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ABSTRACT
Detectingoverlappingof switchingwindowsbetweencouplingnets
isamajorstatictechniquetoaccuratelylocatecrosstalknoise.How-
ever, dueto the mutualdependency betweenswitchingwindows,
the computationrequiresiterationsto converge. In this paper, we
discussthe issuesandprovide answersto the importantquestions
involvedin convergenceandnumericalproperties,includingtheef-
fect of couplingmodels,multiple convergencepoints,convergence
rate,computationalcomplexity, non-monotonicity, continuity and
theeffectivenessof bounds.Numericalfixedpointcomputationre-
sults are usedto explain theseproperties. Our contribution here
buildsa theoreticalfoundationfor staticcrosstalknoiseanalysis.

Categoriesand SubjectDescriptors
B.7.2[DesignAids]: Verification—Timinganalysis,noiseanalysis

GeneralTerms
Theory,Algorithms,Verification

1. INTRODUCTION
In very deepsubmicrontechnologies,as the featuresize de-

creases,the aspectratio (height over width) of metal lines goes
up. This resultsin largerlateralcouplingcapacitances,whichdom-
inatethe total capacitance.Crosstalknoiseis thuseasily induced
from the neighboringnetsandcausesthe major timing variation.
Theseeffectscanno longerbe ignoredandthe analysishasbeen
addressedextensively in state-of-the-artchipdesigns[1, 2].

Crosstalknoisecancausetiming variationin two ways. If two
netsswitchataboutthesametimein thesamedirection,thedelayis
spedup,andfor theoppositedirections,thedelayis sloweddown.
If theadjacentnetsarequiet,thereis nocrosstalknoise.Therefore,
it is importantto identify the switching window, a possibletim-
ing durationin whicha netor a timing nodecanpossiblyswitchor
make transitions.Identifying overlappingbetweenswitchingwin-
dows can reducepessimisminvolved in crosstalknoiseanalysis,
becausenocrosstalknoiseis inducedbetweentwo netswhenthere
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is nooverlapof theswitchingwindows.
With crosstalknoise,switchingwindows areconsideredmutu-

ally dependentin statictiming analysis(STA), andthecomputation
cannotbe completedin a singletraversalof netsin general[3, 4,
5, 6, 7, 8, 9]. Iterationsarethereforeneededto resolve thedepen-
dency until they converge.Thefollowing questionsthusarise:� How many iterationsareneededat most?What is thecom-

putationalcomplexity? How fastdoestheprocessconverge?� Doesit alwaysconverge?Whatcouplingoroverlappingmod-
elsleadto divergence?� Is therea uniqueconvergencepoint independentof aninitial
condition?� If a gatedelay is reduced,is a circuit’s longestpath delay
consideringcrosstalknoisereducedaswell?� If a gatedelay is increasedcontinuously, will the crosstalk
noisealsobeincreasedcontinuously?

In [9], the authorssuggestthe useof a lattice theory to prove
convergenceof switchingwindowscomputationandshow thereex-
ist multiple convergencepointsdependingon theinitial condition.
However, the coupling model they usedis very primitive and is
not accuratedueto its discretenature.We will tacklethis problem
with a differentpoint of view from a numericalfixed point com-
putationperspective[10]. Besides,we will examinethe impactof
discreteandcontinuouscouplingmodelson convergenceandnu-
mericalpropertiesof switchingwindows computation.Moreover,
thequestionslistedabove will bestudiedin this paper.

Therestof this paperis organizedasfollows. In Section2. we
introducesomedefinitionsusedin the paper, andgive the upper
and the lower bounds. Section3 addressesfixed point computa-
tion appliedto switchingwindows computation. The underlying
modelsusedin switchingwindows computationareexaminedin
Section4. Proofof convergenceandefficiency issuesarediscussed
in Section5.

