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Abstract
This work addresses the problem of noise analysis of phase locked

loops (PLLs). The problem is formulated as a stochastic differential equa-
tion and is solved in presence of circuit white noise sources yielding the
spectrum of the PLL output. Specifically, the effect of loop filter charac-
teristics, phase-frequency detector and phase noise of the open loop volt-
age controlled oscillator (VCO) on the PLL output spectrum is quantified.
These results are derived using a full nonlinear analysis of the VCO in the
feedback loop and cannot be predicted using traditional linear analyses or
the phase noise analysis of open loop oscillators. The computed spectrum
matches well with measured results, specifically, the shape of the output
spectrum matches very well with measured PLL output spectra reported
in the literature for different kinds of loop filters and phase detectors. The
PLL output spectrum computation only requires the phase noise of the
VCO, loop filter and phase detector noise, phase detector gain and loop
filter transfer function and does not require the transient simulation of the
entire PLL which can be very expensive. The noise analysis technique is
illustrated with some examples.

1 Introduction
Phase and delay locked loops (PLL and DLL) are extensively used in

microprocessors and digital signal processors for clock generation and as
frequency synthesizers in RF communication systems for clock extraction
and generation of a low phase noise local oscillator signal from an on-
chip voltage controlled oscillator (VCO) which might have a higher open-
loop noise performance. The basic block diagram of a PLL is shown in
Figure 1. The phase of a local VCO signal is compared with the phase of a
(hopefully) low noise reference signal and the difference of the two phases
is low-pass filtered and applied to the controlling node of the VCO. If the
input signal frequency is within the VCO tuning range, the VCO output
is also “locked” to the same frequency as the input signal and the phase
difference between the two signals is very small. In RF communication
systems, frequency synthesizer noise directly degrades the overall noise
performance of the system. Similarly, timing jitter in phase-locked loops
of high performance processors degrades the timing margins of the overall
design. Hence accurate prediction of PLL noise performance is critical for
the design of these systems.

Noise generation mechanisms for PLLs and DLLs are very different.
In a DLL, the voltage noise from each of the delay stages accumulates
for one period of the input reference signal and then the output phase
is aligned with the input signal phase. On the other hand, in a PLL, a
VCO is present in the feedback loop and the difference in the phase of the
reference and the VCO signal is filtered and used as the control signal of
the VCO. Hence the difference of the phase noise of the reference signal
and the VCO output acts asoneof the noise sources for the VCO. This
paper addresses the problem of noise analysis of phase-locked loops.

The starting point of this work is [1, 2] where noise analysis of open
loop oscillators based on a novel perturbation analysis of oscillatory sys-
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Figure 1: PLL block diagram

tem of equations was presented. However, the PLL is a phase feedback
system and special techniques are required for solving the associated sys-
tem of equations. In this work, a system of stochastic differential equa-
tions governing the behaviour of the PLL VCO phase are developed. The
PLL is assumed to be locked to a reference periodic signal which is as-
sumed to have Brownian motion phase deviation. It is shown in Section 3
that the PLL output phase, in locked condition, is a sum of two stochas-
tic processes: the Brownian motion phase deviation of the reference sig-
nal and one component of an appropriate multi-dimensionalOrnstein-
Uhlenbeckprocess. Similar to [2], it is shown that the PLL output is
asymptoticallywide-sense stationary. Using the statistics of the phase de-
viation process, a general expression for the power spectral density (PSD)
of the PLL output is obtained. This expression is used to derive the PSD
of PLL output for some specific loop filter configurations in Section 4.
From the output spectrum, it can be observed that that the PLL output
PSD closely follows the reference signal spectrum for very small offset
frequencies and follows the open loop VCO output spectrum for high off-
set frequencies. This fact has been experimentally observed and widely
reported in the literature. Finally, experimental results on an example cir-
cuit are presented in Section 5.

