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Abstract
Elmore delay has been widely used as an analytical estimate of inter-
connect delays in the performance-driven synthesis and layout of VLSI
routing topologies. However, for typical RLC interconnectionswith ramp
input, Elmore delay can deviate by up to 100% or more from SPICE-
computed delay since it is independent of rise time of the input ramp
signal. We develop new analytical delay models based on the first and
second moments of the interconnect transfer function when the input is
a ramp signal with finite rise time. Delay estimates using our first mo-
ment based analytical models are within 4% of SPICE-computed delay,
and models based on both first and second moments are within 2:3% of
SPICE, across a wide range of interconnect parameter values. Evalua-
tion of our analytical models is several orders of magnitude faster than
simulation using SPICE. We also describe extensions of our approach
for estimation of source-sink delays in arbitrary interconnect trees.

1 Introduction
Accurate calculation of propagation delay in VLSI interconnects is crit-
ical to the design of high speed systems, and transmission line effects
now play an important role in determining interconnect delays and sys-
tem performance. Existing techniques are based on either simulation or
(closed-form) analytical formulas. Simulation methods such as SPICE
give the most accurate insight into arbitrary interconnect structures, but
are computationally expensive. Faster methodsbased on moment match-
ing techniques are proposed in [12, 13, 14, 17], but are still too expen-
sive to be used during layout optimization. Thus, Elmore delay [2], a
first order approximation of delay under step input, is still the most widely
used delay model in the performance-driven synthesis of clock distri-
bution and Steiner global routing topologies. However, Elmore delay
cannot be applied to estimate the delay for interconnect lines with ramp
input source; this inaccuracy is harmful to current performance-driven
routing methods which try to determine optimal interconnect segment
lengths and widths (as well as driver sizes). Previous moment-based
approaches [12, 14, 17] can compute a response for interconnects un-
der ramp input within a simulation-based methodology, but no previous
work has given analytical delay estimation models based on the first few
moments.

Recently, [3] presented lower and upper bounds for the ramp input
response; their delay model is the same as the Elmore model for ramp
input (we refer to this model as analytical ramp input model (TAD) in
this paper). Delay estimates for the analytical ramp input model are off
by as much as 50% from SPICE-computed delays for 50% threshold
voltage, and the analytical ramp input model cannot be used to obtain
threshold delay for various threshold voltages. The authors of [5] used
Elmore delay as an upper bound on the 50% threshold delay for RC in-
terconnection lines under arbitrary input waveforms. However, we find
that Elmore delay is not at all close to SPICE-computed 50% thresh-
old delay and, depending on the input slew time and driver resistance,
can be either greater or less than SPICE-computed delay (see Section 7
below). This paper gives a new and accurate analytical delay estimate
for distributed RLC interconnects under ramp input. To experimentally
validate our analysis and delay formula, we model VLSI interconnect
lines having various combinations of source, and load parameters, ap-
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ply different input rise times, and obtain delay estimates from SPICE,
Elmore delay and the proposed analytical delay model. Over our range
of test cases, Elmore delay estimates can vary by as much as 100% from
SPICE-computed delays. As the input rise time increases, Elmore de-
lay deviates even further from SPICE-computed delays. In contrast, our
single-pole delay estimates are within 4% of SPICE delays and our two-
pole delay estimates are within 2:3% of SPICE delays.1 Since our an-
alytical models have the same time complexity of evaluation as the El-
more model, we believe that they are very useful for performance-driven
routing methodologies.

The organization of our paper is as follows. In Section 2 we dis-
cuss delay models which have been previously proposed for intercon-
nect lines under step input. Section 3 presents a new analytical delay
definition for interconnect lines under ramp input. Section 4 discusses
various threshold delay models for single-pole approximation of the in-
terconnect transfer function; Section 5 gives various threshold delay mod-
els for two-pole approximation; and Section 6 extends our delay mod-
eling approach to interconnection trees. Section 7 concludes with ex-
perimental results for various combinations of input rise times and in-
terconnect parameters.

