ) becomeslessand lessefficient
as the dimension of the Krylov subspaces increases.

o [ T] P

,,,,,,,,,,,,,,,,,,,,

A
SRR

H3 (1/V2 dB)

\

11 g9 0.95
Frequency (Hz)

Frequency (Hz)

Fig. 1. () A smplenonlinear circuit, and (b) itsthird order
nonlinear transfer function

3.2 Hybrid Approach

As clearly seen from Table 1, if we use multi-point NORM to
only approximate the first and second order nonlinear transfer
functions, the size of the reduced order model is much less con-
strained. More specifically, as the third order nonlinear transfer
functions are not considered in the projection-based reduction, the
reduced model size now grows much slower as the order of
moment-matching increases. For the same reason, forming the
reduced third order system matrices is not an issue any more, nei-
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ther isit alimiting factor for the model size. Moreover, the adop-
tion of the projection-based approach alows us to efficiently
model the first and second order system properties, especialy for
large circuits with detailed parasitics. From a pruning-based mod-
eling perspective, although numerous nonlinearities can exist in a
circuit, there is often a natural tendency for only afew of them to
be dominant due to the specific circuit structure. Thus, identifying
these dominant nonlinearities under the origina circuit structure
can be a very useful component of model generation. In the pro-
posed hybrid approach, the low-order (first and second) responses
are matched using projection while high-order (third) response are
approximated by exploiting both the circuit internal structure and
projection-based reduction.

3.2.1 Approximation of low-order responses

We begin with application of multi-point NORM to approximate
thefirst and second nonlinear transfer functions. We denote the cor-
responding projection matrix as VO R™ % where N is the num-
ber of physical circuit unknowns, M = 2K —1 is humber of time-
domain samples to discretize the time-varying nonlinear transfer
functions (assume an odd number of samplesfor simplicity), and g
is the size of reduced order model. We further denote the reduced
first and second order matrices produced by NORM as

G, = VIG,VOR™ C, =V'C,VOR™ b=V'bOR 5

~ _ x 2 o~ _ < 2 .

G, = VIG,(VOV)ORY™ C,=V'C,(vOV)OR*A
Substituting (16) into (6)-(7), the first and second order transfer
functions H, and H, of the reduced model can be computed. The

time-sampled first and second order transfer functions of the origi-
nal system can be approximated as

Hy = VH,, Hy = VH,. 17)
As the reduced model of (16)-(17) represents atime-invariant sys-
tem, the approximation of the first and second order responses of
the original time-varying system involves the use of discrete Fouri-

er transform. It can be shown that the following g th order system
is atime-domain realization of the corresponding reduced model

%(él)zl) + é1X~1 = 6Us(t)

R CICARE) B CACAEA S
IV _ }71 _1J0 >21
yo = % = [ } ‘

whereJ = D T IV, I isthe DFT matrix converting M time sam-

ples to the corresponding Fourier coefficients,
—jKwyt jKogt .
D=[€ “lycp o lnxp € Clyxnd s Inxy 1S the NxN

identity matrix.The first and second order responses of the original
system can be approximated in time-domain by X; = y; X, = Y5 .

3.2.2 Approximation of the third order response

To approximate the third order transfer function based on the re-
duced model of (16)-(17) or (18), substitute (16) into (8)

[G, +3C;] Fa(s1,5,8) = @, (19)
where
g = [Gy+3Cy] [y +[G, +5C,) L,
uy = ~(VH1(s) O (VAL(s))] (VHy(sy) (20)
Uy = —2(VH4(s,)) O (VH (55 53))

As seen from the above equations, to compute the third order trans-



fer function, one needs to solve alinear system in terms of G, and
C,, and form the input to the linear system in terms of g that isa
function of high-order system matrices G,, C,, G3, C3 and low-or-
der transfer functions Hy, H,. As H;, H, are approximated using
(17), to further reduce (19) requires reduction of the dimension of
thelinear problem in (19) as well asthe high-order system matrices
G,, C,, G, C,.Thisgoal is accomplished by a combination of pro-
jection-based reduction of an adjoint network and direct matrix
pruning.