2 Previous Works

Noise analysis of PLLs is probably the least understood topics in RF
noise analysis. Some existing works present an intuitive explanation of
how various noise sources affect the overall noise of PLL [3, 4, 5, 6, 7].
Techniques borrowed from linear noise analysis are used to predict the
output phase noise spectrum and the relative importance of VCO phase
noise, reference signal phase noise and noise in the phase detector and
loop filter as a function of the loop bandwidth [5, 7, 8, 9]. Output char-
acteristics of sampling PLLs has also been analyzed in presence of white
noise at the PLL input [10, 11]. However, the PLL circuit noise and refer-
ence signal phase noise have not been considered. In all these approaches,
a precise mathematical characterization of the noisy PLL output and quan-
tification of how much each noise sources contribute to the PLL output
noise is not present. Moreover, it has been shown [1, 2] that noise genera-
tion in an oscillator is inherently a nonlinear phenomenon and linear noise
analysis techniques for circuits containing VCOs are not rigorously justi-
fied. Also the VCO output itself is a stochastic process and VCO phase
noise cannot be viewed as an additive noise source. Similarly, translation
of random phase deviations in the VCO phase to the VCO output PSD is
a nonlinear phenomenon and the use of linear analysis based techniques
for this purpose is also not justified. Behavioural level noise analysis tech-
niques for PLLs have also been reported [12, 13] which can also include
power supply noise [14, 15]. However, numerical integration involved in
such methods can be expensive. Also the oscillator phase noise models
used in these works [14] is not rigorously justified. The VCO modelled
in these works is a ring oscillator and it is not clear how to extend this
approach to PLLs with other kinds of VCOs such as one based on LC
tank.

3 PLL Noise Analysis

Let the input reference signal of the PLL in Figure 1 be periodic with
periodT, i.e., of angular frequencyω0 = 2π

T . Since this reference is also
generated by a real oscillator, it also has Brownian motion phase error



αin(t) [1]. I.e., the reference signal is of the formxin(t + αin(t)) where
αin(t) =

√
cinBin. Bin(t) is a one-dimensional Brownian motion process.

Note that throughout this discussion, “phase” has units of time. Phase in
radians can be recovered by multiplyingα(t) by the appropriate angular
frequencyω. The advantage of using this formulation is that the process
of zero-delay frequency division of either the reference signal or the VCO
output does notaffect the analysis presented below (except for adding
more noise).

Noise analysis of the open loop VCO yields that [1, 2] the phase devia-
tion of the VCO output is governed by the followingstochastic differential
equation

dαopen loop vco

dt
= vT(t + αopen loop vco(t))ξp(t) (1)

whereξp(t) ∈ Rp is a vector ofp uncorrelated VCO white noise sources
andv(·) ∈ Rp =

[
v1(·) v2(·) . . . vp(·)

]
is a periodic function which

depends on the noise source intensities and the response of the linearized
oscillator circuit [1]. It was shown that asymptoticallyαopen loop vco(t)
becomes a Brownian motion process whose variance increases linearly
with time at a ratec, i.e., αopen loop vco=

√
cB(t), wherec is the time

average of the inner product of the vectorv(·). The noisy oscillator output
was shown to be of the formxs(t + αopen loop vco(t)) wherexs(t) is the
noiseless periodic steady-state response of the oscillator.

In a phase-locked loop, the difference of the reference and the VCO
phase is filtered and applied to the VCO control node. Hence (1) is modi-
fied as follows:

dαvco

dt
= vT(t + αvco(t))ξp(t)+vcontrol(t + αvco(t))γ(t) (2)

Hereγ(t) is VCO input andvcontrol(·) ∈R is the component ofv(·) which
corresponds to a unit noise source present at the control node of the VCO.
The form of (2) is valid only if the variance ofγ(t) is bounded for allt. If
this is not the case, perturbation analysis on which (1) and (2) are based
becomes invalid. Note that the input in (2) is a stochastic process and
therefore this equation is stochastic differential equation and techniques
from stochastic calculus need to be used to solve this equation [16, 17].

Now the important assumption that the PLL is in lock with the reference
signal is introduced. By this, it is implied that the VCO output islocked
to the same frequency as the reference signal1. Defineβ(t) as follows:

β(t) = αvco(t)−αin(t) (3)

Further, it is also assumed thatβ(t) hasboundedvariance for allt. This
assumption implies that the uncertainty in the phase of the PLL output
grows only as fast as the uncertainty in the reference signal phase. If this
is not the case, the PLL goes out of lock once the phase difference exceeds
a certain critical value. Noise analysis of PLLs seems to be of little use
when the VCO is not locked to the reference.