2 Previous Delay Models Under Step Input
The transfer function of an RLC interconnect line with source and load
impedance (Figure 1) can be obtained using ABCD parameters [1] as

H(s) =
1h

cosh(θh)+ ZS
Z0

sinh(θh)
i
+ 1

ZT
[Z0 sinh(θh)+ZS cosh(θh)]

=
1

1+b1s+b2s2 + : : :+bksk + : : :
(1)

where θ =
p

(r+ sl)sc is the propagation constant and Z0 =
q

R+sL
sC

is the characteristic impedance; r = R
h ; l =

L
h ;c = C

h are resistance, in-
ductance, and capacitance per unit length and h is the length of the line.
The variables bk are called the coefficients of the transfer function and
are directly related to the moments of the transfer function [8]. Expand-
ing the transfer function into a Maclaurin series of s around s = 0 leads
to an infinite series, and to compute the response the series is truncated
to desired order. The method of Padé approximation has been widely
used to compute the response from the transfer function [11, 12]. For
the case of resistive source (RS) and capacitive load (CL) impedances,
the coefficient of s in the transfer function can be obtained as [8] b1 =
RSC+RSCL +

RC
2 +RCL.

Efficient delay estimates for interconnect lines are typically derived
by considering a single interconnect line with resistive source and ca-
pacitive load impedances; delay formulas for an interconnect tree come
from recursive application of the formula for a single line. Elmore delay
[2] is a first order delay estimate for interconnect lines under step input.
It is equal to the first moment of the system impulse response, i.e., the
coefficient of s or the first moment in the system transfer function H(s).
Applying this definition to H(s) in Equation (1), we see that the Elmore
delay is equal to the coefficient b1.

1We use threshold delay to refer to delay measured from the point when the input signal
is zero. To compute delay relative to the input signal, subtract the corresponding threshold

delay of the input signal (e.g., for 50% threshold voltage, the delay for the input ramp is TR
2 ).
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Figure 1: 2-port model of a distributed RLC line with source
impedance ZS and load impedance ZT .

By considering only one pole in the transfer function, i.e, approx-
imating the denominator polynomial to only the first moment, the sin-
gle pole response can be obtained as in [4, 15]. The single pole of the
transfer function is equal to the inverse of the Elmore delay TED. Hence,
the delay at arbitrary thresholds of the single pole response can be di-
rectly related to Elmore delay (Elmore delay actually corresponds to the
63:2% threshold voltage of the single pole response). For example, de-
lay at 50% threshold voltage is 0:69b1, and delay at 90% threshold volt-
age is 2:3b1. Although Elmore delay has been widely used for intercon-
nect timing analysis, it cannot accurately estimate the delay for RLC in-
terconnect lines, which are the appropriate representation for intercon-
nects whose inductive impedance cannot be neglected [6].2 More crit-
ically, Elmore delay cannot estimate delays when the input signal is a
ramp.

3 Analytical Ramp Delay Definitions
In practice, the input at any gate or root of a tree is a ramp with finite
rise (or fall) time, and there are no published analytical delay models
for ramp input. We now propose various ramp delay definitions and also
compute analytical delay expressionsusing the first one or two moments
of the transfer function. We discuss delay models for rising ramp input
only, since our analyses can be easily extended for falling ramp input
[9].
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Figure 2: A ramp input function: (a) finite ramp with rise time TR,
and (b) finite ramp decomposed into two shifted infinite ramps.

Rising Ramp Input
The finite rising ramp input shown in Figure 2 can be expressed in

the time domain as

vin(t) =
V0

TR
[tU(t)� (t�TR)U(t�TR)] for all t � 0

where U(t) denotes the step function. The finite ramp input in the trans-
form domain is Vin(s)=

V0
TR
� 1

s2 [1�e�sTR ]. In the transform domain, the
output response is

Vout(s)= Vin(s)H(s)=
V0

TR
�

1
s2 [1� e�sTR ]H(s) :

2Recently, [8] have developeda more accurate analytical delay model considering induc-
tive effects based on the first and second momentsof the transfer function. Their model gives
accurate estimates compared to SPICE-computed delays, but is valid only for step inputs.

We now give two distinct derivations of an analytical ramp delay esti-
mate.

Elmore Definition.
Applying Elmore’s original definition of delay for step input [2] yields

an analytical delay TAD for ramp input, i.e.,

TAD =
1

V0

Z ∞

0
tv0out(t)dt (2)

where v0out(t) is the derivative of the output response under finite ramp
input. Taking the Laplace transform of v0out(t),

V 0
out(s) =

Z ∞

0
v0out(t)dt� s

Z ∞

0
tv0out(t)dt+ : : :

Equation (2) then implies that the analytical ramp input delay TAD in
the time domain is equal to the first moment of the derivative of the re-
sponse. In the transform domain, TAD is equal to the first moment (or

coefficient of s) of the function V 0

out (s)
V0

, which is equal to s � Vout(s)
V0

. The
derivative of the response in the transform domain is

V 0
out(s) = V0(1�

sTR

2
+ : : :)

1+a1s+a2s2 + ::::

1+b1s+b2s2 + ::::

Therefore, the analytical ramp input delay is

TAD =
TR

2
+b1�a1 =

TR

2
+TED (3)

where TED is the Elmore delay for a step input (i.e., the first moment of
the transfer function). Another definition of delay based on the formula
given in [10] yields the same result of Equation (3) [9].

