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Recently, a methodologyfor worst-caseanalysisof systemswith
discreteobservablesignalshasbeenproposed[4]. We extendthis
methodologyto make useof conditionalsystemabstractionsthat
arevalid only in somesystemstates.We show that the response-
timeanalysisfor single-processorsystemsisparticularlywell suited
for useof suchabstractions.We usean exampleto demonstrate
thatsignificantlybetterresponse-timeboundscanbeobtainedus-
ing conditionalabstractions.
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Systemverification is hardbecausesystemresponsesneedto be
checkedfor all legalbehaviorsof theenvironment.Typically, there
areinfinitely many suchbehaviors. Evenwhentheproblemcanbe
reducedto enumeratingfinitely many internalsystemstates,their
numberis usuallyprohibitive. Usingabstractionsandimplicit state
enumerationcansimplify theproblem,but completeverificationis
at bestat (andoftenbeyond)thelimit of existingcomputers.

An alternative approachis the worst-caseanalysis,wherethe
systemresponseis analyzedonly for the mostdemandingbehav-
iorsof theenvironment.Worst-caseanalysisis awell known engi-
neeringmethod,but so far it hasbeenusedad-hoc,with separate
techniquesfor specificsystemproperties.

In [4], a generalmethodologyfor worst-caseanalysisof sys-
temswith discreteobservablesignalswasproposed.Themethod-
ologycanbeusedto verify differentpropertiesof systems,suchas
power consumption,timing performance,or resourceutilization.
In addition,an applicationof the generalmethodologyto timing
analysisof embeddedsystemsimplementedon a singleprocessor
wasalsoproposed.Thetiminganalysisproblemconsideredthereis
to determinetheresponsetime of a system,givenprocessingtime
requirementsof systemcomponents,andtaking into accountthat
responseto somerequestsmay be delayedby responsesto other
requests.Thepreviousapproachesto this problemwereeitherap-
plicableto a very restrictedclassof systems[7, 2, 3], or they re-
quireduseof formalisms(e.g. [1, 8]) which cannotbe efficiently
analyzed[6, 5].

The methodologyproposedin [4] is basedon a view of the
worst-caseanalysisasan abstractionthat mapsbehaviors to their

worst-caserepresentatives. Theseworst-caserepresentatives are
foundby analysisof abstractionsof systemscomponents.For the
analysisto be“worst-case”,thecomponentabstractionshave to be
conservative, i.e. they needto predicta systemresponsethat is at
leastas“bad” asthe real response.Componentabstractionshave
to predictsystemresponseregardlessof thesystemstate.Thismay
force theseabstractionsto be overly conservative, becausemore
accurateabstractionscanoftenbefoundfor specificsystemstates.

In thispaper, weshow thattheworst-caseanalysisis still possi-
bleevenif therequirementsoncomponentabstractionsarerelaxed
suchthatthey havetobeconservativeonly in somestatesof thesys-
tem. We call suchabstractionsconditionalabstractions. We also
show that conditionalabstractionssuffice for the timing analysis
proposedin [4], asthatanalysisnaturallyfocuson certainsystem
statesfor whichamoreaccurateabstractioncanbefound.
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Throughoutthispaperweuseasanexamplea

voicemail pagershown in Figure1. To facilitatefuturereferences,
we briefly explain its behavior. Thepagerreceivesmessagesfrom
theenvironment.Eachmessage consistsof up to five frames,and
eachframecontainsfifty samples.TheCONTROL modulestores
messagesinternally (in variable f rames) and initiatesplaying of
the most recentmessage(by generatingthe f rameevent) when
the userrequiresso (by generatingthe play event). The CON-
TROL modulealsogeneratesa f rameif someareavailable,and
theBUFFERmodulemakesarequest. TheBUFFERmodulestarts
playingthemessageafter it receivestheinitial f ramefrom CON-
TROL. A messageis playedby sendingto thespeaker onesample
per every tick of the real-timeclock. Whentherearefewer than
20 samplesleft to play, theBUFFERsendsa request for thenext
frameto theCONTROL.1

