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Abstract

Recently a methodologyfor worst-caseanalysisof systemswith
discreteobsenable signalshasbeenproposed4]. We extendthis
methodologyto male useof conditionalsystemabstractionghat
arevalid only in somesystemstates.We shav thatthe response-
timeanalysidor single-processaystemss particularlywell suited
for useof suchabstractions.We usean exampleto demonstrate
that significantly betterresponse-timéoundscanbe obtainedus-
ing conditionalabstractions.

1 Introduction

Systemverificationis hard becausesystemresponsesieedto be
checledfor all legalbehaiors of theenvironment.Typically, there
areinfinitely mary suchbehaiors. Evenwhentheproblemcanbe
reducedo enumeratindinitely mary internalsystemstates their
numberis usuallyprohibitive. Usingabstractionsindimplicit state
enumeratiorcansimplify the problem,but completeverificationis
atbestat (andoftenbeyond)thelimit of existing computers.

An alternatve approachis the worst-caseanalysis,wherethe
systemresponses analyzedonly for the mostdemandingoeha-
iors of theervironment.Worst-caseanalysiss awell knovn engi-
neeringmethod,but sofar it hasbeenusedad-hoc,with separate
techniquedor specificsystemproperties.

In [4], a generalmethodologyfor worst-caseanalysisof sys-
temswith discreteobserablesignalswasproposed.The method-
ology canbe usedto verify differentpropertiesof systemssuchas
power consumption timing performancepr resourceutilization.
In addition, an applicationof the generalmethodologyto timing
analysisof embeddedystemdmplementedn a single processor
wasalsoproposedThetiming analysigproblemconsideredhereis
to determinethe responseime of a systemgiven processingime
requirement®f systemcomponentsandtaking into accountthat
responsdo somerequestanay be delayedby responseso other
requestsThe previous approacheso this problemwereeitherap-
plicableto a very restrictedclassof systemq7, 2, 3], or they re-
quireduseof formalisms(e.g.[1, 8]) which cannotbe efficiently
analyzeds, 5].

The methodologyproposedin [4] is basedon a view of the
worst-casenalysisas an abstractiorthat mapsbehaiors to their

worst-caserepresentaies. Theseworst-caserepresentaies are
found by analysisof abstraction®f systemsomponentsFor the
analysigto be “worst-case”the componentbstractionhiave to be
conserative, i.e. they needto predicta systemresponseghatis at
leastas“bad” asthe real response.Componentbstractionhave
to predictsystenresponseegardlesof the systenstate. Thismay
force theseabstractiongo be overly conserative, becausanore
accurateabstractionsanoftenbefoundfor specificsystemstates.
In this paperwe shav thattheworst-casenalysids still possi-
ble evenif therequirement®n componentbstractionarerelaxed
suchthatthey haveto beconserative only in somestateof thesys-
tem. We call suchabstractiongonditionalabstiactions We also
shaw that conditionalabstractionsufice for the timing analysis
proposedn [4], asthatanalysisnaturallyfocuson certainsystem
statedfor which a moreaccurateabstractiorcanbe found.

Voice mail pager Throughouthis papemwe useasanexamplea
voicemail pagershavn in Figurel. To facilitatefuturereferences,
we briefly explainits behaior. The pagerrecevesmessagefom
the ervironment. Eachmessge consistof up to five frames,and
eachframecontaingfifty samples.The CONTROL modulestores
messagenternally (in variable frame$ and initiates playing of
the mostrecentmessaggby generatingthe frameevent) when
the userrequiresso (by generatingthe play event). The CON-
TROL modulealsogeneratea frameif someare available,and
theBUFFERmodulemalesareques TheBUFFERmodulestarts
playingthe messagefterit recevestheinitial framefrom CON-
TROL. A messagés playedby sendingo the spealer onesample
per every tick of the real-timeclock. Whentherearefewer than
20 sampledeft to play, the BUFFER sendsa reques for the next
frameto the CONTROL.!