Group Delay Definition.
The concept of group delay was initially defined for step input by

Vlach et al. [18]. We now give a group delay definition for computing
ramp input delay similar to that in [18], and show that it converges to
the same analytical expression of Equation (3).

Recall that group delay is definedas the negative of the rate of change
of the phase characteristic φ of the output responseVout(ω) with respect

to frequency, at zero frequency, i.e., TGD = limω!0�
∂φ
∂ω . To compute

the phase characteristic of the output response, we first compute the out-
put responseVout(s) in the transform domain and then substitute for the
Laplace variable s = jω, i.e.,

Vout(ω) =
V0

TR
�
�1
ω2 (1� e� jωTR) �H(ω)

=
�V0

TRω

"
(

ωT2
R

2
�

ω3T4
R

3!
+ : : :)+ j(TR�

ω2T3
R

3!
+ : : :)

#
H(ω)

=
�V0

TRω
[M1 + jM2]H(ω)

where M1 and M2 are the real and imaginary parts of the input ramp
function. Writing the transfer function in terms of numerator and de-
nominator polynomials,

H(ω) =
(1�a2ω2 + : : :)+ j(a1ω�a3ω3 + : : :)

(1�b2ω2 + : : :)+ j(b1ω�b3ω3 + : : :)
=

N1 + jN2

D1 + jD2

Then, the phase characteristic of the output response is φ = tan�1 M2
M1

+

tan�1 N2
N1
� tan�1 D2

D1
. We obtain the group delay as

TGD = lim
ω!0

�
∂φ
∂ω

=
TR

2
+b1�a1



4 Single-Pole Analysis
If we approximate the system transfer function up to the first moment (or
coefficient of s), H(s)� 1

1+sb1
. Then, the output response under infinite

ramp is3

Uout(s) =
V0

TR

1
s2

1
1+ sb1

=
V0

TR

�
1
s2 �

b1

s
+

b1

(s+1=b1)

�

with corresponding time-domain response

uout(t) =
V0

TR

h
�b1 + t +b1e

�t
b1

i
(4)

The time-domain response for a finite ramp is therefore

vout(t) = uout(t)�uout(t�TR)

=
V0

TR

�
TR +b1e

�t
b1 �b1e

�(t�TR)
b1

�
(5)

Note that as t ! ∞, vout(t) tends to a final value of V0 as expected. [16]
used a similar single-pole analysis to compute delay and transition times
solving the above response equations by applying Newton-Raphson it-
eration.

4.1 Analytical Delay Model
It turns out that using the analytical ramp delay computed using the def-
inition in Section 3 and the output response given in Equations (4) and
(5) leads to the same result:

TAD =
1

V0

Z TR

0
tu0out(t)dt+

1
V0

Z ∞

TR

tv0out(t)dt

=
TR

2
+b1

Threshold Voltage Corresponding To Analytical Ramp Delay.

Section 3 gave two different methods for computing an analytical
ramp input delay from the output response. The threshold voltage cor-
responding to this analytical delay is not known, and must be computed
by substituting TAD for time in either the infinite or the finite ramp re-
sponses.
Computing the threshold voltage for the infinite ramp response in Equa-
tion (4) for b1 �

TR
2 , we get

uout(t = TAD) =
V0

2

�
1+

2b1

TR
e
�(1+ 1

2b1=TR
)

�
:

In the limit as 2b1
TR
! 0 the threshold voltage reduces to uout(t = TAD) =

V0
2 . Hence, for large rise-times or small first moment of the transfer func-

tion the analytical delay TAD corresponds to 50% threshold voltage. When
b1 �

TR
2 , using the finite ramp response in Equation (5) gives

vout(t = TAD) =V0

�
1+

1
2e

2b1

TR
(e

�1
2b1=TR � e

1
2b1 =TR )

�
:

In the limit as 2b1
TR
!∞ the threshold voltage reduces to vout(t = TAD) =

V0(1� 1=e) = 0:632V0. Hence, for small rise-times or large first mo-
ment of the transfer function the analytical delay TAD corresponds to
63:2% threshold voltage. We see that for any choice of TR and b1 the
threshold voltage corresponding to the analytical delay TAD will be be-
tween 50% and 63:2%.