Therestof this paperis organizedasfollows. In Section2 we
review the worst-caseanalysisproposedin [4]. In Section3 we
extendthis analysisto useconditionalabstractions,andshow how
thisextensionimprovesthetiming analysisof thevoice-mailpager.
We give somefinal remarksandindicationsof the futurework in
Section4.
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In this sectionwe briefly review theworst-caseanalysisproposed
in [4]. In thatwork, a systemis definedto be a setof executions.
An executionx of length len� x� is a mappingfrom the interval 
0! len� x� " to somesetof signal values. Given anexecutionx and

1Thepagerdescribedhereobviously lacksmany featuresto bea successfulprod-
uct. However, it is a very (in factoverly) simplifiedversionof a muchmorecomplex
realisticdesignto whichwehave appliedtheanalysisproposedin thispaper.
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moduleCONTROL # frameType f rames[5]; integer last := 0;
1 if( present(message )) #
2 f rames:= value(message );
3 last := size(value(message )); $
4 if( (present(play ) % % present(request ) && last & 0 ) #
5 emit f rame( f rames[ last '(' ] ); $�$

moduleBUFFER # sampleTypesamples[50]; integer last := 0;
6 if( present(f rame)) #
7 samples:= value( f rame);
8 last := 50; $
9 if( present(tick ) && last & 0)) #
10 emitspeaker( samples[ last '(' ] );
11 if( last = 20)) #
12 emit request(); $�$)$

Figure1: Voicemail pagerstructureandbehaviorsof components.

realnumbersu* t suchthat0 + u + t + len, x- , let x . u* t / denotean
executionof lengtht 0 u definedby:

x . u* t / , v-(1 x , u 2 v-43
If, in addition,u 5 0, weusex . u* t / 6 to denote

x . u 0 ε * t 0 ε/(*
whereε 5 0 is small enoughthat x is constantin . u 0 ε * u- and. t 0 ε * t - . If x satisfiessomemild conditionsstatedin [4], thensuch
ε alwaysexists.

A signature is anabstractrepresentationof executions(or their
segments). Formally, a signatureσ is a mappingfrom the setof
executionsto somesetDσ of signaturevalues. Consider, for exam-
ple, thepagerin Figure1 andassumethat thesignalsareall state
variablesandcommunicationevents.For thatexampleweconsider
thesignaturerepresentedby thefollowing vectorof variables:

, pl * ms* tk * f r * f1 * 3 3 3 * f5 * rq* sp-73
For agivenexecution,wechoosevariablepl to hold thenumberof
occurrencesof the play event in that execution. Variablesms, tk,
f r, rq, andsp correspondsimilarly to eventsmessage, tick, f rame,
request, andspeaker respectively. Therestof thevariablesabstract
thestateof theCONTROL module. For somei between1 and5,
variable fi holdsthenumberof timesline 4 in Figure1 is executed
with variable last having value i. Figure 2 shows a component
of an executioncorrespondingto the CONTROL moduleand its
signature.

Signaturesprovideabstractrepresentationof signalsin thesys-
tem. Next, we definethe abstractrepresentationof systemcom-
ponents. Given somesystemS, signatureσ and somefunction
F : Dσ 8 IR94:; Dσ, we say that F is a σ-abstraction of S if F
is: < monotone: if T1 + T2 ands1 + s2 thenF , s1 * T1 -=+ F , s2 * T2 - ,

and< future-bounding: for everyexecutionx > Sandevery u* t:
σ , x . u* t / -?+ F , σ , x . u* t / 6 - * t 0 u-73

Consider, for example,thepagerin Figure1 andthesignature
σ discussedpreviously. A σ-abstractionof the pageris shown in
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Figure2: An executionandits signature.

Table1. It consistsof a separatefunction for eachvariablein the
signature. The variablescanbe divided into threegroups: those
generatedby theenvironment,thosegeneratedby theCONTROL,
andthosegeneratedby theBUFFERmodule.Theσ-abstractionof
theenvironmentalvariablesdependonly on time,andnot on other
signaturevariables.We usea very simplemodel,wherethe only
constraintisaminimumtimebetweentwooccurrencesof theevent.
Thesetimes are 100, 200, and 500 time units for tick, message
andplay events,respectively. Therefore,themaximumnumberof
tick (message, play) eventsin anexecutionsegmentof lengthT isA

T
100B 2 1 (

A
T

200B 2 1,
A

T
500B 2 1, respectively).