In analog signal processing and RF applications, a circuit block
usually has only one or at most a few output nodes. For time-vary-
ing systems, typicaly only a small number of sidebands (w.r.t.
clock or LO) for the outputs are of interest. Thus, (19) can be
viewed as a system with potentially many inputs but few outputs,
and can be reduced as an adjoint network. Without loss of general-
ity, let us assume only the ith sideband of the voltage response at
nodepisof interest (6.9, i = 0,%1). Define | = [0 0 -+ 1-- 0]
asa Nx 1 vector that has a 1 at the p-th location and zeros at al
other locations, and

L = diag(l", 1", ...,1H o ;MM
d [1 gri2mi/m —jzn(M—l)i/M:IT/M b,=L"d’

The ith sideband of the third order transfer function at node p, Yo s
(corresponding to the ith harmonic of the third order transfer func—
tion for node p) can be obtained from the adjoint network

{[Gl "'501 ]Z(SllSZ S3) = b,
Yp =02

We can apply Krylov subspace projection (such as[7]) to reducethe
linear adjoint network of (22)

G, =V, G,'V, C,=V,'C, 'V, b, = V,Tb,, (23)
where V, is a orthonormal basis of the Kr1ylov &Jbsngace
colspan{r Al Aara } with A, = -G, C1 =G, b,.
Asthe DFT vector d isabsorbed into ba,to perform areal projec-

tion, b, can be split into real and imaginary parts before reduction
[21]. Based on (22)-(23), we can approximate Yp, @
Yo = 022 = V,[G,+3C] b, (24)

To speed up the computation of the third order transfer function
or response, high order system matrices G,, C,, G, C; need to be
reduced. To avoid forming dense reduced matrices (particularly for
the third order ones) in a projection-based approach, here we ex-
ploit the internal structure of the problem by applying a direct ma-
trix pruning technique, where nonzero elements of G,, C,, G, C,
are pruned according to their contributions to the third order trans-
fer function at the output node of interest. Although anonlinear cir-
cuit may contain many nonlinearities, a few of them tend to be
dominant. Therefore, retaining the original circuit structural infor-
mation by avoiding using projection and pruning these high-order
matricesin theoriginal coordinates can bevery effective. Thissame
idea has been used in symbolic modeling of nonlinear circuits,
where dominant circuit nonlinearities are identified and kept for
building system-level models [14]-[16].

The pruning process proceeds as follows: A set of sampled fre-
quency points Q arefirst selected within the frequency band of in-
terest. Then for each of these frequency samples, the third order
transfer function are computed, as well as the individual contribu-
tions of nonzerosin G,, C,, G, C, . These contributions are sorted
by magnitude, and non-dominant ones are discarded provided that
a user-specified error tolerance on Hy is not exceeded. The end
products of the process are a set of pruned matrices
G—Zp, C_2p G_3p (:_3p that satisfy the error tolerance for all the sam-
pled frequency pointsin Q . Asthe computation of H; and individ-

(21)

(22)
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ual contributions may take place on many sample points, matrix
pruning can be a slow process. However, to speed up this process,
we embed the projection-based model reduction step directly into
the pruning procedure.

To compute H; at afrequency point, H; and H, need to becom-
puted at related points. Asin (20), to form vector g we can use the
reduced order model in (16)-(17) to compute approximate first and
second order transfer functions. Then, instead of solving a poten-
tidly large linear problem in (19), the reduced adjoint network of
(24) can be used to find an approximate vector z. Computation of
each individual contribution term is straightforward, based on (20)
and (24). For instance, the contribution of the nonzero at (m, n) lo-
cation of G; can be simply computed as

6g3, mn = §3v m, n [Ul, n [ﬁmv (25)

where G, m, n isthe value of the nonzero, u, ,, isthe nth element
of u,, and z,, isthe mth element of z. Since reduced order models
are used, factorizing the original large system matrices at many
sampled points are avoided. The cost for constructing projection-
based reduced order models of (16) and (24) is dominated by the
cost of 3 few matrix factorizations, therefore it is bounded by
O(kM3N”) , where k is the number of matrix factorizations, M is
the number of sampled points used to discretize the time-varying
transfer functions, and N is the number of physical circuit un-
knowns. The cost of the pruning processis dominated by evauation
and sorting of the different contributions, assuming that the use of
reduced order models makes other cost much less. The overall cost
for  model gen ation is, therefore, bounded by
O(sElog(E) + kM>N ), where s isthe number frequency samples
evaluated in the pruning, and E is the number of nonzeros in the
high order matrices being pruned.

Using pruned matrices Gy, Cyp, Gy, Csp, (20) can befurther ap-
proximated as

~[Ggp+8Cqpl LVH1(s1)) O (VH1($)2 (VHy(s3))

-2 E[GZp + SCZp] HVH1(s1)) O (VHo(s,, S3))
To derive atime-domain model for generating the desired third or-
der response, we substitute (26) into (24) and transpose both sides
of the equation

(26)

- AT AT < AT AL TaA
Yp, = ba [Ga +5C, 1 Vq4. @)