It should be mentioned that there exists a non-zero probability with
which the PLL goesout of lock, even in the presence of small noise [18,
19]. This probability and the associatedfirst exit timeout of thebasin
of attraction (i.e., locked state) can also be calculated for these systems
using large deviation techniques [19]. However, this probability is very
small and this case will not be considered here.

Sinceγ(t) is a filtered versions ofβ(t), β(t) andγ(t) are related by the
following differential equation

G
dx
dt

= Ex+Fξq(t) (4)

wherex =
[
β(t) γ(t) . . .

]T is a vector of state variables,x∈ Rn, n =
1+ ol p f , ol p f > 0 is the order of the low pass filter2, G, E ∈ Rn−1×n

andF ∈ Rn−1×q, q is the number of noise sources in the low pass filter
1Or a multiple thereof if frequency dividers are used.
2The formulation in (4) may not be valid when the loop filter is not present. This case is

discussed separately in Section 4.

and the phase detector. Note that the coefficient matricesG, E andF are
independentof time. This assumes that the reference signal frequency
is not drifting with time and the VCO remains locked to the reference.
This implies that the variations around the VCO control voltage are very
small. This also follows from the assumption that in locked stateγ(t) has
bounded variance. If the filter transfer function is stable, bounded variance
of γ(t) also implied bounded variance ofβ(t).

PLL noise analysis now proceeds as follows:

1. (2), (3) and (4) are solved using stochastic differential equation tech-
niques and an expression ofβ(t) is obtained.γ(t) and other compo-
nents ofx are not required for the output spectrum calculation and
need not be computed separately.

2. Since αvco(t) is a stochastic process, PLL VCO outputxs(t +
αvco(t)) is also a stochastic process. Using the expression ofβ(t)
obtained in step 1, the following autocorrelation can be computed

Rxs,xs(t,τ) = E [xs(t + αvco(t))xs(t + τ + αvco(t + τ))]

3. It can be shown that the asymptoticallyRxs,xs(t,τ) is independent
of t, i.e., the PLL VCO output is awide-sense stationarystochastic
process. The PSD of this output is computed using the stationary
autocorrelation function computed in step 2.

3.1 Solution of the PLL Phase Equation
Using the fact thatαin(t) is a scaled Brownian motion process, (2) can

be rewritten as

dβ
dt

= vT(t + αin(t)+ β(t))ξp(t)

+vcontrol(t + αin(t)+ β(t))γ(t)−
√

cinξin(t)
(5)

whereξin(t) is the white noise process which is the time-derivative of
Bin(t). If only the asymptotic behaviour ofβ(t) is of interest, (5) can be
simplified using the averaging principle for stochastic differential equa-
tions [20]. According to this principle, sinceαin(t) is a scaled Brownian
motion process, i.e., its variance grows unbounded with time,v(·) is peri-
odic in its argument andβ(t) is assumed to have finite variance for allt,
the asymptotic behaviour ofβ(t) is governed by the following differential
equation3

dβ
dt

= CT
vcoξp(t)+

√
ccontrolγ(t)−

√
cinξin(t) (6)

whereCT
vco=

[√
c1
√

c2 . . .
√

cp
]T , ci = 1

T

∫ T
0 v2

i (t)dt andccontrol =
1
T

∫ T
0 v2

control(t)dt.
(4) and (6) can be combined to obtain a linear differential equation

of the form ẋ = −Ax+ Dξp+q+1, for appropriateA ∈ Rn×n and D ∈
R

n×(p+q+1) whereξp+q+1(t) =
[
ξp(t) ξq(t) ξin(t)

]T is a vector of
(p+q+1) uncorrelated white noise processes. This equation can be writ-
ten in stochastic differential equation form as

dx =−Axdt +DdBp+q+1(t) (7)

whereBp+q+1(t) is a(p+q+1)-dimensional Brownian motion process.
(7) is linear inx with constant coefficients. Hence traditional linear

noise analysis techniques can be used to find the spectrum ofβ(t). How-
ever, what is actually needed are the second order statistics ofβ(t) which
can be used to compute the autocorrelation function of the VCO output.