Expressionsin Table1 for σ-abstractionsof theCONTROL and
BUFFERvariablesarederived from thecodein Figure1. For ex-
ample,the BUFFERgeneratesa request event 30 tick eventsaf-
ter it receivesa f rame. Thus,in the interval containingf r f rame
eventsandtk tick events,theBUFFERmodulecangenerateatmost

min , f r *=C tk
30 D - request events,exceptpossiblyan extra oneat the

beginning of the interval. Similarly, the CONTROL modulecan
generatea f rameeventonly if line 5 in Figure1 is executedwith
valueof last between1 and5. Therefore,f r is boundedby ∑5

i @ 1 fi .
Ontheotherhand,exceptat thebeginning,theCONTROL module
cangeneratea f rameevent only if it receivesa play or a request
event.Therefore,f r is alsoboundedby pl 2 req2 1. Otherbounds
in Table1 arederivedby similar reasoning.

Theproblemof theworst-caseanalysisis thefollowing:

For a given interval length T, find a signaturevalue
s suchthat for every executionx > S, and every t >. 0* len, x- 0 T / :

σ , x . t * t 2 T / -�+ s 3 (1)

In otherwords,s mustbe worsethanthe signatureof any execu-
tion segmentof lengthT. Suchinformationcanhelpanswermany
importantquestionsin thedesignprocess.For example,if thesig-
naturecontainsinformationaboutbusrequests,thentheworst-case
analysisindicatesrequiredaveragebus bandwidthfor any period
of timeof lengthT. Similarly, if thesignaturecontainsinformation
aboutenergy requiredfor anexecution,thentheworst-caseanalysis
givesa boundtheaveragepower for any interval of time of length
T. Theworst-caseanalysiscanalsobeusedto analyzetiming per-
formanceof the system,asshown in [4]. It hasalsobeenshown
in [4] that a signatures satisfying(1) canbe found for a given T
andagivenσ-abstraction.

To apply the worst-caseanalysisto timing analysisof a soft-
waresystem,thenotionsof a busyperiodanda workloadfunction
areintroducedin [4]. A busyperiodis any interval of timein which



Table1: σ-abstractionof thepagerin Figure1.

environment CONTROL BUFFER

Fpl EGF T
500 H I 1 Ff r E minJ pl I rq I 1K 5

∑
i L 1

fi M Frq E minJ f r K F tk30 H M I 1

Fms EGF T
200 H I 1 Ff5 E minJ pl I rqK msM I 1 Fsp E min J tk I 1K 50 N J f r I 1M M

Ftk EGF T
100 H I 1 Ffi E minJ pl I rqK fi O 1 M I 1

for i E 1K P P P K 4
theprocessoris continuouslynot idle. A busyperiodis saidto be
initialized if it beginsat time0, or theprocessorwasidle just prior
to its beginning.

A workloadfunctionindicateshow muchprocessortimeasys-
temneedsto processsomeinput (asa functionof that input’s sig-
nature).Formally, for agivensystemSandsignatureσ, aworkload
functionR is somemappingfrom Dσ to positiverealnumbers,such
thatit is:Q monotone: if s1 R s2 thenRS s1 T=R RS s2 T , andQ workload-boundingfor every executionx, andevery initial-

izedbusyperiod U uV t W in x:

RS σ S x U uV t W T T=X t Y u Z
Theworkload-boundingpropertyensuresthatapproximatepro-

cessingtimerequirementsgivenby theworkloadfunctionis astrict
upperboundon theactualprocessingtime requirementswhichde-
terminesthelengthof abusyperiod.