3In the transform and time domains, we respectively use U(x;s) and u(x;t) to indicate
the response for infinite ramp input, and V(x;s) and v(x;t) to indicate the response for finite
ramp input.

4.2 Threshold Delay Models

Condition for Computing Threshold Delay Using Finite or Infinite
Ramp Response.

The ramp input delay at any threshold voltage can be computed us-
ing the infinite ramp response in Equation (4) if the ramp delay is less
than the rise time TR, or using the finite ramp response in Equation (5)
if the ramp delay is greater than TR. For example, the delay at threshold
Th1 in Figure 3 is computed using the infinite ramp response, and the
delay at threshold Th2 is computed using the finite ramp response. To
determine when the infinite ramp response should be used, we write the
threshold voltage corresponding to the rise-time TR in terms of intercon-
nect and rise time parameters:

Time
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R

V
0

Th2

Th1

Figure 3: Ramp input delay at various threshold voltages.

vTR =

�
1�

b1

TR
(1� e

�1
b1=TR )

�
(6)

Here, vTR is the threshold voltage at which the delay through the inter-
connect is equal to TR. Let vth be the threshold voltage of interest for the
finite ramp response, expressed as a fraction of the steady state voltage
V0. If vth � vTR , delay is calculated using Equation (4), and if vth > vTR ,
delay is calculated using Equation (5).
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Figure 4: Variation of threshold voltage at delay equal to rise-time TR

with respect to the factor b1
TR

.

Observe that Equation (6) can be rearranged to obtain a condition on
b1
TR

for any given threshold voltage vth: the condition for delay calcula-
tion using infinite ramp response is

b1

TR
(1� e

�1
b1=TR )� (1� vth)

and the condition for delay calculation using finite ramp response is

b1

TR
(1� e

�1
b1=TR )� (1� vth)



Figure 4 shows the variation of vTR with respect to the factor b1
TR

. At
b1 = TR the threshold voltage vTR is 0:368V0, i.e., 36:8%. Since most
sub-micron interconnect networks have small rise-times and large prop-
agation delays, the delays at threshold voltages of interest (50% or 90%)
will likely be computed by considering the finite ramp response as de-
veloped in Equation (9) below.4

Threshold Delay Using Infinite Ramp Response.

Model 1. For the infinite ramp response of Equation (4), the threshold
delay is

TRD1 +b1e
�TRD1

b1 = uthTR +b1

where uth is the threshold voltage of interest for the infinite ramp re-
sponse. We can solve such a recursive equation in less than 10 itera-
tions of simple back-substitution (with TAD as the starting value) for all
the interconnect configurations we considered. To obtain a closed-form
delay formula, we approximate TRD1 in the exponential term with some
f (TAD), which yields

TRD1 = uthTR +b1(1� e
� f (TAD)

b1 ) : (7)

Here, f (TAD) dependson the threshold voltage and TAD.5 The above de-
lay estimate can be improved by expressing TRD1 as uthTR+τRD1, since
the threshold delay for the infinite ramp responseTRD1 is greater than the
threshold delay for the infinite ramp input uthTR. Making this change in
delay variable in Equation (4), we get

�b1 + τRD1 +b1e
�

uthTR+τRD1
b1 = 0

Expanding e
�

τRD1
b1 as a Taylor series and considering only the first three

terms yields

τ2
RD1 +2b1(e

uthTR
b1 �1)τRD1�2b2

1(e
uthTR

b1 �1) = 0

Solving for τRD1 in the above equation, the threshold delay can be ex-
pressed as

TRD1 = uthTR +b1

 
1� e

uthTR
b1 +

q
e

2uthTR
b1 �1

!
(8)

Using this TRD1 value for f (TAD) in the exponential term of the Equation
(7), we obtain delay values that are very close to the values obtained by
solving the equation through iteration.

Threshold Delay Using Finite Ramp Response.

Model 2. For the finite ramp response of Equation (5),

vth =
1

TR

�
TR +b1e

�TRD2
b1 �b1e

�(TRD2�TR)
b1

�
:

Collecting the threshold delay TRD2 terms, we obtain

TRD2 = b1

������ln
0
@ b1

TR
�
(e

1
b1=TR �1)
(1� vth)

1
A
������= b1

����ln
�

F1

(1� vth)

����� (9)

4At 50% threshold, the condition for delay calculation using infinite ramp response is
b1
TR
� 0:625, with delay calculated using finite ramp response otherwise. Similarly, at 90%

threshold, the condition for delay calculation using infinite ramp response is b1
TR
� 0:1.