2. BACKGROUND
A victim isanetthatsuffersfromnoiseeffects,andanaggressor

is a netthatcontributesnoise.Therolesmaychangedependingon
the context. A quantity is said to be noisy if the crosstalknoise
effectshave beenincludedin it. On thecontrary, a quantityis said
to be noiselessor nominal, if the crosstalknoiseeffects arenot
includedin it. For example,a noisy delay is the nominal delay
plustheextradelayinducedby crosstalkeffects.Similarly, anoisy
switching window is thenominalswitchingwindow includingthe
extra noisypathdelayinducedby crosstalkeffects.



A coupling edgeexists from the victim to the aggressorin the
STA timing graphif thereis acouplingcapacitancelinkedbetween
them.A couplingedgeis saidto beactive if thedeltadelayinduced
by this edgehasbeenincludedin its victim’s noisyswitchingwin-
dow. In theprocessof switchingwindows computation,acoupling
edgemaychangeits statefrom inactive to active or viceversadue
to overlappingof noisyswitchingwindows.

Without lossof generality, we assumea singledelayvalue on
interconnectfor all of thefanoutsof eachnet in thefollowing dis-
cussion. Let xi and y j be the latestarrival time of net i and the
earliestarrival time of net j , respectively. Let θi j : R � �
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Figure 1: (a) θ function to representthe overlapping. (b) Vari-
ablesto representdelaysin a coupling subcircuit.

a switchingwindow overlappingfunctionof time difference.Fig-
ure1(a) is anexampleof functionθi j � xi � y j � . If xi � y j 	 0, the
switchingwindows don’t overlap, resultingin no couplingnoise.
As xi � y j becomesgreaterthanzero,the couplingnoisestartsto
appearandeventually it saturatesat a normalizedvalue1 
 0. The
delta delay inducedfrom aggressornet j to victim net i is thus
writtenasθi j � xi � y j � ∆tmax

i j � where∆tmax
i j � 0 is themaximumdelta

delayinducedfrom aggressornet j to victim net i.
An index setdenotesa collectionof net indices,representinga

subsetof all nets.Let di betheinterconnectdelayof of net i, Ai be
an index setof aggressornetsof net i, Di bean index setof fanin
netsof neti’sdriving gate,andδik bethegatedelayfrom afaninnet
k to net i. Figure1(b) relatesthesevariablesto acircuit diagram.xi
andyi arewrittenas

xi � ∑
j  Ai

θi j � xi � y j � ∆tmax
i j � di � max

k  Di
� xk � δik � � and (1)

yi � � ∑
j  Ai

θi j � x j � yi � ∆tmax
i j � di � min

k  Di
� yk � δik � � (2)

respectively.

2.1 SimpleUpperandLower Boundsfor Switch-
ing Windows
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Figure2: Boundsfor switching window.

What are the possiblelatestand earliestarrival times con-
sideringcrosstalknoise?Clearly, whenall thecrosstalknoisesare
active andinducethe maximumextra delayto increasethe latest
arrival time andreducethe earliestarrival time, this is the largest
switchingwindow, i.e. the upper bound, thatcanbeachievedwith

crosstalknoise.Theupperboundsarewrittenas

xmax
i � ∑

j  Ai

∆tmax
i j � di � max

k  Di
� xmax

k � δik �
� ∑

j  Ai

θi j � xi � y j � ∆tmax
i j � di � max

k  Di
� xk � δik � � and(3)

ymin
i � � ∑

j  Ai

∆tmax
i j � di � min

k  Di
� ymin

k � δik �
� � ∑

j  Ai

θi j � x j � yi � ∆tmax
i j � di � min

k  Di
� yk � δik � 
 (4)

On thecontrary, whenall crosstalknoisesareexcluded,thenom-
inal switching window gives the lower bound, i.e. the smallest
possibleswitchingwindow. Thelower boundsarewrittenas

xmin
i � di � max

k  Di
� xmin

k � δik �� ∑
j  Ai

θi j � xi � y j � ∆tmax
i j � di � max

k  Di
� xk � δik � � and

ymax
i � di � min

k  Di
� ymax

k � δik �� � ∑
j  Ai

θi j � x j � yi � ∆tmax
i j � di � min

k  Di
� yk � δik � 


The relationshipbetweenthe boundsandthefinal switchingwin-
dow areillustratedin Figure2.

