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Abstract: CMOS implementations of arithmetic units for

One-Hot Residue encoded operands are presented. They
product of depicted asX < (Xq,Xs,..

are shown to reduce the delay-power
conventional, fully-encoded designs by more th86%,

as exemplified by the design of a direct digital frequency
synthesizer for frequency-hopped spread spectrum
communication systems. The reduction is attributable to
the one-hot representation, which decreases the activity
factors of the signals and the number of circuit and
critical path transistors.

I. Introduction

The contributions of this paper aweofold. First,
CMOS arithmetic circuitsfor One-Hot ResidufOHR)
operands are presented. OHR is an encoding technique f
Residue Number System (RN®perands in which the
residue digits are one-hoencoded. The simplified
structureand lower activity factors of these circuigeld
superior delay-power products when compawméth fully-
encoded units.  The circuits presented include an
adder/subtracter, multiplier and scaler.

Second, the delay-power benefits are
demonstrated for a direct digitdlequency synthesizer
(DDFS) design which exhibits a delay-power prodbeit
is at least 85% ledban that of aecently developed, fully-
encoded design callgétie High-Agility Direct Synthesizer
(HADS).

This paper is organized &dlows. Section Il is a
presentation of background information on RES, One-
Hot Residue (OHR)encodingand DDFS. Section I
presents theOHR arithmetic circuitsand theexample
synthesizer design. Section IV presentsdigtay-power
product estimateand compares it withthat of theHADS.
Section V contains our conclusions.

II. Background

The RNSrepresents an integer X as texctor of

called moduli. Letting mdenote theth modulus, this is
- 4
.. Xp), where x; —|X|mi 2 X

modulo m The operations of addition, subtraction and
multiplication are performed in "digit-parallel" fashion,
modulo m. If operands Xand Yhave residue
representationgx;,X,,...,X,) and §; y»,...y, ) and

ZAXLY where[] represents any of the operatiotisen
we have Z « (| ><1D)/1|ml : |X2DYZ|m2 v | XnDyn|mn ).
Because these operatioase done in parallemodulo
small integers m they can be performeduickly. The

division operation, however, is relatively slow [1].
A useful property ofprime moduli isthat they

Jpossess at least opemitive root. A primitive root is an

integer a whose successive poweegjual the nonzero
integers modulo m Thisallowsthe use of logarithm-like
operations for multiplication. If modulus;rhas primitive
root  a, then  for any <xkm; -, 1

x =a* modulo m; forsome0< k m-2. It is then

said that x has index kMultiplication can beperformed
by addition modulo -1 of indices. Section Ill shows a
simpleway offinding the index of a residue digit in the
OHR representation.

A residue operation called Scaling is useful for
frequency synthesisand is thesquivalent of "right-
shifting" (truncation) in the binary numbesystem.
Scaling by modulus prconsists of a subtraction of and
multiplication by m™ in each modulus excefite ith, that

oxo_
b
Scaling by a product of moduli is done buccessive
application of theaboveformula. The result i€ncoded
only in those modulhot used for scaling. An operation
called Base Extension [2] is used to restbe lost digits.

It consists of successive scalingsdach of the remaining
moduli (with the lost digits initialized to zerdpllowed by

is R ) M L G S

its residues modulo a fixed, specially chosen set of integers2 final multiplication by the additive inverse of the product

of these moduli. Base Extension ot needed for
frequency synthesisand will not be discussedurther.
Note that the Scalingperation requires some method of
converting a residue digit from one modulus to another. It
will be seen in Section Ithat theOHR encoding provides

a simple and fast way of doing this conversion.