5In [9] the function f (TAD) is approximatedby f (TAD) = TAD ln( 1
1�uth

), which is thresh-

old delay for the system with analytical delay as the time constant. The delay estimates using
this approximation are reasonably close to SPICE-computed delays.

where the factor F1 = b1
TR
(e

1
b1=TR � 1) can vary between ∞ and 0. With

such a large variation in F1, it is very difficult to fit the threshold delay
TRD2 against the corresponding SPICE delay.

Model 3. Since the threshold delay computed from the finite ramp re-
sponse is greater than TR, an alternative formula for the threshold delay
can be obtained by expressing TRD3 as TRD3 = TR + τRD3. Substituting
into Equation (5) yields

vth =
1

TR

�
TR +b1e

�TR
b1 e

�τRD3
b1 �b1e

�τRD3
b1

�
:

Therefore, the delay is

TRD3 = TR +b1

����ln
�

F2

(1� vth)

����� (10)

The factor F2 = b1
TR
(1� e

�1
b1=TR ) varies between 0 and 1:0 as shown in

Figure 5. For b1 = TR this factor is F2 = 0:632. For b1 > TR we can
find a good approximation for F2 by fitting against SPICE-computed de-
lays, since the variation in F2 values is very small. However, for the
range of interconnect configurations studied both Model 2 and Model
3 gave essentially identical results and hence Section 7 reports results
from Model 2 only.
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5 Two-Pole Analysis
The two-pole methodology for interconnect response computation un-
der step input has been discussed in [4, 7, 20]. For interconnect trees
(or lines) the transfer function has a special form in which the numera-
tor polynomial is a constant, i.e., approximating to s2 term yields H(s)�

1
1+sb1+s2b2

. For the case of resistive source (RS) and capacitive load (CL)
impedances, the transfer function coefficients are given by [8]

b1 = RSC+RSCL +
RC
2

+RCL

b2 =
RSRC2

6
+

RSRCCL

2
+

(RC)2

24
+

R2CCL

6
+

LC
2

+LCL (11)

For this form of the transfer function, the output response under infinite
ramp input is

Uout(s) =
V0

TR

1
s2

1
1+ sb1 + s2b2

=
V0

TR

�
�b1

s
+

1
s2 �

1+b1s2

s1� s2

1
s� s1

+
1+b1s1

s1� s2

1
s� s2

�



and the corresponding time-domain response is

uout(t) =
V0

TR

�
�b1 + t +

1+b1s2

s2� s1
es1t +

1+b1s1

s1� s2
es2t
�

U(t) (12)

where U(t) is the unit step function. The time-domain response for a
finite ramp is

vout(t) = uout(t)�uout(t�TR)

=
V0

TR

"
TR +

(1+b1s2)(e
s1t � es1(t�TR))

(s2� s1)

+
(1+b1s1)(e

s2t � es2(t�TR))

(s1� s2)

#
U(t) (13)

Note that the first and second moments of the transfer function can be
obtained from the coefficients b1 and b2, i.e., M1 = b1 and M2 = b2

1�b2.
We use the coefficient notation b1;b2 and the moment notation M1;M2
interchangeably according to the simplicity of the expression.

5.1 Threshold Delay Models
Depending on the sign of b2

1 � 4b2, the poles of the transfer function
can be either real or complex. However, for most cases of interest the
poles turn out to be real, and we now discuss delay models for the case
of real poles. The condition for the poles to be real is (b2

1 � 4b2) =

(4M2�3M2
1)� 0. Since the magnitude js2j is greater than js1j, the sec-

ond term in the time-domain responsedecreases rapidly compared to the
first term. Hence, the two-pole infinite ramp response can be approxi-
mated as

uout(t) �
V0

TR

�
�b1 + t +

1+b1s2

s2� s1
es1t
�

(14)

and the finite ramp response as

vout(t) �
V0

TR

�
TR +

1+b1s2

s2� s1

�
es1t � es1(t�TR)

��
: (15)

Note that the residue k1 =
1+b1s2
s2�s1

is a positive quantity, and that the pole
s1 has to be negative in value for the response to converge.

Threshold Delay for Infinite Ramp Response.