Therestof this paperis organizedasfollows. In Section2 we
review the worst-caseanalysisproposedn [4]. In Section3 we
extendthis analysisto useconditionalabstractionsandshav how
this extensionmprovesthetiming analysisof thevoice-mailpager
We give somefinal remarksandindicationsof the future work in
Sectiond.

2 Worst-case analysis

In this sectionwe briefly review the worst-caseanalysisproposed
in [4]. In thatwork, a systenis definedto be a setof executions.
An executionx of lengthlen(x) is a mappingfrom the intenal

[0,len(x)] to somesetof signalvalues Given an executionx and

1The pagerdescribechereobviously lacksmary featureso be a successfuprod-
uct. However, it is a very (in fact overly) simplified versionof a muchmorecomple
realisticdesignto which we have appliedthe analysisproposedn this paper
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moduleCONTROL { frameType frame¢5]; integerlag := 0;
if( presentfmessge)) {
frames=value(messge);
lag := size(value(messge)); }
if( (present(play) || presentfeques) && lag > 0) {
emit framg frameg§las——1);} }

A wWNBE

moduleBUFFER{ sample¥pe sanpleq50]; integerlag := 0;
if( present(frame)) {
sanples:=value(frame);
lag :=50;}
if( presentgick ) && lag > 0)) {
10 emitspeake( sanpled lags ——]);
11 if(lag =20)){
12 emitrequet); } } }
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Figurel: Voicemail pagerstructureandbehaiors of components.

realnumbersu,t suchthat0 < u <t <len(x), let x{u,t] denotean
executionof lengtht — u definedby:

X[u,t](v) = x(u+v) .
If, in addition,u > 0, we usex|u,t]~ to denote
xu—gt—g] ,

wheree > 0 is small enoughthat x is constantin [u— g,u) and
[t—¢,t). If x satisfiessomemild conditionsstatedn [4], thensuch
€ alwaysexists.

A signatue is anabstractepresentatioonf executiong(or their
segments). Formally, a signatureo is a mappingfrom the set of
executiongto somesetDg of signatue values Considerfor exam-
ple, the pagerin Figure1 andassumehatthe signalsareall state
variablesandcommunicatiorevents.For thatexamplewe consider
thesignatureepresentedly the following vectorof variables:

(plamstka fra fla"'a f5,rq,sp) .

For agivenexecution,we choosevariablepl to hold thenumberof
occurrence®f the play eventin that execution. Variablesms tk,
fr, rg, andsp correspondimilarly to eventsmessge, tick, frame
reques, andspealer respectiely. Therestof thevariablesabstract
the stateof the CONTROL module. For somei betweenl and5,
variablef; holdsthe numberof timesline 4 in Figurel is executed
with variablelag having valuei. Figure 2 shavs a component
of an executioncorrespondingo the CONTROL moduleandits
signature.

Signatureprovide abstractepresentationf signalsin thesys-
tem. Next, we definethe abstractrepresentatiomf systemcom-
ponents. Given somesystemS, signaturec and somefunction
F : Dg x IRt — Dg, we saythat F is a o-abstaction of Sif F
is:

e monotoneif T; < Ty ands; < sp thenF (s, Ty) < F(sp, To),
and

o future-boundingfor every executionx € Sandevery u,t:

o(x{ut]) < F(o(X{wt]™),t—u) .

Considerfor example,the pagerin Figure1 andthe signature
o discussegreviously. A g-abstractiorof the pageris shavn in

messge [T\ [T\
play IT\

A A A dd
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)

frame

ms=2,pl=1rq=7,fr=7,f1=1,f,=2,...

Figure2: An executionandits signature.

Tablel. It consistsof a separatdunctionfor eachvariablein the
signature. The variablescan be divided into threegroups: those
generatedby the ervironment,thosegeneratedy the CONTROL,

andthosegeneratedby the BUFFERmodule.The o-abstractiorof

theernvironmentalvariablesdepencdonly ontime, andnot on other
signaturevariables. We usea very simple model,wherethe only
constrainis aminimumtime betweertwo occurrencesf theevent.
Thesetimes are 100, 200, and 500 time units for tick, messge

and play events,respectiely. Thereforethe maximumnumberof

tick (messge, play) eventsin anexecutionsggmentof lengthT is

| 0] +1 (| 550) + 1. | shg] + 1. respectiely).