3. FIXED POINT COMPUTATION
Fixedpoint computationprovidesusa convenientvehicleto ex-

plore the underlyingpropertiesof how the computationprecedes.
In this section,we proposetheformulationandpointout someim-
portantproperties.

3.1 Formulation
Let x � R2N be a switchingwindow configuration,whereN is

thenumberof netsor timing nodesin switchingwindowscomputa-
tion. For N nets,weneed2N variablesto representthelatestarrival
times,xi ’s, andthe earliestarrival times,yi ’s, respectively (If rise
andfall switchingwindowsareconsideredseparately, 4N variables
areneeded).Let f : R2N � R2N be a mappingor transformation
from x to anew switchingwindow configurationx � consideringthe
crosstalknoisebasedon theswitchingwindows’ overlappingcal-
culatedaccordingto x.

The objective of switching windows computationthus can be
formulatedas finding a fixed point, x � , suchthat x � � f � x � � [9].
Specifically, iterationequationsarewrittenas

x� n� 1�
i � ∑

j  Ai

θi j � x� n�i � y� n�j � ∆tmax
i j � di � max

k  Di
� x� n�k � δik � � and

y� n� 1�
i � � ∑

j  Ai

θi j � y� n�i � x� n�j � ∆tmax
i j � di � min

k  Di
� y � n�k � δik � 


With an initial guess,x � 0� , we canperformfixed point iterations
as

x � 1� � f � x � 0� � � x � 2� � f � x � 1� � ��
�
�
 x � n� � f � x � n  1� � 
�
�
 (5)

until it converges.Thisprocessis usuallyreferredto asfixed point
computation[10].

3.2 Fixed Point Iteration for Switching Win-
dows Computation

Let D bea closedandboundeddomainin R2N, andlet f � x � � D
for all x � D. Forany twopointsx1 � x2 � D, if thereexistsaconstant



L, suchthat !"!
f � x1 �#� f � x2 �

!$!
	 L

!$!
x1 � x2

!$!
�

where

!"!
%
!$!

denotesa norm for the vectorspaceD, f � x � is called
a Lipschitz function, andL is called a Lipschitz constant. Using
fixedpoint computation[10],if 0

�
L 	 1, thefixedpoint iteration

convergesandguaranteesa uniqueconvergencepoint(fixedpoint),
givenany initial x0 � D. This is asufficientconditionfor existence,
convergenceanduniqueness[10].

In practice,for one-dimensionalcase,L is roughlyestimatedas

L � sup
d fi � xi �

dxi
� sup∑

j  Ai

θ �i j � xi � y j � ∆tmax
i j and ∆tmax

i j � ∆Vmax
τi

τ j
�

wheresupis an upperbound(maximumvalue)function,∆Vmax is
themaximumnoiseinducedby anaggressorandτi andτ j arethe
slew time of a victim andanaggressor, respectively. In general,L
is notboundedby 1 
 0. It dependsontheunderlyingmodels,which
arediscussedin Section4.

For example,considera one-dimensionaliterationfunction f � x�
in Figure3(a)as

f � x� � ∑
j  Ai

θi j � x � y j � ∆tmax
i j � di � max

k  Di
� xk � δik � � (6)

wherexmin andxmax arethelowerandtheupperboundsdescribed
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Figure 3: (a) Arri val time function. (b) Multiple convergence
points.

in Section2.1, andvictim net v andtwo aggressorsa1 anda2 to-
gethercreatefunction f � x� , wherex1, x2 and xmax are the fixed
points. Repeatedsubstitutionprocedurewhich replacesthe argu-
mentwith its outputvaluecanbeusedto converge x� n� sequence.
For one-dimensionalcaseanda continuousfunction, a sufficient
conditionfor convergenceis givenas

!
f � � x�

!
	 1. For f � x � , thesuf-

ficient condition[10]is

!"!
J

!$!
	 1, whereJ is theJacobianmatrix of

f � x � .
3.3 Multiple ConvergencePoints and Unsta-

ble Fixed Point
SinceL is not in generalboundedby 1 
 0, it is easyto produce

multipleconvergencepointsin switchingwindowscomputationpro-
cess.Theactualconvergencepointdependsontheinitial switching
windows [9].