Model 4. The delay TRD4 at threshold voltage uth can be obtained as

TRD4 +
1+b1s2

s2� s1
es1TRD4 = uthTR +b1

Again, we can solve such a recursive equation in less than 10 iterations
of simple back-substitution (with TAD as the starting value) for all the
interconnect configurationswe considered. Another way to evaluate the
above iterative equation is by substituting some f (TAD) for TRD4 in the
exponential term, which yields

TRD4 = uthTR +b1�
1+b1s2

s2� s1
es1 f (TAD) (16)

where f (TAD) depends on the threshold voltage and TAD. For example,
for 50% threshold voltage f (TAD) = TAD and for 90% threshold volt-
age f (TAD) = 2:3TAD. We found that the delay values using Equation
(16) are close to the values obtained by solving the equation through it-
eration. Similar to the analysis of Model 1, a better approximation for
the f (TAD) term can be obtained by expressing TRD4 as uthTR + τRD4,

since TRD4 is greater than the threshold delay for the infinite ramp input
(uthTR).

Threshold Delay for Finite Ramp Response.

Model 5. The delay TRD5 at threshold voltage vth can be obtained from
the response as

vthTR = TR�
1+b1s2

s2� s1
(e�s1TR �1)es1TRD5 :

Since the value of the pole s1 is negative, the quantity (e�s1TR � 1) is
positive and the residue 1+b1s2

s2�s1
is also positive. Thus, the delay expres-

sion reduces to

TRD5 =
1
js1j

����ln
�

F3

(1� vth)

����� (17)

where the factor F3 = (1+b1s2)(ejs1 jTR�1)
(s2�s1)TR

can vary widely.

Model 6. Since the threshold delay computed from the finite ramp re-
sponse is greater than TR, an alternative formula for the threshold delay
can be obtained by assuming the form TRD6 = TR + τRD6. Substituting
into Equation (15) yields

vthTR = TR�
1+b1s2

s2� s1
(1� es1TR)es1τRD6 :

Therefore, the delay is

TRD6 = TR +
1
js1j

����ln
�

F4

(1� vth)

����� : (18)

where the factor F4 =
(1+b1s2)(1�e�js1jTR )

TR(s2�s1)
varies over only a small range.

For the range of interconnect configurations studied both Model 5 and
Model 6 gave essentially identical results, and hence Section 7 reports
results from Model 5 only. [9] gives a detailed discussion of two-pole
models for the case of complex poles.

6 Interconnection Trees
Finally, we describe how to extend our analytical models to estimate de-
lays in arbitrary interconnect trees. An RLC network is called an RLC
tree if it does not contain a closed path of resistors and inductors, i.e., all
resistors and inductors are floating with respect to ground, and all capac-
itors are connected to ground. Consider an RLC interconnect tree with
root (or source) S and set of sinks (or leaves) f1;2; : : : ;ng. The unique
path from root S to the sink node i is denoted by p(i) and is referred to
as the main path. The edges/nodes not on the main path are referred to
as the off-path edges/nodes. We model each edge on the main path of
the tree using a lumped RLC segment, e.g., an L, T, or π model.6

We approximate the off-path subtree rooted at node i with its admit-
tance. At any node i, the admittance Yi is equal to (i) the capacitance of
node i (Ci) if there is no subtree at node i, or (ii) to the sum of the ca-
pacitance of node i (Ci) and the subtree admittance YT(i) otherwise. In
other words,

Yi
= sCi if node i has no off-path subtree
= sCi +YT(i) if node i has an off-path subtree

With this approximation, the main path reduces to an RLY equiva-
lent circuit. Only two admittance moments need to be computed for an
exact transfer function moment computation for the main path. The kth

6Our model is not limited to traditional segment models, and accuracy of our results
would likely improve if we use non-uniform segment models [7, 19] designed to perfectly
match the low-order moments of the distributed RLC line.
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Figure 6: Representation of the main path in the tree, where each dis-
tributed line is modeled using RLC segments. Yi indicates the off-path
subtree admittance at node i.

coefficient bk of the transfer function for the general RLY circuit of Fig-
ure 6 can be obtained using the recursive equation given in [7]. The first
and second coefficients of the transfer function are

bSL
1 = RS

N

∑
j=1

Y1; j +RN

N

∑
j=1

Y1; j +bN
1

bSL
2 = RS

N

∑
j=1

Y1; j �b
j
1 +RS

N

∑
j=1

Y2; j +RN

N

∑
j=1

Y1; j �b
j
1

+RN

N

∑
j=1

Y2; j +LN

N

∑
j=1

Y1; j +bN
2 (19)

The first and second moments are expressed in terms of coefficients as
M1 = b1 and M2 = b2

1� b2. For any given source-sink pair the coeffi-
cients b1 and b2 can be computed in linear time by traversing the main
path and using Equation (19) to obtain transfer function coefficients.