Expressiong Tablel for g-abstractionsf the CONTROL and
BUFFERvariablesarederived from the codein Figurel. For ex-
ample,the BUFFER generates reques event 30 tick eventsaf-
terit recevesa frame Thus,in theinterval containingfr frame
eventsandtk tick events theBUFFERmodulecangeneratatmost

min(fr, {%J ) reques events,exceptpossiblyan extra oneat the

beginning of the intenal. Similarly, the CONTROL modulecan
generate frameeventonly if line 5 in Figurel is executedwith

valueof lag betweerl and5. Therefore fr is boundedy 52, fi.

Ontheotherhand exceptatthebeginning,the CONTROL module
cangeneratea frameeventonly if it recevesa play or areques
event. Therefore,fr is alsoboundedy pl+reg+ 1. Otherbounds
in Tablel arederivedby similarreasoning.

The problemof theworst-casanalysids thefollowing:

For a given interval length T, find a signaturevalue
s suchthat for every executionx € S, andeveryt €
[0,lenx)—T]:

o(x[t,t+T]) < s. @)

In otherwords, s mustbe worsethanthe signatureof ary execu-
tion sgmentof lengthT. Suchinformationcanhelpanswemary
importantquestionsn thedesignprocessFor example,if the sig-
naturecontaindnformationaboutbusrequeststhentheworst-case
analysisindicatesrequiredaveragebus bandwidthfor ary period
of time of lengthT. Similarly, if the sighaturecontaingnformation
aboutenegy requiredfor anexecution thentheworst-casanalysis
givesa boundthe averagepower for ary interval of time of length
T. Theworst-casanalysiscanalsobe usedto analyzetiming per
formanceof the system,asshavn in [4]. It hasalsobeenshavn
in [4] thata signatures satisfying(1) canbe foundfor agivenT
andagivengc-abstraction.

To apply the worst-caseanalysisto timing analysisof a soft-
waresystemthe notionsof a busyperiodandaworkloadfunction
areintroducedn [4]. A busyperiodis ary interval of timein which



Tablel: o-abstractiorof the pagerin Figurel.

ervironment | CONTROL

| BUFFER

5

Foi = |ap0] +1 Ff,:min(pl+rq+l,zifi) Frq=min(fr, | &])+1
is

Fins= | z5g] +1 | Fts =min(pl+rg, ms+

1 Fsp = min(tk+ 1, 50x ( fr 4+ 1))

Rk=|150] +1 | Fr =min(pl+rq, fir1)+1

fori=1,...,4

the processors continuouslynotidle. A busy periodis saidto be
initializedif it beginsattime 0, or the processowasidle just prior
to its beginning.

A workloadfunctionindicateshow muchprocessotime a sys-
temneedgo processsomeinput (asa function of thatinput's sig-
nature).Formally, for agivensystemSandsignatureo, aworkload
functionRis somemappingfrom D to positive realnumberssuch
thatit is:

e monotoneif 5 < s, thenR(s1) < R(sp), and

¢ workload-boundindor every executionx, andevery initial-
izedbusy period[u,t] in x:

R(o(x{u,t])) >t—u .

Theworkload-boundingropertyensureshatapproximatero-
cessingime requirementgivenby theworkloadfunctionis astrict
upperboundon theactualprocessindime requirementsvhich de-
terminesthelengthof a busyperiod.