Forfixedpointcomputation,auniqueconvergencepointrequires
a Lipschitz constantL lessthan1 
 0. In switchingwindows compu-
tation,L is notboundedfor discretemodelsintroducedin Section4,
andthereforetherecanbemultiple fixedpoints.Evenfor a contin-
uousmodel,it is possiblefor L to begreaterthan1 
 0. For example,
in Figure3(b), pointsa, b andc areall fixed points,andthe ini-
tial conditiondetermineswhich fixedpoint the iterationconverges
to. Notice that point c is unstable since f � � x�

!
x8 c � 1. A small

perturbationcandrive convergencetoward pointsa or b. There-
fore, unstablefixed pointscannotbe obtainedthroughfixed point
computation.

3.4 Tightening Bounds
A conventionalconvergencescenariousesinfiniteswitchingwin-

dows for the initial conditionto includeall thenoiseeffectsin the
beginningandshrinkstheswitchingwindows in thesubsequentit-
erations[6,8]. [9] shows startingfrom the infinite switchingwin-
dows, theprocesscanconvergeto a looserupperboundof switch-
ing windows.

UsingEq.(1) and(2), we canprove this monotonicityby induc-
tion asfollows.

THEOREM 1. If in the initial two steps,x� 0�i
�

x � 1�i andy� 0�i
�

y � 1�i for all i � 1 
$
 N, x� n�i formsa monotonicallynon-increasingse-

quence, andy� n�i formsa monotonicallynon-decreasingsequence.

Proof: Thebasecaseis clearly

x � 0�i
�

x� 1�i and y� 0�i
�

y� 1�i � for i � 1 
$
 N.

By induction,wehave

x� n  1�
i

�
x � n�i and y� n  1�

j
�

y� n�j for n
�

1 � i � j � 1 
$
 N �
so

x� n�i � y� n�j
�

x� n  1�
i � y� n  1�

j 

θi j is a non-decreasingfunction,sowe have

θi j � x� n�i � y� n�j � � θi j � x � n  1�
i � y � n  1�

j � � and

∆tmax
i j � 0 and max

k  Di
� x� n�k � δik � � max

k  Di
� x� n  1�

k � δik � 

Therefore,

x � n� 1�
i � ∑

j  Ai

θi j � x� n�i � y� n�j � ∆tmax
i j � di � max

k  Di
� x� n�k � δik �

� ∑
j  Ai

θi j � x� n  1�
i � y� n  1�

j � ∆tmax
i j � di � max

k  Di
� x� n  1�

k � δik �
� x� n�i 


Besides,y � n�i sequencecanbeprovedsymmetrically. 9
LEMMA 1. If theinitial configuration startsfromthemaximum

switching windows,x� n�i formsa monotonicallynon-increasingse-

quence, andy� n�i formsa monotonicallynon-decreasingsequence.

This result actuallyshows the switchingwindow shrinksstarting
from the maximumswitchingwindow. That is to say, the upper
boundis reducedin eachiteration. Thus, the accuracy of noisy
switching windows’ boundcomputeddependson how much run
timeisaffordable.Theresultsarestill valid upperboundsof switch-
ing windows even beforeconvergence.Similarly, usingthe mini-
mumswitchingwindows asthe initial condition,the lower bound
increasesas the convergenceprocessprecedes.We have the fol-
lowing two lemmas.

