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Abstract

Themaineffort in oscillatorphasenoisecalculationlies in
computinga vectorfunctioncalledthePerturbationProjection
Vector(PPV).Currenttechniquesfor PPVcalculationusetime
domainnumericsto generatethesystem’s monodromymatrix,
followedby full or partialeigenanalysis.We presenta superior
methodthatfindsthePPVusingonly a singlelinearsolutionof
theoscillator’stime-or frequency-domainsteady-stateJacobian
matrix. Thenew methodis bettersuitedfor existing toolswith
fast harmonicbalanceor shootingcapabilities,andalsomore
accuratethanexplicit eigenanalysis.A key advantageis that it
dispenseswith theneedto selectthecorrectone-eigenfunction
from amongsta potentially large setof choices,an issuethat
explicit eigencalculationbasedmethodshave to face.

1 Intr oduction

An importantconsiderationduring the designof RF com-
municationcircuits is the phasenoiseperformanceof oscilla-
tors. Phasenoisecorruptsspectralpurity andgenerateslarge
powercontentin acontinuousspreadof frequenciesaroundthe
desiredoscillatortone,thuscontributingto adjacentchannelin-
terference.For clockeddigital circuits, which are also of in-
creasingimportancein RF design,phasenoisemanifestsitself
astiming jitter anddegradessystemperformance.

Recently, we presenteda rigorousgeneraltheoryof phase
noise[2, 3, 1]1. Oneof the mainresultsof this theoryis that
phasenoise in an oscillator is completelycharacterizedby a
singlescalarconstantc, which, moreover, hasthe physicalin-
terpretationof jitter persecond.Thisconstantc dependson the
noisegeneratorsin the oscillator andalso on a periodic vec-
tor functionv1

�
t � , termedthePerturbationProjectionVectoror

PPV. The PPV is the periodiceigenfunctioncorrespondingto
theunity eigenvalueof the linearizedoscillator’sadjointequa-
tions, henceit can be computeddirectly by eigendecomposi-
tion of themonodromymatrix of theadjointsystem.Although
eigencalculationsareexpensive for largesystems,iterative lin-
earmethodsareusedto computeonly a few eigenpairs.

In thispaper, weprovideanew computationalprocedurefor
thePPVthatdoesnot requirethemonodromymatrix. Instead,
the methodusesonly a single linear solution of the steady-
stateJacobianmatrix of the oscillator, obtainedfrom either
harmonicbalanceor time-domainmethodslike shooting.The
methodis especiallyadvantageousfor high-Qoscillators,mon-
odromymatricesof which often have many eigenvaluesclose
to 1 thatarenumericallyindistinguishablefrom theoscillatory
mode. In suchsituations,explicit eigendecompositionmeth-
odsneedto find a potentiallylarge numberof candidatePPVs

1A variedandextensive literature,developedovermanydecades,existson
thephasenoiseproblem.Wedo notprovidea review of prior work hereasit is
not centralto ourcontribution,but we refertheinterestedreaderto, e.g., [3, 8].

andchooseonefrom amongstthemusingheuristics. In con-
trast,the new methoddirectly locatesthe correctPPV by em-
beddingexact periodicityandanorthonormalityconditionim-
plicitly into the one-stepcalculation. Since time-domainin-
tegration in generatingor applying the monodromymatrix is
not involved, the methodfully exploits the inherentaccuracy
advantagesof frequency-domaincalculationsusing harmonic
balance.Themethodis easyto implementin existing steady-
statecodes,sinceit requiresonly an extra adjoint solution of
the sameJacobianmatrix that is generatedandsolved at each
Newton stepof thesteady-statecalculation.This computation
is negligible comparedto thatfor obtainingthesteadystate.

Proof of correctnessof the new methodrelies on a link,
establishedin Section2, betweenthe PPV andthe null space
of theoscillator’s frequency- andtime-domainsteady-stateJa-
cobians. In Section3, we comparethe new techniquewith
monodromy-matrixeigendecomposition.