7 Experimental Results

We evaluate the above models by simulating various RLC interconnect
lines with different source/load impedancesand different input rise times.
We consider typical interconnect parameters encountered in single-chip
interconnects [8], with the length of the interconnect being 2000 µm.
The source resistance is varied between 100 to 1000 Ω and the load ca-
pacitance is varied from 0:1 to 1:0 p f . We also consider 100 ps and 500
ps rise times for the input ramp.

For all our experiments, we compute exact 50% and 90% delays
from the response at the load using the SPICE3e simulator. The step
input delay is computed using the Elmore delay formula and then mul-
tiplying it with the appropriate constant for the given threshold voltage.
For example, Elmore delay at 50% threshold voltage is 0:69b1 and at
90% threshold voltage is 2:3b1. Unlike [5], we find that Elmore delay
is not at all close to SPICE-computed 50% threshold delays and, de-
pending on the rise time of the signal and driver resistance, can be either
greater or less than SPICE-computed delays (e.g., when the rise time is
500 ps the Elmore delay is for most cases less than the SPICE-computed
delays). Also, increased rise time of the input signal causes the Elmore
delay to deviate further from SPICE-computed delays (see Tables 1 and
3).

For comparison, we also present delay estimates using the analytical
ramp delay model TAD. When the rise time of the ramp input is increased
from 100 ps to 500 ps the SPICE delays at 50% threshold are increased
by approximately 200 ps, which suggests that delay at 50% threshold
voltage is proportional to TR

2 . This effect of the rise time is well mod-
eled in the analytical ramp delay model TAD. To compute ramp input
delays using the single-pole methodology we use either the Model 1 or
Model 2, depending on the value of the first moment b1 and the thresh-
old voltage of interest. Similarly, to compute ramp input delays using
the two-pole methodology we use either Model 4 or Model 5, again de-
pending on the value of b1 and the threshold voltage of interest. (If the
delay is computed using the infinite ramp response then we mark those

delays in the Table with (�).) Tables 1 and 2 give 50% and 90% delay es-
timates for ramp input with 100 ps rise time. Tables 3 and 4 give 50%
and 90% delay estimates for ramp input with 500 ps rise time. Over
our range of test cases, Elmore delay estimates can be as much as 100%
away from the SPICE-computed delays. In contrast, our single-pole de-
lay estimates are within 4% of SPICE delays and the two-pole delay es-
timates are within 2:3% of SPICE delays.

8 Conclusions
Fast delay estimation methods, as opposed to simulation techniques, are
needed for incremental performance-driven layout synthesis. Estima-
tion methods based on Elmore delay for a step input, although efficient,
cannot accurately estimate the delay for RLC interconnect lines. We
have obtained new analytical delay models under ramp input, based on
the first and second moments of RLC interconnection lines. The result-
ing delay estimates are significantly more accurate than Elmore delay
estimates. We also describe how to extend our delay models to estimate
source-sink delays in arbitrary interconnect trees.
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Interc. Driver Load SPICE Elmore Analy. Single Two
para. Res. Cap. Delay Delay Pole Pole
r; l;c RS CT 0:693b1 TAD
/µm Ω p f ps ps ps ps ps

0:0015 Ω
0:176 f f 100 0.01 83 25 87 83* 84*
0:246 ph

” 500 0.01 178 126 232 178 178
” 1000 0.01 302 251 413 302 303
” 100 0.1 90 32 96 90� 92�

” 500 0.1 209 157 277 209 209
” 1000 0.1 364 314 503 365 365
” 100 1 150 96 189 149 151
” 500 1 522 471 730 522 522
” 1000 1 989 939 1406 990 990

0:015 Ω
0:176 f f 100 0.01 87 29 92 87* 88*
0:246 ph

” 500 0.01 181 129 237 182 182
” 1000 0.01 305 255 418 306 307
” 100 0.1 96 37 103 96� 97�

” 500 0.1 214 162 284 214 215
” 1000 0.1 369 319 510 370 371
” 100 1 172 118 220 171 173
” 500 1 543 493 761 544 545
” 1000 1 1010 961 1437 1012 1013

Table 1: The length of the interconnect line in these experiments is
always h = 2000 µm. The rise time of the input ramp is 100 ps. For
single-pole delay estimates we use Model 1 or 2 and for two-pole es-
timates we use Model 4 or 5, depending on whether the delay point
falls into the infinite ramp response range or the finite ramp response
range. The delay estimates refer to 50% threshold voltage. (�) in-
dicates that the delay is computed using the infinite ramp response
models.