(7) is known as ann-dimensionalOrnstein-Uhlenbeckprocess [17] and
its variance is bounded if the real parts of the eigenvalues ofA are positive.
Similar to the ordinary differential equation case, the solution of (7) can
be written as [16]

x(t) = DBp+q+1(t)−
∫ t

0
Aexp(A(s− t))DBp+q+1ds

3I.e., the trajectory ofβ(t) in (5) converges to the solution of (6) with probability 1.



It can be shown that [17]

E

[
x(t1)xT(t2)

]
=
∫ min(t1,t2)

0
exp(A(s− t1))DDT exp

[
AT(s− t2)

]
ds

It therefore follows that

E [β(t1)β(t2)] =
∫ min(t1,t2)

0
eexp(A(s− t1))DDTexp

[
AT(s− t2)

]
ds eT (8)

wheree=
[
1 0 . . . 0

]
.

Similarly it can be shown that4

E [β(t1)αin(t2)] = e
√

cinA−1exp(Amin(0, t2− t1))D f (9)

where f =
[
0 . . . 0 1

]T . Let A be diagonalized asA = WΛW−1

whereΛ = diag(λ1, . . . ,λn) is a diagonal matrix of eigenvalues ofA and
W is a matrix of the corresponding eigenvectors. Then

E [β(t1)αin(t2)] =
n

∑
i=1

µi exp(−λi min(0, t2− t1)) (10)

for appropriate value ofµi (see Appendix A).
Also asymptotically,

E [β(t1)β(t2)] =
n

∑
i=1

νi exp(−λi |t1− t2|) (11)

for appropriate value ofνi (see Appendix A).

3.2 PLL Output Spectrum

The expectations in the previous section can be used to obtain the auto-
correlation function and the power spectral density of the PLL output. Re-
call that the VCO output, in presence of phase deviationαvco(t) is given by
xs(t + αvco(t)) wherexs(·) is theT-periodic noiseless output of the VCO
which is locked to the reference signal. Sinceαvco(t) is a stochastic pro-
cess,xs(t +αvco(t)) is also a stochastic process. Sincexs(t) is T-periodic,
it can be expanded in a Fourier series as

xs(t) =
∞

∑
i=−∞

Xi exp( jiω0t)

The autocorrelation function of the VCO output can now be computed as
follows

Rxs,xs(t,τ) =
∞

∑
i,k=−∞

XiX
∗
k exp( j(i−k)ω0t)exp(− jkω0τ)

E

[
exp
(

jω0(iαvco(t)−kαvco(t + τ))
)]

HereX∗k is the complex conjugate ofXk. It can be shown thatαvco(t) is a
zero mean Gaussian process and therefore

E

[
exp
(

jω0(iαvco(t)−kαvco(t + τ))
)]

= exp

(
−1

2
ω2

0σ2(t,τ)
)

where σ2(t,τ) = E

[
[iαvco(t)−kαvco(t + τ)]2

]
. Using (10) and (11),

σ2(t,τ) can be evaluated as

σ2(t,τ) = (i−k)2cint +k2cinτ−2ikmin(0,τ)−2ik
n

∑
l=1

µl

−2ik
n

∑
l=1

(µl + νl )exp(−λl |τ|)+(i2 +k2)
n

∑
l=1

(νl +2µl )

4There is also an exp(−At1) term in this expression which vanishes asymptotic ifA has
eigenvalues with positive real parts.

Substituting the above expression ofσ2(t,τ) in the autocorrelation ex-
pression, note thatRxs,xs(t,τ) vanishes asymptotically fori 6= k, since
exp(−0.5(i− k)2ω2

0cint) drops to zero asymptotically. Hence only terms
corresponding toi = k survive. Therefore

Rxs,xs(t,τ) =
∞

∑
i=−∞

XiX
∗
i exp(− jiω0τ)exp

[
−1

2
ω2

0i2
[
cin|τ|

+2
n

∑
l=1

(νl +µl )
[
1−exp(−λl |τ|)

]]] (12)