2 Relationship of the PPV v1
�
t � to the

oscillator’ssteady-stateJacobian
We consideran orbitally stableoscillatorwith a singleos-

cillation mode,describedby theDAE system:

q̇
�
x��� f

�
x��� 0 � (1)

We assumethat this sytemhasa known periodicsolution
xs
�
t � . The linearizationof (1) around the solution xs

�
t � is

(e.g., [3, 1]):

d
dt

�
C
�
t � y � t �	�
� G

�
t � y � t ��� 0 � (2)

C
�
t � andG

�
t � areperiodicmatrices.Therankmof C

�
t � can

belessthanthesystemsizen; m is assumedindependentof t .
It canbeshown (e.g., [1]) thatthestate-transitionmatrix

Φ
�
t � s�� U

�
t � D � t � s� VT � s� C � s���

with D
�
t ��� diag

�
eµ1t ��������� eµmt � 0 �����	��� 0� ��� �

k � n� m � (3)

satisfies(2). U
�
t � andV

�
t � areperiodicmatricesof full rank

satisfyingthebiorthogonality condition

VT � t � C � t � U � t ����� m � � Im 0
0 0k ! � (4)

µ1 ��������� µm are the Floqueteigenvalues. Since the system
hasanoscillatorymode,oneof theseis zero,sayµ1 � 0. The
Floqueteigenvectorscorrespondingto this modeare the first



columnsof U
�
t � andV

�
t � , denotedby u1

�
t � andv1

�
t � , respec-

tively. It canbe shown that u1
�
t � canbe takenequalto ẋs

�
t �

without loss of generality[1] and computedeasily from the
known large-signalperiodicsolution. Our goal is to calculate
theotheroscillatory-modeFloqueteigenvector, v1

�
t � .

It canbeeasilyverifiedthattheadjointof (2), definedby

CT � t � d
dt

y
�
t �"� GT � t � y � t ��� 0 � (5)

hasthestate-transitionmatrix

Ψ
�
t � s�#� V

�
t � D � s � t � UT � s� CT � s��� (6)

which satisfies(5).
Beforeproceedingto connectionswith steadystatematri-

ces,we establishthe following two results(proofsareomitted
for brevity):

Lemma 2.1

u1
�
t �#� U

�
t � e1 satisfies(2)

v1
�
t �� V

�
t � e1 satisfies(5)

(7)

where e1 is thefirst unit vector, correspondingto µ1 � 0.

Lemma 2.2

M � $ V̇T � t � C � t ��� VT � t � G � t �&% U � t ��� m��� m $ V̇T � t � C � t �"� VT � t � G � t �&% U � t �
where M � diag

�
µ1 ��������� µm � 0 �����'��� 0��� (8)

2.1 Frequency-domaincomputations

Frequency domaincomputationsarenaturalfor many appli-
cations,e.g., mildly nonlinearRF systemcomponents.We cast
andapply(8) usingfrequency domainquantitiesto establisha
connectionwith harmonicbalance.

Wefirst developsomeusefulalgebrainvolvingToeplitzma-
tricesof Fouriercomponents.

Definition 2.1 GivenanyT-periodicvectoror matrix A
�
t � , we

denoteits Fourier componentsbyAi , i.e.,

A
�
t ��� ∑

i
Aie

j iω0t � ω0 � 2π
T

(9)

Definition 2.2 Given any vector or matrix A
�
t � , define the

block-vectorof its Fourier componentsto be

FD(
A ) t * �

+,,,,,,,,-
...

A2
A1
A0

A� 1
A� 2

...

.�////////0 � (10)

Definition 2.3 Given any matrix or vector A
�
t � , define the

block-Toeplitzmatrix of its Fourier componentsto be

1
A ) t * �

+,,,,,,,,-
...

...
...

...
...����� A0 A1 A2 A3 A4 ���������� A� 1 A0 A1 A2 A3 ���������� A� 2 A� 1 A0 A1 A2 ���������� A� 3 A� 2 A� 1 A0 A1 ���������� A� 4 A� 3 A� 2 A� 1 A0 �����

...
...

...
...

...

. ////////0 � (11)

Lemma 2.3 If X
�
t � andY

�
t � are T-periodic vectorsor matri-

ces,andZ
�
t ��� X

�
t � Y � t � , then

FD(
Z ) t * � 1 X ) t * FD(

Y ) t * (12)1
Z ) t * � 1 X ) t * 1 Y ) t * (13)

Lemma 2.4 If X
�
t � is a T-periodicvectoror matrix, then

FD(
Ẋ ) t * � FD

Ω
FD(

X ) t * (14)1
Ẋ ) t * � FD

Ω
1

X ) t * � 1 X ) t * FD

Ω (15)

where

FD

Ω � jω0

+,,,,,,,,-
. . .

2In
In

0 � In � 2In
. . .