The OHR representation is the representation of inverse oftheir inputs when thaext-msb is asserted. The
RNS operands using one-hot encoding. atlows Sl input of the DAC performs a sign inversion of the DAC
implementation of arithmetic circuits witltower delay- output when it is asserted.

power producthanconventional RNS designs employing
positional binary codes. These benefits rebattause all Frequenclkl N
major operations (addition, subtraction, multiplication, Setting f/k| c
modulus conversion, scalirgnd indexcomputation) are word - ?
performed using transposition of linead barrekhifters. (Residue'k'| e
Fewer transistors areused than in gate-intensive r
architectures, leading to low@owerand shorter critical i
path length. Furthermor@HR circuits have a lowefand Sy|stem
constant) activity factorand pesess a&ritical pathdelay Phase Address Clock
which does not depend on the size of the operands. Accumulator Invert
The OHR representation fothe ithresidue digit Figure 2: High-Agility Direct Synthesizer (HADS)
X; is depicted in Figure 1. Onlyhe single line
corresponding to the digit value is asserted at any time.  1ll:  Arithmetic Circuits for the One-Hot Residue
. 0 Encoding
Lin® ! Only one line
Nu_m_ber : gctive The OHR arithmetic circuits are barrel shifter-
(Digit o t fi based because for many modille basic operations of
Value) M2 atany fime addition, subtractionand multiplication in the OHR

il representation can be performed by cyclic rotations. A low

Figure 1: One-Hot Residue Representation for Digit x ~ delay-power product results frothe circuitseconomy of
transistors and low activity factors.

Direct Digital Frequency Synthesis

OHR Arithmetic Circuits

Direct Digital Frequency Synthesis (DDFS) is a

method of sinusoidal signal generatiathat yields T - g :
frequencies of high-precisionand resolution  with addition is acyclic permutation and can beplemented

frequency switchingthat is fast and phase continuous. using a barrel shifter. The barrel shifter can be built using

Most DDFS systems udbe Sine Tabléookup Method ~ PasS transistors or transmissiqn gates. Figyeénﬁws the
[3], wherein the output is generated Iperiodically addersymbolanq .3bshowsthe mt_ernal architecture. For
accessing a ROM iwhich are stored samples of a single €as€ of routability pass transistoase ~preferredver
period of a sinewave. The samples aronverted to  transmission gates [6]. _
analog by a digital-to-analog converter (DAC). The ROM Subtraction is implemented by transposing the
addresses are computed using a Phase Accumulator, whicRUPtrahend wires to generate its additive invenselulo
generates successiveultiples of an exterally-supplied M- A dedicated ~subtracter wouldhardwire —the

For one-hot encoded operands, modulg m

frequency setting word denoted by k. transposition on the subtrahend input of the barrel shifter.
The architecture of anRNS-based pipelined Shift Input L] =2 |
synthesizer called HADS  (High-Agility  Direct M‘X’d“d'zr"\ R n?”lfgg;
Synthesizer) [4] is shown in Figure 2. It will be the hd
benchmark for comparison witthe OHR design. The pata input| [ eee |
residue-encoded setting word, k,tie step size through @
the Sample ROM and thusestablishes the output m,-1jm; -2jm,-3 ® ¢ ¢ o
frequency. Small (large) k values produdew (high) { { { . . . 1[: 0
output frequencies. The Phase Accumulator forms the IR DU o .
multiples of k (modulothe product of the moduli) by { *ﬁ { e e . ﬁ —
successivaddition. Typical widths of accumulator output A A )
are at least 32 bitend therefore must be truncated. { { { . o o { .
Truncation is performed by the Scaler, which computes the s la s 2 .
Scaling operation on the accumulator output. The Al units °
and the SI ("signinvert") input of the DAC allow m; -1
exploitation of the sine quarter-waggmmetry to reduce i, {. T ° 4':
Sample ROMsize. The Al unitscomputethe additive ol al 2l o o emd



Figure 3: OHR Adder: (a) Symbol (b) Architecture
A combined adder /subtracteunit would employ a
multiplexer to selectively apply the inverse. The
architecture of such a univill be obvious after the
discussion of multiplication.

Multiplication by a constant modulo;rmanalso
be done by wire transposition.
multiplication the architecture is dependent on the
modulus. Multipliers for moduli of the form

2,4,p%, 2p°® (p an odd primepossesprimitive roots [7]

and admit thesimple and regular multipliestructure
shown in Figure 4. It

o
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Figure 4: Internal architecture of module multiplier

consists of wire transpositions @fl ports with a barrel

shifter core. The transpositions perform index conversion.