LEMMA 2. If in theinitial twosteps,x� 0�i
�

x� 1�i andy� 0�i
�

y� 1�i

for any i � 1 
$
 N, x� n�i forms a monotonicallynon-decreasingse-

quence, andy� n�i formsa monotonicallynon-increasingsequence.



LEMMA 3. If the initial configuration startsfromthenoiseless

switchingwindows,x� n�i formsa monotonicallynon-decreasingse-

quence, andy� n�i formsa monotonicallynon-increasingsequence.

This lemmaactuallyprovidesamethodto obtaintightestswitching
windows.

Theseresultscreatea monotonic transformationduring fixed
point iterationsuggestedby [9].

4. COUPLING MODELS
In this section,we will considertheunderlyingmodelsfor cal-

culatingnoise. Discretemodelsareeasierand fasterto calculate
andin generalgive a boundof crosstalknoise.However, theerror
boundcanbefar off from thecorrectnoiseboundcomputedusing
a continuousmodel.

Crosstalknoiseinducesa voltageglitch on a victim andcauses
timing variation. The amountof the deltadelay in timing calcu-
lation canbe determinedby aligning the noisepeakwith the vic-
tim waveformsothatthesuperimposedwaveformpeakreachesthe
switching threshold(usually 50% of power rail voltage)[11]. If
the victim’s waveform is simplified asan ideal rampwith a slew
time τv, themaximumdeltadelay∆tmax canbewrittenas∆tmax �
τv

∆Vmax
VDD



4.1 NoiseCalculation Model

Traditional STA often ignoresall the coupling effects and re-
placesany couplingcapacitancewith agroundedone.Convention-
ally, to calculatethe coupling delay on eachinterconnect,a dis-
cretecoupling factor model uses1X groundedcapacitancewhen
theneighboringnet is quiet,2X for theoppositedirectionswitch-
ing and 0 for the samedirection switching[12,9]. Determining
which factorto usedependson theoverlappingof switchingwin-
dows. However, it hasbeenshown thecouplingnoisecanresultin
asmuchas3X capacitanceeffectwhencalculatingthecouplingde-
lay[13, 14]. Besides,a discretecouplingfactormodelhasdiscon-
tinuity betweentheboundarieswhena couplingfactoris changed
to anotherfactor. On the contrary, a continuous coupling factor
modelcanbeusedto avoid thediscontinuityontheboundariesand
increaseaccuracy[13, 14].

More accuratemodelshave beenproposedusingsuperposition
to calculatethe total crosstalknoisewithout using any coupling
factornor decouplingthecouplingcapacitance,suchas[6, 1, 5].

In [7], theauthorsproposea modelwhereinsteadof directsub-
stitutionof xi in Eq.(1) to evaluatethecrosstalknoise,they decom-
poseanarrival time into a componentthat is contributedfrom the
driving gateas

xi � di � max
k  Di

� xk � δik � and yi � di � min
k  Di

� yk � δik � �
and,basedonthesearrival timesxi andyi , evaluatethenoisyarrival
timesas

xi � ∑
j  Ai

θi j � xi � y j � ∆tmax
i j � xi and yi � � ∑

j  Ai

θi j � x j � yi � ∆tmax
i j � yi 


It avoidspessimisticallyto take thenoisyarrival time into account
for switchingwindows’ overlapping.Thismodelstill canbecalcu-
latedusingfixedpoint computation.

4.2 Switching Windows Overlapping Model
For multiple aggressors,the worst casenoiseshouldbe calcu-

latedbasedon the switchingwindow constraints.That is to say,
dueto thepathdelays,theaggressors’switchingwindow maynot
beableto alignarbitrarily to createthemaximumnoise.