For example assuméhatthe executiontime of eachexecutable
line in Figure1 is 10 time unit. Also, assumethe signaturedis-
cussedreviously. Then,aworkloadfunctionfor the pagermight
be:

R = 20%(pl+rg+ms + 20xms+ 10% fr+
20% (fr +tk) +20% fr +20%xsp+10xrq .  (2)

Thefirst line in (2) correspondso the CONTROL module,while
thesecondine correspondto theBUFFERmodule. Theworkload
function(2) is valid underthefollowing conditions:

¢ Atthebegginningof aninitialized busyperiod, modulesstart
executingfrom the entry point. For example,the first time
the CONTROL modulegetsthe processoin ary initialized
busy period, it shouldbe executingline 1 in Figurel. This
conditionis moreor lessequivalentto the requirementhat
theprocessocannoteidleif thereareunfulfilled processing
requirement.

e Amodulds notexecutedinlesghere are somdresheventsat
its inputs For example,the conditionimpliesthatthe CON-
TROL moduleis executedat mostpl + rq+ mstimes. Each
executionwill requireat least20 time unitsfor two if state-
ments hencetheterm20x (pl + rq+ms in (2).

Theterm 20x msin (2) is dueto lines 2 and 3 which will be ex-
ecutedonly if a new messge is receved. Similarly, the number
of executionsof line 5 is the samethe numberof generatedrame
events(hencetheterm 10« fr). Thetermsin (2) correspondingo
the BUFFERmodulewereobtainedoy a similar analysis.

It hasbeenshavn in [4] thatanupperboundT onthelengthof
busy periodsof somesystemS canbefoundby solvingthe system

of equations:

s = F(sT)
T = Ry,

whereF andR area g-abstractiorandaworkloadfunctionof S,

3 Conditional abstractions

The future boundingpropertyof o-abstractionss quite strong: it
requiresF(s, T) to be a conserative estimateof the systemre-
sponsdo any executionsegmentof lengthT with signatures. In
particular no assumptionganbe madeaboutthe stateof the sys-
tem at the begginning of the segment. Therefore,a o-abstractions
mustreflectthe worstcaseamongall the (reachable}ptates.Usu-
ally, atighter boundcanbe achieved for a specificstate. We will
shaw thatin somecaseghesestate-specifiboundscanstill beused
to computethe worstoverall signature.But first, we formalizethe
notionof the state-specifiabstraction.

Given somesystemsS, signatureo, subsetQ of systemstates,
andsomefunctionF : Dg x IR = Dg, we saythatF is a (o,Q)-
abstraction (or conditionalabstraction) of Sif F is:

e monotoneif Ty < T ands; < sp thenF (s, Ty) < F(sp, To),
and

¢ future-boundingin Q: for every executionx € S andevery
u,t suchthatthe stateof S after the executionx[0, u] is an
elemenbf Q:

o(ut)) < F(o(u™),t-u) .

In otherwords,a (g, Q)-abstractiormustbe a conserative predic-
tor of thefutureonly if the systemis in somestatein Q.

Consider for example,the g-abstractiorshavn in Table1. If
we restrictout intentionto the setof statesQ whereboth CON-
TROL andBUFFERareterminatedi.e.theirnext executionsvould
startfrom lines1 and6 in Figurel), we cangetatighterconditional
abstractionshavn in Table2. For example,we have previously
amuedthat the numberof frameeventsthe CONTROL module
cangenerates boundeddy pl +reg+ 1, becausét cangeneratea
frameeventonly if it recevesa play or areques event, plusone
extratime at the bgginning of the segment,if it is aboutto execute
line 5. Becausehe conditionalabstractiongn Table2 needgo be
conserative only if CONTROL is aboutto executeline 1, we may
disrggardthatinitial framegenerationandstrengtherthe bound
to pl +req Table2 shavs similar strengthenindor othercompo-
nentsaswell. Thisrelatively smallchangdn abstractiormayhave
adramatidmpacton theresultsof theworstcaseanalysis.