.�////////0 (16)

We arenow in a positionto usethe above definitionsand
lemmas.Applying (12) and(14) to (2), weobtainthelinearized
harmonicbalanceequations:2

FD

Ω
1

C) t * � 1 G) t *43� ��� �
HB5 FD(

y ) t * � 0 � (17)

Next, westateanimportantintermediateresult:

Lemma 2.5 � 1 VT

HB6 1
U � 2 1 M � FD

Ω 3 ! 187 m � 0 � and (18)197
m � 1 VT

HB6 1
U � 2 1 M � FD

Ω 3 ! � 0 � (19)

We concentrateon a single row of (19) by premultiplying by
FD( T

e1
, wheree1 is a unit vector(of sizem � k) chosento corre-

spondto theoscillatorymode(µ1 � 0) of thesystem.

Theorem 2.1

FD( T

e1

1
VT

HB6 � 0 (20)



Remark 2.1 From(20), weobservethat
1 T

VT

FD(
e1 (i.e., thevec-

tor of Fourier componentsof v1
�
t � ) is in thenull spaceof JT

HB,

andthat
HB6

is singular.

Next, considertheaugmentedharmonicbalancematrix:

Definition 2.4(AugmentedHB matrix for oscillators):
HB6 �<; HB6

p
qT r = � with

:
HB6 � 1 �>; A b

lT d = � (21)

where p, q, b andl are columnvectors,andr andd scalars.:
HB6

is the harmonicbalancematrix augmentedwith a row and
column,which arechosento makeit nonsingular. Thefollow-
ing theoremestablishesa simplemeansof computingthe last
row of its inverse.

Theorem 2.2 If p � 1 C
1

U
FD(

e1 and
:
HB6

is nonsingular, then

lT � FD( T

e1

1
VT � (22)

Remark 2.2 p � 1 C
1

U
FD(

e1 is thevectorof theFourier coeffi-

cientsofC
�
t � ẋs
�
t � , i.e., p

�
t ��� FD(

C) t * ẋs ) t * .
Remark 2.3 l � 1 T

VT

FD(
e1 is theconjugatedvectorof theFourier

componentsof v1
�
t � , i.e., l̄ � FD(

v1 ) t * .
Corollary 2.1 From(21), l is thesolutionof thesystem:

HB6 T
x �@?A������� 0 �����'��� 0 �����'��� 1B T � (23)

hencel̄ � FD(
v1 ) t * (i.e., the Fourier coefficientsof v1

�
t � ) is the

solutionof :
HB6DC

x ��?4�����E� 0 �����	��� 0 �����'��� 1B T � (24)

Remark 2.4 Theaugmentedharmonicbalancematrix
:
HB6

, with

p � 1 C
1

U
FD(

e1, arisesnaturally as the Jacobianmatrix of the
oscillator’s steady-stateequationsaugmentedby a phasecon-
dition, with the frequencyof oscillation as an additional un-
known(e.g., [7, 6]). Hence,from(24), theFourier coefficients
of v1
�
t � canbeobtainedfroma singlesolutionof thehermitian

of theaugmentedharmonicbalanceJacobianof theoscillator,
with right-hand-side equalto a unit vectorwith value1 in the
phaseconditionequation. By exploiting circulant approxima-

tions to
HB6

and applying iterative linear methodsto solve(23)
(e.g., [5, 9]), thiscomputationbecomesapproximatelylinear in
thesystemsize.

We notethat the accuracy of the calculation(24) is domi-
natedprimarily by thesmallestof thenon-oscillatoryeigenval-
uesµ2 ��������� µm

2. For high-Q oscillators,someof theseeigen-
valuescanbe very closeto zerothemselves. Sincefinding the
steady-statesolutionof theoscillatoris itself dependenton ac-
curatesolutionswith theaugmentedHB matrix, it is to be ex-
pectedthat v1

�
t � will also be found to a similarly acceptable

accuracy. This indicatesthatthemainissuein calculatingv1
�
t �

by (24) is theaccurateformationof, andsolutionwith, theaug-
mentedHB matrix– atask thathasalreadybeenaccomplished
duringsteady-statesolution.