The barrel shifter computes the index sum modulo mi-1.
Multipliers for moduli other than these are
implemented as crossbar switches.
transpositions enhances thepeed but makethem more
difficult to route. Their structure is identical to Figure 4
except for the lack of port transpositiomsd the
substitution of a crossbar switch for the barrel shifter.
Modulus conversion of an operand from tm m
can be performedimply and easily. If m < m the
operation is trivial, consisting of "wire padding" with extra
lines. Otherwise, a wire corresponding to a vaite m;

is applied to the gate of a pass transisthose source is
tied high, asshown forthe zero inputs in Figure 4. The
drain istied to the output line corresponding to treue

a mod m.

Scaling consists of a subtraction by a modulus-
converted operand, followed by a constant
postmultiplication (see Sectioril). This can be
implemented by a barrel shifter with modulus conversion
on the subtrahend and a wire transposition on the output.

OHR-based Frequency Synthesizer

The OHR synthesizer is theHADS shown in
Figure 2 with the Phase Accumulator (PA), Scaler,
Address Invert (Al) Uniteand Sample ROM modified for

For non-constant (gesidue) |k' |

the OHR encoding. SeeFigure 5. It includes an Encoder
unit

[k]
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Figure 5: OHR Synthesizer

which generates th@sband next-msb forthe XOR from
the even modulus of the Scaler output.

A modulo m adder in the PA is shown in Figure
6a, andconsists of a single edge-triggered register with
OHR adder feedback. Each register element is
implemented withtwo level-sensitivéatches [8], each
consisting of a two-input inverting mux with an output
inverter (see Figure 6b).

The Scaler performs truncation usingn@mory-
oriented approach as shown in Figuia. It is
implemented with on®OM per PA modulugnd abinary
tree of OHR adders, each r moduli wide. ROMi converts
the output of theth PAadder to its truncated value in r-
digit OHR code. The adders accumulate these results to
yield a phase valueith reduced resolution which is input
to the Al Units. The value of r is 2 in Figuresa@d 5.
This value is advantageous, as will be sbéetow in the

The lack of sagmple ROM discussion. ROMid the addesutputs are

pipelined with the register element shown in Figure 6b.
Figure 7b shows the ROMi word architecture [8].
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R
OHR e
Adder |m; | % g
Modulo | | ' [~
m. S | Outout
[ t
e
| Svstem
|k| . i Clock
mi
(@
D
—o0
Mux
1
Svstem
Clock
(b)
Figure 6: (a) PA adder (b) register element



Pull-down transistors ardocated only atthe O-bit Q)

positions. The bit lines are precharged duhigh system g\{a éd systen) Word ArchitectureFiaure 70
clock. During low clockthe word line andbit lines are Lin Clock ) ) — )
asserted. Output data &tive lowand isconverted to Ml 1 e , DBitlines  ~
active high by using thenverted output of the register ML} H H H
element in Figure 6b. Note that each wiime drivesonly vm, -
two transistor gates (due to the OHR encoding). _X.O%%B Word ArchitecturdFiaure 7H
T
e Bit
?elec Pl
inesy
A Molxm, -1
Systeny Outout Bus
e Clock To DAC
Bit Lines . . .
(to output reister) Figure 9: Sample ROM Architecture
(b complementation after the conversion to analog, where it

can be done more quickly.
Figure 7: (a) Scaler and (b) ROMi Word Architectures

IV. OHR Synthesizer Delay-power Estimate

An Al Unit selectively computeghe additive
inverse based othe value of the next-msb (generated by This section contains a derivation of delay-
the Encoder unit). Itis implemented as shown in Figure 8,power estimate for botthe OHR synthesizerand the
using a 2-to-MUX andwire transposition. In the figure, HADS. Delay is estimated tij)e number of critical path
m; is one of the r=2 Scaler output moduli. transistors. Power is estimated bythe number of