Note that the autocorrelation function of the output is asymptotically
independent oft, i.e., the PLL output is wide-sense stationary. A similar
observation was made in [1, 2] for open loop oscillators. The Fourier
transform of (12) which is the PSD of the output is given by

Sxs,xs(ω) =
∞

∑
i=−∞

∞

∑
k1,...,kn=0

2XiX
∗
i exp

[
−ω2

0i2
n

∑
l=1

(µl + νl )

]
[
∏n

l=1

[
i2ω2

0(µl + νl )
]kl
]( 1

2ω2
0i2cin + ∑n

l=1kl λl
)

[
∏n

l=1kl !
][( 1

2ω2
0i2cin + ∑n

l=1kl λl
)2

+(ω + iω0)2
] (13)

In practice, one is usually interested in the the PSD around the first har-
monic which is defined (in dBc/Hz) as

10log10

(
Sxs,xs(ω−ωo)
|X1|2

)
4 PLL Examples

While (13) is valid for any loop filter transfer function, it offers little
insight into the actual nature of the output spectrum. It this section, four
specific examples of loop filters will be presented and their corresponding
PLL output spectrum will be computed. Even for these simple examples,
the computed PLL output PSD is remarkably similar in shape to measured
results. For simplicity, phase detector and loop filter will be assumed to
be noiseless. A circuit level example will be presented in Section 5.

4.1 PLL without loop filter
First consider the simplest of PLLs, one without a loop filter. In this

caseγ(t) = −kpdβ(t) wherekpd is the phase detector gain. Hence (6)
becomes

dβ
dt

=−√cpll β +CT
vcoξp(t)

where√cpll = kpd
√

ccontrol. Also letcvco = ∑i ci . Therefore,λ1 =√cpll .
Also D =

[
CT

vco −√cin
]
. For this example, it can be shown thatν1 =

DDT
√

cpll
= cin+cvco√

cpll
andµ1 = − cin√

cpll
. The resulting output spectrum around

the first harmonic is shown in Figure 2 forω0 = 1010 rad/sec,cin = 10−25

sec,cvco = 10−19 sec, andcpll = 1011 1/sec2. This corresponds to a phase
noise performance of−130 dBc/Hz at 104 rad/sec offset for the reference
signal,−70 dBc/Hz for the open loop VCO and−97 dBc/Hz for the PLL.
Also shown in the figure are PSDs of the reference input signal and the
open loop VCO output. Note that the PLL output spectrum follows that
reference input signal spectrum for low offset frequencies and open loop
VCO spectrum for large offset frequencies. In between, the output spec-
trum is almost constant. Note that the offset frequency beyond which the
PLL output spectrum follows the open loop VCO spectrum is approxi-
mately√cpll , i.e., thebandwidthof the PLL. Also note that at high offset
frequencies, the PLL output PSD is slightly higher than the open loop
VCO spectral density. This is because there is no loop filter present in the
circuit to remove the high frequency noise component of the phase noise
of the reference signal. In the next few examples, where a loop filter is
included, the PLL output coincides with the open loop VCO output for
high offset frequencies.
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Figure 2: PSD of PLL output with no loop filter
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Figure 3: PSD of PLL output with a first order filter

4.2 PLL with first order filter
For this case,β(t) andγ(t) are related by the following equation

1
ωl p f

dγ
dt

+ γ(t) =−kpdβ(t)

whereωl p f is the corner frequency of the low pass filter. (6) can therefore
be written as

d
dt

[
β
γ

]
=−

[
0 −√cpll

ωl p f ωl p f

][
β
γ

]
+
[
CT

vco −√cin
0 0

][
ξp(t)
ξin(t)

]
whereγ(t) = γ(t)/kpd and5, as before,√cpll = kpd

√
ccontrol. The eigen-

values of theA matrix are given by

λ1,2 =
ωl p f ±

√
ω2

l p f −4ωl p f
√

cpll

2

For this PLL it can be shown thatµ1 = cinλ2
(λ1−λ2)λ1

, µ2 = cinλ1
(λ2−λ1)λ2

, ν1 =
cin+cvco

(λ1−λ2)2

(
λ2

2
2λ1
− λ1λ2

λ1+λ2

)
andν2 = cin+cvco

(λ1−λ2)2

(
λ2

1
2λ2
− λ1λ2

λ1+λ2

)
.