Directapproachesto calculatingv1
�
t � , basedon finding the

1-eigenpairof thesystem’s state-transitionor monodromyma-
trix, do not exploit theaccuracy of thesteady-statecalculation
to thesameextent as(24). In theabsenceof a periodicitycon-
dition, transientintegrationerrorscanaccumulatein computing
the monodromymatrix, causingthe oscillatory eigenvalue to
becomenumericallyindistinguishablefrom other eigenvalues
closeto 1. Henceseveral eigenvectorscorrespondingto mul-
tiple eigenvaluescloseto 1 oftenneedto befound,followedby
subsequentselectionof v1 usingthe criterion of orthogonality
with C

�
t � ẋs
�
t � . It is interestingto notethat this orthogonality

criterion is effectively embeddedinto (24), due to augmenta-
tion with p; asaresult,calculationof multipleeigenvectorsand
subsequentselectionis eliminated.

2.2 Time-domaincomputations
Time-domain computationsare useful for systemswith

strongnonlinearities,suchasring oscillators. We first estab-
lish somenotation.

Definition 2.5 Denoteby F t0 ��������� tN � 1 G a setofN orderedsam-
plepointsof theinterval ? 0 � T � .
Definition 2.6 GivenanyT-periodicvectoror matrixA

�
t � , de-

fine

TD(
A ) t * � +,,- A

�
t0 �

A
�
t1 �
...

A
�
tN � 1 �
.�//0 (25)

Definition 2.7 givenanyT-periodicmatrix or vectorA
�
t � , de-

finetheblock-diagonalmatrix of its samplesto be

H
A ) t * � +,,- A � t0 � A

�
t1 �

. . .
A
�
tN � 1 �
.�//0 (26)

Lemma 2.6 If X
�
t � andY

�
t � are T-periodic vectorsor matri-

ces,andZ
�
t ��� X

�
t � Y � t � , then

TD(
Z ) t * � H X ) t * TD(

Y ) t * (27)H
Z ) t * � H X ) t * H Y ) t * (28)

2 Theµ1 I 0 eigenvalueof the non-augmentedHB Jacobianis shiftedto a
non-zerovalueby theaugmentation,resultingin anon-singularaugmentedHB
Jacobian.



Lemma 2.7 If X
�
t � is a T-periodicvectoror matrix, then

TD(
Ẋ ) t * � TD

Ω
TD(

X ) t * (29)

where
TD

Ω is a time-domaindifferentiationmatrix corresponding

to a linear multistepformula.For example,
TD

Ω for theBackward
Euler methodis:

TD

ΩBE � +,- ) T � tN J 1 * In ) t1 � t0 * In ... ) tN J 1 � tN J 2 * In
. /0 � 1 +- In � In� In In

...
...� In In

.0
We now establishthetime-domainanalogueof (20):

Theorem 2.3 2
TD

Ω
H

C ) t * � H G ) t *&3� ��� �
TD5

f

TD(
u1 ) t * � 0 (30)2 H

CT ) t * TD

Ω � H GT ) t * 3� ��� �
TD5

r

TD(
v1 ) t * � 0 (31)

TD6
f and

TD6
r aretheforwardandreversetime-domainJacobianma-

trices,respectively. Next, considertheaugmentedJacobian:

Definition 2.8 :
TD6

r � ; TD6
r p

qT r = (32)

where p andq are columnvectorsandr is a scalar.
:
TD6

r is there-
versetime-domainJacobianmatrix augmentedwith a row and
column,chosento makeit nonsingular.

Solving the following augmentedJacobiansystemresultsdi-
rectly in thePPVv1

�
t � :

Theorem 2.4 If q � TD( ) C) t * u1 ) t *K* � H C
H

U
TD(

e1 and
:
TD6

r is nonsin-
gular, :

TD6
r � xy! � � 0N ! (33)

hassolutionx � TD(
v1 ) t * � y � 0.

As in thefrequency-domaincase,theequationsystem(33) can
besolvedefficiently with iterativemethods,asa final stepafter
solvingthetime-domainsteady-stateequationsof thesystem.

3 Evaluation of the new technique
To evaluatethe new method,it wascomparedagainstthe

establishedmethodthatusesmonodromymatrix eigendecom-
position.Thesteady-stateof a tank-circuit-basedoscillatorwas
computedusing Harmonic Balancewith m � 31 harmonics,
resultingin N � 63 distinct frequency components.The fre-
quency of oscillation f0 was159154� 853364298Hz. Thetime-
domainvoltagewaveform at the tank capacitor, and the cur-
rentsthroughthe inductorandpower supplyareshown in Fig-
ure1, Figure2, andFigure3 respectively.
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Figure1: Oscillatorsteady-state:voltageatcapacitor
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Figure2: Oscillatorsteady-state:currentthroughinductor
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Figure3: Oscillatorsteady-state:currentthroughvdd
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Figure4: Capacitornodeof PPVsv1d andv1m