In [15], theauthorshaveproposedamixedintegerprogramming
techniqueto find the worst possiblenoise. This model assumes
”sharpness”of thenoisepeaksandit is consideredadiscreteover-
lapping model, which only allows eithera completenoisecontri-
bution or zeronoise. That is to say, θ � % � is a stepfunction in Eq.
(1) andEq. (2). Figure4(a) shows a noisefunction in suchkind
of models.On thecontrary, a continuous overlapping model al-
lows thenoisecontribution to be fractionalaccordingto thenoise
glitch waveformon thevictim netandtheoverlappingrange.Fig-
ure1 is anexampleof θ � % � representingacontinuousmodel.Many
efficient methodshave beenproposedto find the maximumnoise
or the maximumdelta delay using this kind of models. For ex-
ample,[5, 7] have proposedenvelopewaveformmethods,and[16,
17] formulateit asa weightedchanneldensityproblemandgives
analgorithmwith O � MlogM � complexity, whereM is thenumber
of aggressors.

Note that if an infinite slope is assumedon the boundaryof
switching windows, a continuousoverlappingmodel becomesa
discreteoverlappingmodel.

4.3 Discontinuity in DiscreteModels

X

f(x)

x x1 2
X

f(x)

d

Continuous model
Discrete model

c

Error

Figure 4: Discontinuity in f � x� or noisewhen using a discrete
model.

All of thediscretemodelsmentionedabove suffer from a draw-
back of discontinuityon the boundarywhen a discretefactor is
changedto anotheror the overlappingconditionis changed.The
noiseis discontinuouswhenincreasingor decreasinggatedelays.
Figure4(a) shows an exampleof discontinuityat x1 andx2 when
usinga discreteoverlappingmodel.

If the discretemodel is designedcarefully, it can be an upper
boundof crosstalknoise,which is consideredvery usefulin STA.
An examplein Figure4(b)shows thatthediscretemodelconverges
at point d while thecontinuousmodelconvergesat point c, which
is boundedby pointd.

4.4 Err or Bound betweenDiscrete and Con-
tinuous Models

After convergenceof switchingwindows, supposeno errorwas
incurredin the previous stagedelay for a singlepair of coupling
nets. The error incurreddue to the useof a discretemodel can
be as large as∆tmax, the maximumdeltadelaybetweena victim
andan aggressornet pair, given the sameinitial configurationof
switchingwindows. Theerrorcanbewritten as

εi j � � θcon
i j � xi � y j �:� θdis

i j � xi � y j ��� ∆tmax
i j

� ∆tmax
i j �

whereθcon
i j � % � is thecontinuousoverlappingfunctionandθdis

i j � % � is
thediscreteoverlappingfunction.Figure4(b)showsanexamplein
which thediscretemodelconvergesto point d andthecontinuous
modelconvergesto point c. If every aggressorjust alignsexactly
at thesametime, theerrorboundcanbeaslargeasthesumof the
maximumdeltadelays:

εnet
i

� ∑
j  Ai

θi j � xi � y j � ∆tmax
i j

� ∑
j  Ai

∆tmax
i j 




Moreover, theerrormaypropagateforwardalongatiming pathand
accumulate; to includeall themaximumdeltadelaysinducedfrom
all the aggressors.Therefore,the error boundfor a noisy longest
pathdelayis equalto differencebetweentheupperboundandthe
lower boundof endingnet’s switchingwindow of thepath:

ε � xi � � xmax
i � xmin

i � ∑
j  Ai

∆tmax
i j � max

k  Di
� xmax

k � δik �<� max
k  Di

� xmin
k � δik � �

and similarly, the error boundfor a noisy shortestpath delay is
equalto:

ε � yi � � ymax
i � ymin

i � ∑
j  Ai

∆tmax
i j � min

k  Di
� ymax

k � δik �<� min
k  Di

� ymin
k � δik � �

4.5 Non-MonotoneProperty
Whendecreasingagatedelay, thenoisylongestdelayof acircuit

mayincrease.For example,consideracasein Figure5(a),whereif
thearrival timeof switchingwindow a is reduced,neta maystartto
attacknetv dueto theoverlappingof switchingwindows resulting
in delay increasein net v. In termsof Eq. (1), as y j decreases,

(a)

=
>

t=0 (b)

Figure 5: (a) Reducinga gate delay resulting in a longer path
delay. (b) Floating modedelaymodel.