For example,assumethattheexecutiontimeof eachexecutable
line in Figure1 is 10 time unit. Also, assumethe signaturedis-
cussedpreviously. Then,a workloadfunctionfor thepagermight
be:

R [ 20 \=S pl ] rq ] msT ] 20 \ ms] 10 \ f r ]
20 \=S f r ] tkT ] 20 \ f r ] 20 \ sp ] 10 \ rq Z (2)

The first line in (2) correspondsto the CONTROL module,while
thesecondline correspondsto theBUFFERmodule.Theworkload
function(2) is valid underthefollowing conditions:Q At thebeginningof an initialized busyperiod,modulesstart

executingfrom the entry point. For example,the first time
theCONTROL modulegetstheprocessorin any initialized
busyperiod,it shouldbeexecutingline 1 in Figure1. This
conditionis moreor lessequivalentto the requirementthat
theprocessorcannotbeidle if thereareunfulfilledprocessing
requirement.Q Amoduleisnotexecutedunlesstherearesomefresheventsat
its inputs. For example,theconditionimpliesthattheCON-
TROL moduleis executedat mostpl ] rq ] mstimes.Each
executionwill requireat least20 time units for two if state-
ments,hencetheterm20 \=S pl ] rq ] msT in (2).

The term 20 \ ms in (2) is dueto lines 2 and3 which will be ex-
ecutedonly if a new message is received. Similarly, the number
of executionsof line 5 is thesamethenumberof generatedf rame
events(hencetheterm10 \ f r). Thetermsin (2) correspondingto
theBUFFERmodulewereobtainedby asimilaranalysis.

It hasbeenshown in [4] thatanupperboundT on thelengthof
busyperiodsof somesystemScanbefoundby solvingthesystem

of equations:

s [ F S sV T T
T [ RS sT V

whereF andRarea σ-abstractionandaworkloadfunctionof S.

^
_)` a b c d c ` a e f e g h d i e j d c ` a h
The future boundingpropertyof σ-abstractionsis quitestrong: it
requiresF S sV T T to be a conservative estimateof the systemre-
sponseto anyexecutionsegmentof lengthT with signatures. In
particular, no assumptionscanbemadeaboutthestateof thesys-
tem at the beginning of the segment. Therefore,a σ-abstractions
mustreflecttheworstcaseamongall the (reachable)states.Usu-
ally, a tighter boundcanbe achieved for a specificstate.We will
show thatin somecasesthesestate-specificboundscanstill beused
to computetheworstoverall signature.But first, we formalizethe
notionof thestate-specificabstraction.

Given somesystemS, signatureσ, subsetQ of systemstates,
andsomefunctionF : Dσ k IRl7mn Dσ, we saythatF is a S σ V QT -
abstraction(or conditionalabstraction) of S if F is:Q monotone: if T1 R T2 ands1 R s2 thenF S s1 V T1 T R F S s2 V T2 T ,

andQ future-boundingin Q: for every executionx o S andevery
uV t suchthat the stateof S after the executionx U 0V uW is an
elementof Q:

σ S x U uV t W T�R F S σ S x U uV t W p T V t Y uT Z
In otherwords,a S σ V QT -abstractionmustbeaconservative predic-
tor of thefutureonly if thesystemis in somestatein Q.

Consider, for example,the σ-abstractionshown in Table1. If
we restrictout intention to the setof statesQ whereboth CON-
TROL andBUFFERareterminated(i.e.theirnext executionswould
startfrom lines1and6 in Figure1),wecangetatighterconditional
abstractionsshown in Table2. For example,we have previously
arguedthat the numberof f rameeventsthe CONTROL module
cangenerateis boundedby pl ] req] 1, becauseit cangeneratea
f rameeventonly if it receivesa play or a request event,plusone
extra time at thebeginningof thesegment,if it is aboutto execute
line 5. Becausetheconditionalabstractionsin Table2 needsto be
conservative only if CONTROL is aboutto executeline 1, wemay
disregardthat initial f ramegeneration,andstrengthenthe bound
to pl ] req. Table2 shows similar strengtheningfor othercompo-
nentsaswell. This relatively smallchangein abstractionmayhave
adramaticimpacton theresultsof theworstcaseanalysis.