Conditionalabstractionganbe usedfor the worst caseanaly-
sis,asstatedby thefollowing:



Table2: Conditionalabstractiorof thepagerin Figurel.

ervironment | CONTROL

| BUFFER

5
Ftr =min(pl+rq, $ fj)
r l; |

Frq =min(fr, | %] +1)

Ft, = min(pl+rg, mg

Fsp = min(tk, 50% fr)

fori=1,...,4

Theorem 1 Leto, Q,andF, beasignatue, a subsetf statesand
a(o,Q)-abstactionof somesystens. If x€ S, s€ Dg, andT >0
are sud that:

1. o(x[0,0]) <'s,
2. s=F(sT),

3. for all t € [0,lenx) — T] thete existsu € [t,t + T] sud that
the stateof Safter executionx[0, U] isin Q,

then:
o(xt,t+T]) <s

for all t € [0,len(x) — T] sud that the stateof S after execution
x[0,t] isin Q.

The proof of Theoreml proceedssimilarly to the proof of Theo-
rem 1 in [4], which statesan analogougesultfor o-abstractions
(ratherthan (o, Q)-abstractions) The proof in [4] is by induction
over the time pointsin which someeventsoccur The proof of
Theoreml is alsoby induction,but it usesonly time pointswhena
systenisin somestatein Q. Condition3 in Theoreml ensureshat
theinductiongoesthrough,becausét requireshatthereis always
thenext Q statewithin time distanceT .
Busy-periodanalysigproposedn [4] is particularlywell suited
for conditionalabstractionsAssumehatwe cancharacterizestates
in which the systemcanbe at the baginning of aninitialized busy
period. Note that theseare also the statesat the end of a busy
period, becausehe systemis idle betweenthe end of one busy
periodandthe beginning of the next one. Let Q denotethatsetof
statesandlet F beaconditionalabstractiorwith respecto thatset
of stateslf wecanuseF tofind T suchthattheworkloadgenerated
inin initial T time unitsof someinitialized busy periodis lessthan
T, thenthatbusyperiodmustendwithin T andsotheremustexist
anotherQ pointin the intenal of lengthT. Thus,we may apply
Theoreml. Thisreasonings summarizedn thefollowing:

Theorem 2 For a givensystentlet:
e O beasignatue of S

e Q bea subsebf statesof Sthat containsall statesin which
Scanbeat the begginning of someinitialized busyperiod,

¢ F bea(o,Q)-abstactionof S,

¢ Rbeaworkloadfunctionof S.
If s€ Dg, andT > 0 are sud that:

1. s=F(sT),

2. T=R(9),

3. 0{x]0,0]) < sfor all executionsxe€ S,

Fr, = min(pl +raq, fi;1)

thenT is an upperboundon the lengthof busyperiodsin all exe-
cutionsxe S.

Theoren® is animprovementoverthebusy-periocanalysifrom [4],
becausét allows the useof potentiallytighter conditionalabstrac-
tionsinsteadof looserandmoregeneralo-abstraction.For exam-
ple,if we assumeéhatatthebeginningof aninitialized busyperiod
both CONTROL and BUFFER modulesare terminated,thenwe
canusethe abstractiorin Table2 to boundthe busy period. This
is avery reasonableassumptionasmostoperatingsystemswould
notallow anidle periodaslong asthereare processethatarenot
terminated.This changeresultsin a significantimprovement: us-
ing the abstractiorin Table1 (asrequiredin [4]) givesthe bound
of 670time units on the length of a busy period, while usingthe
abstractiorin Table2 (asTheorem? allows) tightensthatboundto
370time units.

4 Conclusions

We have proposednimprovementon theworst-caseanalysigpro-
posedn [4]. Theimprovementrecognizesndexploitsthefactthat
systemabstractionsieedto bevalid only in certainsystemstates.
We have shavedthattheresponséime analysids particularlywell
suitedfor useof suchconditionalabstractions.

In generaltheuseof theapproactpresentedierewill beeffec-
tive if theusercanrecognizea setof systemstatesuchthat:

e systembehaior canbe predictedmuch more accuratelyif
the systemis in one of those,ratherthanin somearbitrary
state,

o thesystenwisits thatsetof statefrequently(moreprecisely
atleastoncefor everyintenal of interest).

In the future we planto investigatewhethersuchsetsof statescan
berecognizedo improve analysisof othersystempropertiessuch
aspower consumptiorandresourcautilization.
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