θi j � xi � y j � increases,resultingin increaseof xi on the left hand
side. Using just oneoperationalconditionto determinexi andy j
mayresultin anoptimisticevaluationof crosstalknoise.

Using a floating delaymodel[18](e.g.seeFigure5(b) ), which
assumeszero for any earliestarrival time, i.e. y j � 0 in Eq. (1),
is still impossibleto solve this problem. If we sety j � 0, Eq. (1)
becomes

xi � ∑
j  Ai

θi j � xi � ∆tmax
i j � di � max

k  Di
� xk � δik �

� ∑
j  Ai

∆tmax
i j � di � max

k  Di
� xk � δik � � xmax

i �
which doesnot provide any useful information aboutswitching
windows.

5. CONVERGENCE OF SWITCHING WIN-
DOWS COMPUTATION

In this section,we will arguetheconvergenceof switchingwin-
dows computation.

5.1 Proof of Convergence

THEOREM 2. Theiterationin Eq.(5) convergesto a fixedpoint
x � � f � x � � , given the initial switching window configuration as
x � 0� � xmin or x � 0� � xmax

Proof: Convergenceof theiterationcanbeprovedby thefollowing
facts[6,9]:

1. xi ’s andyi ’s have an upperanda lower boundsasshown in
Section2.1,

2. if startingfrom x � 0� � xmin, by Lemma3, x� n�i formsa non-

decreasingsequenceandy� n�i formsanon-increasingsequence.
Theiterationconverges,sincethesequencesarebounded.

3. UsingLemma1, wecanprovesimilarly for theinitial condi-
tion startingfrom x � 0� � xmax. 9

Someswitchingwindow overlappingmodelmaynothavemono-
tonicity for f � x � with respectto xi . For example,whenanaggres-
sor’s latestarrival time is muchlessthana victim’s, theswitching
window of the victim is not affected. This effect canbe captured
by addinganextra term � θi j � xi � x j � to Eq. (1) as:

xi � ∑
j  Ai

� θi j � xi � y j ��� θi j � xi � x j ��� ∆tmax
i j � di � max

k  Di
� xk � δik � (7)

However, it can be shown in Figure 6(a) Eq. (7) hasa decreas-
ing portion, leadingto oscillationamongpointsa, b, c andd, and
the iterationcannotconverge. To remedythe decreasingportion,
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Figure 6: (a) A decreasing portion resulting in non-
convergence. (b) Extending the aggressor’s switching window
to infinity .

theaggressor’s switchingwindow needsto beextendedto infinity
suchasshown in Figure6(b) whencalculatingcrosstalknoisebe-
tweencoupling nets,andhenceEq. (1) is mostly used. Without
the decreasingportion, Eq. (1) is monotonicallyincreasingfor xi
andxk andmonotonicallydecreasingfor y j . Theorem2 equiva-
lently shows thereexists at leastonefixed point in D. Now, let’s
seeif thereexistssomeloopingstructurein Eq. (1), i.e. oscillation
amongpointsin theiteration:

x � n� k � � f � n� � x � k � � � x � k � and n � 1 

Without lossof generality, weassumexi affectsy j andy j affectsxk,
andxk affectsxi in Eq.(1). Any increasein xi leadsto decreasein y j
andsubsequentlyincreasein xk, which in turnsincreasesxi . This
excludesthe possibility to have oscillation in the iteration. That
is to say, the iterationconvergesgiven any initial conditionswith

xmin
i

�
x� 0�i

�
xmax

i andymin
i

�
y� 0�i

�
ymax

i .