The SampleROM useghe Figure 7lword transistors needed for implementation of eaghsystem,
architecture in standard fashion, as shown in Figure 9.multiplied by an “activity” factor. This factor expresses
The figure depicts a m1m2 X 1 bit plane. A number p of the average fraction of transistatsat switch perclock
these share theord and bit addressing circuitrand are  transition [9]. DAC delays and powers will not be
connected in parallel to form the m1m2 X p Sanip@M, estimated because tfeir difficulty and because they are
where p is the DAC width. Moduli mdnd m2comprise the same for both designs.
theword andbit select linestespectively. Corresponding
bit lines from each wordre tied togetheand provide the HADS Delay Estimate
data input for the Sense Amplifier/OutpBuffers
(SA/OBs). Bit selection is accomplished by usihg bit The critical path length of thdADS measured in
select lines to control the output enables of $#4OBs,  number of transistors is given by the sum of the middle
whose outputare tied to the outplitus. TheSA/OBs are  column of entries in Table 1[4], [5]. We have used the fact
high gain,single-ended inverters with transmission gate that atwo-input NORhastwo transistors ofielay[8], and

output control. (as will be shown foithe OHR synthesizer) the critical
Next-msb from Encoder unit path length for the Scaler ROMs is 3 transistors.
R
e HADS Power Estimate
d L = _To
fs SRacf)“,\Fz'e The power can be estimated by adding the
From t number of transistors in the PA, Scaler, Al Units and
Scaler e ROM, and scaling by thactivity factor f,. These
_‘T%Vlgtfkm estimates are given in the top half of Table 2. hee
assumedhat onaverage half ofll transistorswitch on
Figure 8: Al Unit Architecture any clocktransition, so that f =5. TheXOR gate is

negligible. We will assuméhat r=2, that theScaler

The Encoderunit is implemented with NOR  moduli are equal (witlvalue m,) and thatone of these

combinational logic in the straightforwardanner. The  output moduli is a power of twoThe number of pipeline
DAC is a standard higbpeed twos-complement type. The registers will be estimated using a “pipeline intensity”
Sl (sign invert) input performs the output sign factor d with units of stages/bit of ripple carry addition [5].



We have assumatiat the PAemploysShanbhag
adders [10]. The Scaler consists dR®Ms of size mX
w, wherew = 2Iog2 Mout and my is the size of the two

output moduli. The Al Unitgonsist of constant-operand
subtracters controllable by the next-msb of Scaler output.
The SampleROM is of size me X p, where p is the
resolution of the DAC.

OHR Synthesizer Delay Estimate

The critical pathdelay D,,z of the OHR

Synthesizer can b®und by adding thelelays ofthe PA,
Scaler, Encoder, Al Unitand Sample ROM. The results
are presented in the last column of Table 1. Thel&ay
consists of 1 transistdor the barrel shifteand 4for the
pipeline register element. The Scapeth is equal to 3
(two for the word line NOR gateand one forthe bit pull
down) transistors fothe ROM, 4 forthe register element
at the ROM output (2 each for masserdslave),and 5 for
each adder in the tree depthfét the barrel shifteand 4
for the output register element).

The Encoder requires thre&2: -input and two

two-input NORs. We have used two-input NORs to
implement the multi-input gateand a registeelement.
The Al Units have one transistor @élaythrough the mux
transmission gatand four through the pipeline register
element (see Figur@). The Sampl®&OM pathequals 3
for the word architectureblocks (Figure 9), 3for the
SA/OB and 4 for the pipeline register element.