Defining
X = VX O VX0 Vxy, Xpp =

%(vi1 0V, + Vi, 0 VX)), (28)

it is not hard to show that the corresponding time-domain model is
AT AT
%(Ca Xa) + Ga Xq =
-VT(G_ ey +E(c_ [kyyy) + 2G5, Tk + 29(C, DT)) (29)
al P3p a1 T gl vep Hn 2p X112 gil 2p 12))e
jiowgt
yp 3(t) =e °
where xl, x2 are given in (18), yp 5(t) isthe desired time-domain
third order response. Note that since only the ith harmonics of the
third order transfer functions are considered at the output, y,, 5(t)
inthe above equation is complex. To recover the corresponding real
signal, we can simply add the conjugate component that corre-
spondsto the -ith harmonic. The first and second order responses at
node p, y,, 1(t) and y,, 2(t) can be obtained from (18) by selecting
the proper entries from y . Also note that when more than one out-

put or set of side bands are of interest, multiple reduced adjoint net-
works can be incorporated into the model in a straightforward way.

3.2.3 Flow of Hybrid Model Generation
We summarize the model generation flow in Fig. 2. It should be

~T
ba Xa



1. Apply multi-point NORM to compute a projection V
for approximating the first and second order transfer
functions:

G, =V'GV,C,=V'C,V,b=V'b
G, = VIG,(VOV),C,=V'CyVO V)
2. Form the adjoint network asin (22) and reduceit using a
projection-based reduction:
Ga = Va Gy Vo Ca = V,'Cy Vo by = Vy b,
3. For each frequency point (s, s,, S3) O Q (pre-selected):

3.1 Compute Hi(s,) , Hi(s;) , Hy(Ss) , Hals1,S,)
Ha(sy S5) » Ha(sy S;) Using (6)-(7) based on
reduced matrices G,, C,, b, G,,C, .

3.2. Approximate the first and second order transfer
functions of the original system using (17).

3.3. Compute the desired sideband of Hj(t, s, S5, S3) &t
the output node, and individual contributions of
nonzerosin G,, C,, G, C5 based on reduced order
models using (20), (24) and (25).

3.4. Prune G,, C,, G;, C, by sorting al the per-nonzero

contributions and retai ning dominant onesto satisfy
an error tolerance € .

4. Form the time-domain reduced models using (18) and
(29) if needed.

Fig. 2. Nonlinear hybrid macromodel generation

noted that the hybrid model can be either realized in the time-do-
main based on (18) and (29), or the reduced, pruned matrices and
associated projections G,, C,, b, G,, C,, V, G,, C,, by, V,,
G,p,Cap» G, and Cy, can bedirectly used in afrequency-domain
Volterra-based analysis. The corresponding model structure is de-
picted in Fig. 3.

Y

u(t) p Linear Network =
(G1,Cy)
| —

\%
Y = v

% ¥oa(t)
G,,G, Linear Network N

(G,.Cy)
| —
(Reduced by NORM)

7,:ONY 7, (1)

I ] = 7 Vos()
CEicH CWG ¢

2p1~2p

3p1~3p

Linear Network
(G..C,)

(Pruning followed by projection) i

Fig. 3. Hybrid model structure

4. RESULTS
4.1 A switch-capacitor filter
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Fig. 4. A switch-capacitor biquad low-passfilter

Switch-capacitor filters are often found in RF receivers as chan-
nel-select filters[22]. If the input signal is small, then these circuits
can be characterized by time-varying Volterra series. A Butter-
worth lowpass switch-capacitor biquad is shown in Fig. 4. The
two-phase clock is at 20MHz, and the 3-dB frequency of the filter
is about 700K Hz. Each circuit nonlinearity in the filter is modeled
as a third order polynomial about the periodically varying operat-
ing point generated by the clock. The resulting full model has 8142
time-sampled circuit unknowns. To view the third order nonlinear
effects within and close to the signal band, we plot the dc compo-
nent of the time-varying third order nonlinear transfer function
Ha(t, j2mf,, j 2115, j21Tf5) where 1Hz<f, f,< 10MHz,
f; = —1Hz,inFig. 5(9). It is clearly observable that the third order
nonlinear characteristics vary dramatically between passband and
stopband. To capture not only the nonlinear distortions due to the
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signals within the passband, but also the third order mixing of the
large out of channel interferersinto the passband, the nonlinear fre-
quency-domain characteristics of the filter must be modeled accu-
rately over a frequency range of 7 decades. As such, a complete
projection-based approach becomes inefficient, since a sufficient
number of moments have to be matched for accuracy, while the
resulting model size leads to expensive dense projected third order
matrices.

To apply our hybrid approach, we first used the multi-point
NORM algorithm to accurately capture the first and second trans-
fer functions using a reduced order model with 27 states (SVD was
used to deflate the Krylov subspaces), where 6 moments of H, and
24 moments of H, were matched. The adjoint network describing
the propagation of third order nonlinear effects from various non-
linearities to the output was reduced to an 11th order model. Based
on these reduced models, G,, C,, G;, C; were significantly pruned
in the original coordinates on a set of sampled frequencies points.
The final hybrid model has a maximum relative modeling error of
6% (or about 0.5dB) for H;, as shown in Fig. 5(b).