5.2 Computational Complexity
For a discreteoverlappingmodel,we have at mostO � NM � cou-

pling edges,whereN is the numberof netsand M is the maxi-
mum numberof aggressornetsfor any victim net. In eachpass
of calculationof f � x � , at leastonecoupling edge’s stateis final-
izedsuchthat theedgeeithercontributesthenoiseto its victim or
not for all thesubsequentpasses.If no couplingedgechangesits
state,thereis no updateto thenoisyswitchingwindows, sotheit-
erationconverges. For eachpass,we needto examineO � N � nets
againsttheirO � M � aggressorsto identify switchingwindows’ over-
lapping.Thus,thetotal complexity is O � N2M2 � . In [12], analgo-
rithm with complexity O � N2M � is suggestedwithout countingthe
costof checkingagainstO � M � aggressorsfor detectingoverlapson



eachnet. In practice,this algorithmconvergesquite fastwithin 3
to 5 iterations.

If anevent-drivenstyleof computationis used[7],thetotalcom-
plexity is still thesamesincethereareO � N � netsin anSTA timing
graphto update,and for eachupdateto a switching window we
needto checkagainstO � M � aggressorsto detectoverlappingand
trigger new updateevents. ThereareO � NM � edges,andwe thus
needO � N2M2 � operationsfor anevent-drivenstyleof computation.
They concludewith anefficient algorithmsimilar to theapproach
of usingGauss-Seidelmethod.

5.3 ConvergenceRate
Forfixedpointcomputationunderacontinuousoverlappingmodel,

the convergencerateneedsto be considered.For somelocal re-
gions,thereexistsa localLipschitzconstantL suchthatL 	 1, and
thefixedpoint iterationconverges. Theconvergencerateis deter-
mined by this local Lipschitz constantL. Provided x � n� is close
enoughto x � , theerroris boundedby[10]:!$!

x � n� � x �
!"! � Ln

1 � L

!"!
x � 1� � x � 0�

!$!
� or!"!

x � n� � x �
!$! � L

1 � L

!$!
x � n� � x � n  1� !$! 


SinceL may be greaterthan1 
 0 in somelocal areas,it may have
somelocaldivergentsequencesasshown in Figure7 for one-dimensional

X

f(x)

x0

c

Figure7: Local divergence.

case.However, theendinggameof convergenceis still dominated
by theconvergentL valuewhich is closestto 1 
 0.

5.4 Speed-upof Convergence
Quite a few speed-upmethodsfor convergencehave beenpro-

posed[8,7, 12, 9]. Most of the techniquesaresimilar to Gauss-
Jordan,Gauss-Seidel,or update(event)-drivencalculations.A Gauss-
Seidelstyle calculationfor fixed point computationusesany up-
datedinformationassoonasit is available.For example,theitera-
tion functioncanbemodifiedas

x� n� 1�
i � ∑

j  Ai

θi j � x� n�i � y� n� 1�
j � ∆tmax

i j � di � max
k  Di

� x� n� 1�
k � δik � 


Usually, y� n�j is usedif y� n� 1�
j is not availableat themomentwhen

calculatingx� n� 1� . Techniquesarethusfocusedon how to maxi-

mizetheuseof y� n� 1�
j insteadof y� n�j , andtheuseof x� n� 1�

k instead

of x� n�k .
Anotherspeed-upmethodis to replacefixedpoint computation

by aNewton-Raphsoniteration,whichhasaquadraticconvergence
rate. However, computingeachJacobianmatrix elementneeds
O � N � operations,and the total complexity to build the Jacobian
matrix is O � N3 � . InvertingtheJacobianmatrix mayneedasmany
asO � N3 � operationsbesidestheoriginal computationcostof f � x � .
Moreover, singularityproblemshouldbehandledwith care.Also,
this methoddoesnot guaranteeto find thetightestnoisyswitching
windows.

6. CONCLUSION
Switchingwindowscomputationcanbewell-controlledby care-

ful selectionof the underlyingmodels. In this paper, we show,
formulateandprove thevariousnumericalpropertiesby a numeri-
cal fixedpoint computationperspective andthesecouldserve asa
theoreticalfoundationfor switchingwindows computation.
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