The resulting output spectrum around the first harmonic is shown in
Figure 3. The loop filter corner frequency is chosen to be 105 rad/sec. All
other parameters are the same as in Section 4.1. Note that the addition
of the loop filter introduces a bump in the flat portion of the spectrum.
This bump becomes more pronounced as the bandwidth of the loop filter
is decreased. Also the PSD is lower than in Figure 2 for the flat portion of
the spectrum. The phase noise performance at 104 rad/sec offset is−104
dBc/Hz.

5This scaling also helps the numerical stability of this computation.
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Figure 4: Charge Pump PLL spectrum

4.3 Charge Pump PLL (CPPLL)

The phase detectors described in Sections 4.1 and 4.2 suffer from the
limitation that the phase difference between the input and the VCO output
is not zero in steady state. Zero phase error can be accomplished by us-
ing an integrator after the linear phase detector (also known as the charge
pump phase detector). However, this degrades the stability of the loop.
This stability is recovered by introducing an additional zero in the charge
pump transfer function. The filter is realized in practice by using the se-
ries combination of a capacitor and a resistor. The charge pump can be
modelled by a linear transfer function of the formkpd

s+ω1
s whereω1 is

the zero frequency. After some rearranging, (6) can be written as

d
dt

[
β
γ

]
=−

[
0 −√cpll

ω1
√

cpll

][
β
γ

]
+
[

CT
vco −√cin
−CT

vco
√

cin

][
ξp(t)
ξin(t)

]
whereγ(t) and√cpll are defined as before.

The resulting output spectrum around the first harmonic is shown in
Figure 4 using the same parameters as in Section 4.2. Note that as the
offset frequency is reduced, the output PSD initially follows the VCO
spectrum, flattens out at a certain level, drops and then starts following
the reference signal spectrum. At 104 rad/sec offset frequency, the PSD is
−103 dBc/Hz.

The above charge pump suffers from a critical effect. Since the charge
pump drives the series combination of a resistor and a capacitor, each time
a current is injected in the filter, the control voltage experiences a large
jump which is detrimental for the transient behaviour of the VCO [21].
Therefore a second capacitor is usually placed in parallel to the series
combination of the resistor and capacitor to suppress the initial step. The
overall charge pump can be modelled by a linear transfer function of the
form kpd

ω1+s
s(1+s/ω2) . Note that the loop is nowsecond order. After some

rearranging, (6) can be written as

d
dt

β
γ
δ

=−

 0 −√cpll 0

0 0 −1

ω1ω2 ω2
√

cpll ω2

β
γ
δ

+

 CT
vco −√cin

0 0

−ω2CT
vco ω2

√
cin

[ξp(t)
ξin(t)

]

The resulting output spectrum around the first harmonic is shown in
Figure 5 using the same parameters as the previous CPPLL andω2 =
20ω1. Note that the second capacitor again introduces a bump in the
output PSD of the CPPLL. Asω2 is reduced, the bump becomes more
pronounced. At 104 rad/sec offset frequency, the PSD is−103 dBc/Hz.

5 Experimental Results

The algorithm for computing the PLL output spectrum is implemented
in MATLAB . From (6) it follows that the noise analysis of the VCO need
not be a part of the PLL noise analysis. The VCO parameters required
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Figure 5: Charge Pump PLL spectrum (second order loop filter)
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Figure 6: Loop filter reported in [22]