This hybrid model was aso validated in a frequency-domain
Volterra-like analysis, where 6 sinusoidals with various phases
were selected from passband, transition band and stopband as input
signals. The simulation result was compared against that of the full
model, as shown in Fig. 6. As can be seen from the figure, the
hybrid model captures the frequency-domain nonlinear character-
istics of the filter over awide range of input band very accurately.
In additiona to excellent accuracy, for this example, a runtime
speed up of 64x over the full model was achieved by using the
hybrid model in simulation.
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Fig. 6. Biquad output dueto a six-tone sinusoidal input

4.2 A 900MHz Receiver Front-End

Next consider the 900MHz receiver frond-end depicted in
Fig. 7. It is composed of a LNA, amixer and an |F amp aswell as
high-Q bandpass and lowpass filters. To model the weakly nonlin-
ear behavior of the receiver with respect to the RF input, we
extracted a time-varying third order polynomia nonlinear model

Y/ LNA Mixer IF AMP

DR

®7
LO

Fig. 7. A 900M Hz receiver front-end
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of the system upon the varying operating point due to the 880MHz
LO. The extracted full model has 8496 unknowns. To see the third
order intermodulation effects of the system, we plot the first har-
monic of the time-varying third order nonlinear transfer function
Ha(t, j2mfy, j2mf,, j2mf;) of the output about the RF center fre-
quency in Fig. 8(a). This harmonic specifies the amount of down-
converted (by one LO frequency) third order intermodulation
(IM3) at the output. In the figure, 850Hz<f,,f,<1050MHz,
f; = —950MHz.

As high-Q filterings are included as part of the system, due to
their high frequency selectivity, varies dramatically about the
center frequency. To accountifully for the receiver distortion per-
formance under the presence of large out-of-band interferers (e.g.
large blocking signals), the receiver third order intermodulation
must be characterized accurately not only in the channel, but also
at frequencies tens or hundreds of MHz away from the center fre-
quency. This requirement makes it very difficult to directly apply a
projection-based reduction to the complete receiver, and may
necessitate modeling each nonlinear block individually in order to
isolate the high-Q filtering blocks.

To apply the proposed hybrid approach to the complete receiver,
multi-point NORM was first applied to approxirnate d
using a reduced order system with 52 states, where'16 monients of

and 44 moments|_9f are matched (the Krylov subspaces

were compacted using dv D). The adjoint network for propagatl ng
third-order nonlinear effects to the first harmonic of time-varying
at the output was reduced to a 40th order system. The second

and the third order system matrices were again pruned on a set of



sampled frequency points for meeting the accuracy requirement
for H; based on these reduced models. The corresponding relative

modeling error on Hy of the hybrid model is less than 8% (0.7dB)

as plotted in Fig. 8(b). Since H; varies as much as 230dB in the
frequency band shown in Fig. 8, the relative modeling error was

HY'' —HE™ : o
computed as & = Ilaon—Sl , where o isasmall positive num-
Hs |+a
ber that is added to avoid overestimation of the error for an

ori

extremely small valueof Hy .

To further verify the accuracy of the receiver model, we per-
formed a frequency-domain Volterra-based analysis where the RF
input consisted of 12 sinusoidas over a frequency span of
100MHz. To test the receiver performance under the interference
of large blocking signals, the largest amplitude difference between
the in-band and out-of-band signals was as high as 60dB. The
complete output spectrum consisted of 147 frequencies, and the
frequency components closeto the IF band are plotted in Fig. 9. As
clearly seen from the plot, the hybrid model accurately capturesthe
receiver linearity performance over a wide range of input fre-
quency. In addition, the use of the hybrid model brought more than
20x simulation efficiency improvement over the full model. We
shall aso note that model accuracy can be easily traded off with
simulation efficiency for specific cases. For instance, as the accu-
racy requirement permits, simpler hybrid models can be con-
structed by adopting lower order projection-based approximations,
aswell asless stringent error tolerance for pruning.
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Fig. 9. Front-end receiver output dueto a 12-tone
sinusoidal input

5. CONCLUSIONS

We have shown that generating fully-encompassing nonlinear
models for complex analog circuit blocks or subsystems presents
challenging modeling problems. For these cases, the requirements
on model accuracy and applicability can often render existing
methods ineffective. To address these challenges, a combination of
different techniques are required. Our proposed hybrid model gen-
eration approach combines the benefits of both pruning-based and
transformation-based methodologies into a unifying model. The
utility of this approach is demonstrated for modeling circuits in
analog signal processing and RF applications.
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