The PPV v1
�
t � was first determinedthrough the time-

domainmonodromymatrix by computingits 1-eigenpairus-
ing iterative linearmethodsfollowedby manualselectionfrom
amongcandidateeigenpairs.Theeigenvectorthusobtainedwas
thenusedasaninitial conditionfor a transientsimulationof the
adjointsystem,usinga time-stepcorrespondingto anoversam-
pling factorof 4 (i.e., 4N timepoints)to limit accuracy lossfrom
linear multistepformulaefor DAE solution. The resultof this
transientsimulation,after normalization,is the conventionally
computedPPV. We referto asv1m

�
t � .

Thenew methoddescribedabove simplycomputesthesys-
tem (24) directly from the oscillator’s harmonicbalanceJaco-
bian, with a single iterative linear solve. No oversamplingis
usedby the method. The PPV obtainedin this manneris de-
notedby v1d

�
t � .

Figure4, Figure5, andFigure6 depict thecomponentsof
v1d
�
t � (solid red line) andv1m

�
t � (blue L marks)correspond-

ing to the capacitornode,the inductorcurrentandthe power
supplycurrent,respectively. It canbeseenthatthePPVwave-
formsproducedby thetwo methodsarevisually indistinguish-
ablefrom eachother.

A morecritical assessmentof thetwo methodscanbemade
usingthe fact that uT

1

�
t � v1
�
t ��M 13. We plot the error εd

�
t �D�NN uT

1
�
t � v1d
�
t �"� 1

NN vs εm
�
t ��� NN uT

1
�
t � v1m
�
t �"� 1

NN in Figure7. The
solidredline indicatesεd

�
t � , theerrorof thenew method,while

the blue L marks indicate εm
�
t � . The new methodis about

2 ordersof magnitudemoreaccuratethanmonodromymatrix
eigendecomposition,despitethe4 L oversamplingusedby the
lattermethod.
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A Matrix notation for Jacobians

Lemma 2.3 If X
�
t � andY

�
t � are T-periodicvectorsor matri-

ces,andZ
�
t ��� X

�
t � Y � t � , then

FD(
Z ) t * � 1 X ) t * FD(

Y ) t * (34)1
Z ) t * � 1 X ) t * 1 Y) t * (35)

Proof: Fromdefinition,

∑
i

Zie
j iω0t � ∑

k T l XkYl e
j ) k U l * ω0tV Zi � ∑

l

Xi � lYl � (36)

(12) followsdirectly.
Next, we rewrite (36) as

Zi U k � ∑
l

Xi �#) l � k *Yl� ∑
l W � l � kXi � l WYl W U k � (37)

(37) yields the kth block-columnof
1

Z ) t * , hence(13) fol-
lows.

Lemma 2.4 If X
�
t � is a T-periodicvectoror matrix, then

FD(
Ẋ ) t * � FD

Ω
FD(

X ) t * (38)1
Ẋ ) t * � FD

Ω
1

X ) t * � 1 X ) t * FD

Ω (39)

where

FD

Ω � jω0

+,,,,,,,,-
. . .

2In
In

0 � In � 2In
. . .

.�////////0 (40)

Proof: Using

Ẋ
�
t ��� ∑

i
j iω0Xie

jω0it �
(14) and(15) maybeverifieddirectly.

Lemma 2.6 If X
�
t � andY

�
t � are T-periodic vectorsor matri-

ces,andZ
�
t ��� X

�
t � Y � t � , then

TD(
Z ) t * � H X ) t * TD(

Y ) t * (41)H
Z ) t * � H X ) t * H Y ) t * (42)

Proof: Followsdirectlyfrom definitionof
TD(

and
H

.

Lemma 2.7 If X
�
t � is a T-periodicvectoror matrix, then

TD(
Ẋ ) t * � TD

Ω
TD(

X ) t * (43)

where
TD

Ω is a time-domaindifferentiationmatrix corresponding

to a linear multistepformula.For example,
TD

Ω for theBackward
Euler methodis:

TD

ΩBE � +,- ) T � tN J 1 * In ) t1 � t0 * In ... ) tN J 1 � tN J 2 * In
.�/0 � 1 +- In � In� In In

...
...� In In

.0
Proof: Follows directly from the definitionsof

TD(
and

TD

Ω and
linearmultistepformulaefor differentiation.
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