for PLL noise analysis arecvco = ∑i ci andccontrol and these can be com-
puted separately for the open loop VCO using techniques presented else-
where [1]. Also note that the size of theA matrix in (7) is very small
(typical values ofn are 4-5). Even if an active loop filter is used [7], a
separate transfer function analysis of the loop filter can be carried out to
determineG, E andF matrices in (4). Therefore the spectrum calculation
involves the diagonalization of a very small matrix and this process is very
efficient. In practice, the infinite summations in (13) are truncated to some
finite integer. Unlike noise analysis of other periodic circuits, PLL noise
analysisdoes notrequire a transient analysis of the entire circuit. Tran-
sient analysis of a PLL is very expensive because of widely separated time
constants present in the circuit and CPU times of the order of a few hours
are common6. Assuming that the PLL locks to the reference frequency,
the VCO control voltage can be computed such that the VCO output is also
at the appropriate frequency and its noise analysis can then be performed.
The charge pump phase frequency detector (PFD) consists of digital cir-
cuits as well (flip-flops). Therefore the overall characteristics of a PDF is
very nonlinear. However, this nonlinearity manifests itself only when the
phase difference between the VCO output and the reference signal is large
and affects the settling and acquisition behaviour of the PLL but itdoes
not affect the noise analysis. PLL noise analysis can therefore be viewed
as being performed at thesystem levelwithout necessarily requiring the
transistor level description of the entire circuit. This is possible due to the
unique nature of PLL where the loop filter path has very slowly varying
signals when the PLL is locked and the VCO noise can be characterized
completely using very few parameters [1].

Measured PLL output spectra are widely reported in the literature [7,
23, 24, 22]. However, only Parker and Ray [22] were considerate enough
to report the details of the open loop VCO spectrum, loop filter implemen-
tation and the charge pump, therefore their circuit will be used as an exam-
ple. The phase noise of the 1.6 GHz open loop oscillator was measured at
−99 dBc/Hz at 100 kHz offset. This corresponds tocvco= 4.9177×10−19

sec.7 The loop filter used in that work is shown in Figure 6 which creates
a three pole one zero network. Therefore the phase detector/loop filter

6Transient analysis may be required anyway for predicting the transient behaviour of the
PLL.

7Oscillator phase noise in dBc/Hz at largeωoffset is given by 10log10cvco

(
ω0

ωoffset

)2
[1, 2].
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Figure 7: Plot of the open and closed-loop VCO spectra
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Figure 8: Linear transfer function ofβ(t)

transfer function is given by

VC(s)
φe(s)

=
IpR1C1

2π(C1+C2+C3)

s+ 1
R1C1

1+sR1C1(C2+C3)+R2C3(C1+C2)
C1+C2+C3

+s2 R1R2C1C2C3
C1+C2+C3

For this filter IP = 25 µA, C1 = 50 pF,C2 = C3 ≈ 3.5 pF andR1 = 50

kΩ and the reference signal frequency is1
26

th
of the VCO frequency. The

choice ofR2 is such that the bandwidth of the overall filter is not affected.
In this analysis, noise due to the resistors present in the loop filter and the
transistors present in the charge pump is also considered. Figure 7 shows
the PLL output spectrum as a function of offset frequency. The simu-
lated spectrum compares very well with the measured spectrum reported
by Parker and Ray [22]. They reported a 9 dB peaking of the PLL out-
put above the open-loop oscillator noise at 200 kHz offset. The simulated
spectrum displays about 7.5 dB peaking at this offset frequency. This dif-
ference can be attributed to the simplified model of transistor noise used
in the current work. Also shown in the figure is the PLL spectrum con-
sidering VCO noise only. It is evident that at small offset frequencies,
noise contributions of the loop filter resistors and the phase detector is
non-negligible.

In order to contrast this apporach with existing techniques, it is instruc-
tive to re-investigate (4) and (6). (4) states thatγ(t) is a filtered version of
β(t), i.e., they are input and output of a linear filter with transfer function
H(s). (6) states thatβ(t) is an integrated version ofγ(t). Therefore the
excess phaseβ(t) can be viewed as an output of a linear time-invariant
system shown in Figure 8. Hereξl p f denotes the equivalent noise at the
input of the filter,ξpd denotes the equivalent output noise of the phase
detector,ξvco denotes the equivalentVCO white noise sources(scaled by
appropriate

√
cis) andξre f is the equivalent white noise source which is

time derivative of the Brownian motion phase deviation of the reference.
This can also be expressed in transfer function form as

Sβ(ω)=
∣∣∣∣ √ccontrolH( jω)

jω+H( jω)√cpll

∣∣∣∣2Spd,lpf (ω)+
∣∣∣∣ 1

jω+H( jω)√cpll

∣∣∣∣2Svco,ref (ω) (14)

whereS(ω) denotes the PSD of the corresponding stochastic processes.
Even though the quantity of interest is the spectrum ofxs(t + αin(t) +
β(t)), (14) can be used to minimize the noise power ofβ(t) and therefore



the noise power ofxs(t + αin(t)+ β(t)). (14) also indicates precisely how
various noise sources present in the PLL contribute to the excess phase.
For instance, it can be observed that the transfer function of VCO and
reference signal noise isidentical. This is in sharp contrast to the results
due to existing linear analyses [7, 12] which predict that these transfer
functions would be different.