OHR Synthesizer Power Estimate

The power consumption of eachubsystem is
found in the samavay asfor the HADS, and theresults
are presented in tHmttomhalf of Table 2. Adefore, we
will assumethat r=2,one modulus is a power vfo and
they are approximately equal with valug,m

The PA is implemented witmodulo m adders
and registerelements (see Figu®). f, and f, denote

the utilizationfactors ofthe ith input andutput moduli
circuitry. ROMi in the Scaler can be shown to hpeerer
(6fo, m; +38fp, Moy, and thetotal addempowercan be

shown to be -1 @mg, +36m,, ), , where the

number of adders is n-1. Ea&A/OB in the Sample
ROM requires four transistors, p is the output widthits
(each of which is registeredind the utilizatiorfactor of
the output bits is5. The Encodgpower was estimated
assuming asbefore that the multi-input NORs are
implemented in binary-tree fashion with two-input gates of
four transistors each.The sum accounfer the register
transistors, (18 per registered bit). There are

ipg, m,, —2CJevels of pipeline registers  with

Emout 0

e E

registers at the ith level,<i < ipg, m,,, — 201

Tables 1 and 2 compare the critical path delays

Table 1: Critical Path Delay (transistors)

Subsystem HADS OHR
Phase 14+ 8109, Mpyax[] 5
Accumulator
Scaler 3+(14+8log,m,,)[ig, N[ 7+ 5[1og, N[]
Al Units 7+ 4log,m,, S
Sample 2[log,(1+log, My, )
ROM 10
+2[log; log, mg [
+ 2|jpgz mout D
Encoder
e
2

and powers ofthe HADS and OHR architectures. The
percent reduction of the product of the critipalth delay
and power estimates (henceforth known #e “delay-
power product”) fothe OHR synthesizebelowthat of the
HADS, for the three modulusets
M1=[128,127,113,109,107,103,101,97,89,83], M2=[32,31,
29,27,25,23,19,17,13,11] and M3=[29,23,19,17,13,11,7,5,
3,2] is plotted in Figure 10. We have usegd =5,

2 n%‘ becausehalf (two) of the bits

m;
change, on averageyery clock cycleor binary-encoded
(OHR-encoded) operandsOther parameterssed in the
figure are d=.5and p=12which correspond to 2 bits per
pipeline stageand 12bits of amplitude resolution on the
output. It can be seen from the figufeat the OHR
synthesizehas aelay-power product which is reduced by
at least 85%below that of theHADS. Furthermore, the
reduction is inversely related the size of gy. Other
data (not shown) indicatthat the percent reduction in
delay isindependent of modulus sizand furthermore,
changes in d, @nd nhavevery little effect onthe path-
power product.

fo, and fg_

V. Conclusion

The One-Hot Residue (OHRhumber system
encodeghe residue digits in one-hot form. It exhibits a
significantly reduced delay-power produmlow that of
fully-encoded residue systemsThe arithmetic units for
the numbersystem are fastand simple and possess
exceptional routing regularity. Use ofthe circuits is
exemplified in the design of a direct digitibquency
synthesizer for frequency-hopped spread spectrum



communication systemslhe delay-power product fahis
system is reduced by at le@&§% belowthat of arecently
proposed conventional residue-based design.

Table 2: Power Estimates (transistors)

Subsystem HADS
A 2
Phase e _
Accumulator f -21(10d [TPgp m; [] +54Tpg; m; [)
i=

n
f 2[4\/m_i(logz\/mi ~1)+2m; log, Mg
i=1

Scaler
+8|092 mout(ﬁ |Og2 ﬁ +\/H _1)]
2
Par =52f, [1P9p Mg e [320df 4 [Togo Moy 4[|
Al Units +52H(E?’92 moutD'Z)
+ 20 ([0, My [12)°
_ 2
Sample afym g og, my  —D+pfymy
ROM +4pfy (Mg ¢log, my e+ My =1
Encoder 0
Subsystem OHR
n
Phase fo (m? +18m,)

Accumulator

1=1

n
(6fo, m; +38fg  Mqy)

Scaler =1
+fo,, (N=1)(2m3,, + 36m )
Al Units 44-1:0om Moyt
Sample p(gfoou‘mout+'5m%ut + 9)
ROM
Eng mout_ZD
Encoder

fo, (amou-ar 5 187
1=1

100 T T T T T T T T 1
Reduction
in 9% -
Delay-
Power
M1
Product oL M2
M3
| | | | | | | | | |

8
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Output Modulus
Figure 10: OHR Delay-Power Product Reduction
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