Interc. Driver Load SPICE Elmore Analy. Single Two
para. Res. Cap. Delay Delay Pole Pole
r; l;c RS CT 0:693b1 TAD
/µm Ω p f ps ps ps ps ps

0:0015 Ω
0:176 f f 100 0.01 141 85 87 145 143
0:246 ph

” 500 0.01 468 418 232 470 469
” 1000 0.01 882 835 413 886 885
” 100 0.1 161 106 96 165 161
” 500 0.1 572 522 277 574 573
” 1000 0.1 1090 1042 503 1094 1093
” 100 1 366 319 189 372 366
” 500 1 1612 1563 730 1615 1614
” 1000 1 3167 3118 1406 3172 3170

0:015 Ω
0:176 f f 100 0.01 150 96 92 156 151
0:246 ph

” 500 0.01 476 430 237 482 479
” 1000 0.01 889 846 418 898 895
” 100 0.1 174 123 103 181 175
” 500 0.1 583 539 284 591 587
” 1000 0.1 1100 1059 510 1111 1107
” 100 1 429 392 220 445 435
” 500 1 1668 1636 761 1688 1682
” 1000 1 3218 3191 1437 3245 3238

Table 2: The length of the interconnect line in these experiments is
always h = 2000 µm. The rise time of the input ramp is 100 ps. The
delay estimates refer to 90% threshold voltage.

Interc. Driver Load SPICE Elmore Analy. Single Two
para. Res. Cap. Delay Delay Pole Pole
r; l;c RS CT 0:693b1 TAD
/µm Ω p f ps ps ps ps ps

0:0015 Ω
0:176 f f 100 0.01 287 25 287 287* 287*
0:246 ph

” 500 0.01 413 126 432 415* 415*
” 1000 0.01 529 251 613 530 530
” 100 0.1 296 32 296 296� 296�

” 500 0.1 445 157 477 445� 449�

” 1000 0.1 586 314 703 587 587
” 100 1 380 96 389 380� 381�

” 500 1 736 471 930 736 737
” 1000 1 1197 939 1606 1197 1198

0:015 Ω
0:176 f f 100 0.01 291 29 292 292* 292*
0:246 ph

” 500 0.01 416 129 437 419* 419*
” 1000 0.01 532 255 618 533 534
” 100 0.1 303 37 303 303� 303�

” 500 0.1 450 162 484 455� 455�

” 1000 0.1 591 319 710 591 592
” 100 1 405 118 420 406� 408�

” 500 1 757 493 961 758 759
” 1000 1 1217 961 1637 1219 1221

Table 3: The length of the interconnect line in these experiments is
always h = 2000 µm. The rise time of the input ramp is 500 ps. The
delay estimates refer to 50% threshold voltage. (�) indicates that the
delay is computed using infinite ramp response models.

Interc. Driver Load SPICE Elmore Analy. Single Two
para. Res. Cap. Delay Delay Pole Pole
r; l;c RS CT 0:693b1 TAD
/µm Ω p f ps ps ps ps ps

0:0015 Ω
0:176 f f 100 0.01 487 85 287 487* 487*
0:246 ph

” 500 0.01 720 418 432 722 721
” 1000 0.01 1110 835 613 1113 1113
” 100 0.1 496 106 296 496� 496�

” 500 0.1 814 522 477 816 816
” 1000 0.1 1312 1042 703 1315 1315
” 100 1 633 319 389 638 634
” 500 1 1826 1563 930 1830 1828
” 1000 1 3374 3118 1606 3379 3378

0:015 Ω
0:176 f f 100 0.01 491 96 292 492* 492*
0:246 ph

” 500 0.01 727 430 437 732 730
” 1000 0.01 1116 846 618 1124 1122
” 100 0.1 503 123 303 504 504
” 500 0.1 825 539 484 832 833
” 1000 0.1 1322 1059 710 1332 1329
” 100 1 687 392 420 700 692
” 500 1 1882 1636 961 1902 1896
” 1000 1 3425 3191 1637 3452 3446

Table 4: The length of the interconnect line in these experiments is
always h = 2000 µm. The rise time of the input ramp is 500 ps. The
delay estimates refer to 90% threshold voltage.
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