6 Conclusions
In conclusion, a noise analysis technique for PLLs in presence of circuit

white noise sources and Brownian motion phase deviation in the reference
signal is presented. The problem is formulated as a stochastic differen-
tial equation and techniques for obtaining the asymptotic solution of this
equation are discussed. It is shown that in the locked state, the PLL output
phase can be expressed as a sum of the reference signal phase (Brown-
ian motion process) and one component of a multi-dimensional Ornstein-
Uhlenbeck process which has asymptotically bounded variance. The PLL
output is shown to be asymptotically wide-sense stationary and an ex-
pression of its spectrum is obtained. This technique is used to compute
the output spectra of a few popular PLL configurations. A circuit level
example is also presented and it is demonstrated that phase detector and
loop filter noise also contribute to the PLL output noise for small offset
frequencies.

The examples presented in Sections 4 and 5 assumed that the refer-
ence signal has less noise compares to the VCO. This analysis is also
valid for the case when the reference signal is morenoisythan the VCO
signal. Such applications include clock recovery circuits in RF commu-
nication systems and disk-drive read channels. For the case of disk-drive
read channels,cin > cvco, since the timing signal is generated by the rota-
tion of a mechanical motor. For RF communication systems, the received
signal phase picks up additionalbounded variancenoise components over
and above the (potentially small) Brownian motion phase deviation of the
oscillator which generates these signals. The spectrum calculation tech-
niques presented here can be used to show that a zero is necessary in the
LPF for acceptable noise performance of such PLLs.

This technique assumes that frequency dividers, if present, add negli-
gible delay to the signal. Also the phase detector is modelled as a linear
continuous-time approximation of the actual digital implementation. The
effect of relaxing these assumptions on the PLL noise performance is cur-
rently under investigation. Additionally, this technique can only handle
white noise sources. For noise with long-term correlations, i.e., flicker
noise, the steps outlines above are not rigorously justified. [25] used the
modulated stationary noise model to analyze flicker noise. However, the
asymptotic arguments in this formulation need to be carefully examined
before these results can be carried over to the flicker noise case as well.
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A Calculation of µi and νi

From (10)

E [β(t1)αin(t)] = w1
√

cindiag
[

exp(λ1 min(0,t2−t1))
λ1

,...,
exp(λ2 min(0,t2−t1))

λ2

]
dp+q+1

wherew1 is the first row ofW anddp+q+1 is the last column ofW−1D.
Therefore

µi =
√

cin
w1i d(p+q+1)i

λi

wherew1i andd(p+q+1)i
are theith components ofw1 anddp+q+1 respec-

tively.
Now consider

eexp(A(s−t1))DDTexp[AT (s−t2)]=eWexp(Λ(s−t2))W−1DDTW−T exp(Λ(s−t2))WT eT

Let X = W−1DDTW−T . Note thatX is symmetric. Therefore

eexp(A(s−t1))DDT exp[AT (s−t2)] =
n

∑
i=1

n

∑
j=1

w1i w1 j xi j exp(λi(s−t1)+λ j (s−t2))

Further, it can also be shown that
∫min(t1,t2)

0 [exp(λi(s− t1) + λ j (s−
t2)) + exp(λ j (s− t1) + λi(s− t2))]ds = exp(−λi |t1−t2|)+exp(−λ j |t1−t2|)

λi+λ j
−

exp(−λi t1−λ j t2)+exp(−λ j t1−λi t2)
λi+λ j

. Therefore

νi =
w2

1i
xii

2λi
+

n

∑
j=1, j 6=i

w1i w1 j xi j

λi + λ j
=

n

∑
j=1

w1i w1 j xi j

λi + λ j
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