Conditionalabstractionscanbeusedfor theworstcaseanaly-
sis,asstatedby thefollowing:



Table2: Conditionalabstractionof thepagerin Figure1.

environment CONTROL BUFFER

Fpl qsr T
500 t u 1 Ff r q minv pl u rqw 5

∑
i x 1

fi y Frq q min v f r w r tk30 t u 1y
Fms qGr T

200 t u 1 Ff5 q minv pl u rqw msy Fsp q minv tkw 50 z f r y
Ftk qsr T

100 t u 1 Ffi q minv pl u rqw fi { 1 y
for i q 1w | | | w 4

Theorem 1 Letσ, Q, andF, bea signature, a subsetof states,and
a } σ ~ Q� -abstractionof somesystemS. If x � S, s � Dσ, andT � 0
are such that:

1. σ } x � 0~ 0� �=� s,

2. s � F } s~ T � ,
3. for all t ��� 0~ len} x� � T � there existsu �4� t ~ t � T � such that

thestateof Safterexecutionx � 0~ u� is in Q,

then:
σ } x � t ~ t � T � � � s

for all t ��� 0~ len} x� � T � such that the stateof S after execution
x � 0~ t � is in Q.

The proof of Theorem1 proceedssimilarly to the proof of Theo-
rem 1 in [4], which statesan analogousresult for σ-abstractions
(ratherthan } σ ~ Q� -abstractions).Theproof in [4] is by induction
over the time points in which someeventsoccur. The proof of
Theorem1 is alsoby induction,but it usesonly timepointswhena
systemis in somestatein Q. Condition3 in Theorem1 ensuresthat
theinductiongoesthrough,becauseit requiresthatthereis always
thenext Q statewithin timedistanceT.

Busy-periodanalysisproposedin [4] is particularlywell suited
for conditionalabstractions.Assumethatwecancharacterizestates
in which thesystemcanbeat thebeginningof an initialized busy
period. Note that theseare also the statesat the end of a busy
period, becausethe systemis idle betweenthe end of one busy
periodandthebeginningof thenext one. Let Q denotethatsetof
states,andlet F beaconditionalabstractionwith respectto thatset
of states.If wecanuseF to findT suchthattheworkloadgenerated
in in initial T timeunitsof someinitializedbusyperiodis lessthan
T, thenthatbusyperiodmustendwithin T andsotheremustexist
anotherQ point in the interval of lengthT. Thus,we may apply
Theorem1. This reasoningis summarizedin thefollowing:

Theorem 2 For a givensystemSlet:� σ bea signature of S,� Q bea subsetof statesof S that containsall statesin which
Scanbeat thebeginningof someinitializedbusyperiod,� F bea } σ ~ Q� -abstractionof S,� Rbea workloadfunctionof S.

If s � Dσ, andT � 0 are such that:

1. s � F } s~ T � ,
2. T � R} s� ,
3. σ } x � 0~ 0� �=� s for all executionsx � S,

thenT is an upperboundon thelengthof busyperiodsin all exe-
cutionsx � S.

Theorem2 isanimprovementoverthebusy-periodanalysisfrom[4],
becauseit allows theuseof potentiallytighterconditionalabstrac-
tions insteadof looserandmoregeneralσ-abstraction.For exam-
ple, if weassumethatat thebeginningof aninitializedbusyperiod
both CONTROL andBUFFERmodulesare terminated,then we
canusetheabstractionin Table2 to boundthe busyperiod. This
is a very reasonableassumption,asmostoperatingsystemswould
not allow anidle periodaslong asthereareprocessesthatarenot
terminated.This changeresultsin a significantimprovement:us-
ing theabstractionin Table1 (asrequiredin [4]) givesthe bound
of 670 time units on the lengthof a busy period,while usingthe
abstractionin Table2 (asTheorem2 allows) tightensthatboundto
370timeunits.

���)� � � � � � � � � �
Wehaveproposedanimprovementon theworst-caseanalysispro-
posedin [4]. Theimprovementrecognizesandexploitsthefactthat
systemabstractionsneedto bevalid only in certainsystemstates.
Wehaveshowedthattheresponsetimeanalysisis particularlywell
suitedfor useof suchconditionalabstractions.

In general,theuseof theapproachpresentedherewill beeffec-
tive if theusercanrecognizeasetof systemstatessuchthat:� systembehavior canbe predictedmuchmoreaccuratelyif

the systemis in oneof those,ratherthanin somearbitrary
state,� thesystemvisits thatsetof statefrequently(moreprecisely,
at leastoncefor every interval of interest).

In thefuturewe planto investigatewhethersuchsetsof statescan
berecognizedto improve analysisof othersystempropertiessuch
aspower consumptionandresourceutilization.
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