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Abstract

Dynamic reordering techniques have had considerable suc-
cess in reducing the impact of the initial variable order on
the size of decision diagrams. Sifting, in particular, has
emerged as a very good compromise between low CPU time
requirements and high quality of results. Sifting, however,
has the absolute position of a variable as the primary objec-
tive, and only considers the relative positions of groups of
variables indirectly. In this paper we propose an extension
to sifting that may move groups of variables simultaneously
to produce better results. Variables are aggregated by check-
ing whether they have a strong affinity to their neighbors.
(Hence the title.) Our ezperiments show an average im-
provement in size of 11%. This improvement, coupled with
the greater robustness of the algorithm, more than offsets
the modest increase in CPU time that is sometimes in-
curred.

1 Introduction

With the growing popularity of Binary Decision Diagrams
(BDDs) and their derivatives [1, 9, 11, 4], the interest in
reliable methods to produce good variable orders has in-
creased. Given the combinatorial nature of the problem,
exact algorithms can only be applied to instances of small
size. For most applications, heuristic methods are used to
either derive an order by inspection of a logic circuit [6, 10],
or to improve on a given order [7, 8, 14, 2, 13]. The heuris-
tic improvement algorithms, also called dynamic reordering
algorithms, are based on various local search schemes.

Sifting [14] has emerged so far as the most successful
algorithm for dynamic reordering of variables. The neigh-
borhood of a given order is defined in sifting as the set of
orders that can be obtained by moving one variable to all
possible positions, while keeping the other variables fixed.
Although this strategy normally produces good results, a
limitation of sifting is that it uses the absolute position of
a variable as the primary objective, and only considers the
relative positions of groups of variables indirectly.

Consider the case of a function containing two vari-
ables, a and b with a strong affinity to each other. When
a is sifted, it is likely to end up close to b, because b “at-
tracts” a strongly. However, the overall position assumed
by a and b may be far from optimal, and when b is sifted, it
is likely to return to its initial position, due to the attrac-
tion of a, which effectively acts like a rubber band. This
observation is supported from our experiments on sym-
metric sifting [13], in which we found that regular sifting
usually put symmetric variables together in the order, but
the symmetric groups tended to be in sub-optimal posi-
tions, because sifting was unable to recognize that these
variables should be sifted together. Symmetric sifting, on
the other hand, was not hampered by the “rubber-band”
effect, because it could move the symmetric variables si-
multaneously.
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The advantage of symmetric sifting over conventional
sifting is limited, because symmetric variables do not ap-
pear too often in practical circuits. We were therefore mo-
tivated to devise a more general algorithm, which could
provide more consistent advantages over conventional sift-
ing than symmetric sifting. The main challenge in devel-
oping a group sifting algorithm consisted in formulating
a dependable criterion for the grouping of variables. Cri-
teria of general applicability are more prone to aggregate
variables that should not actually be kept together.

The rest of this paper describes our general group sift-
ing algorithm, and the details of our aggregation criterion,
which is based on letting sifting itself identify variables
with strong attraction, and on applying a relaxation of the
symmetry check that we call extended symmetry check.

2 Preliminaries

Binary Decision Diagrams (BDDs) [5, 3] are an efficient
data structure for the representation of logic functions. De-
tails on the implementation of a BDD package that is quite
similar to ours can be found in [3].

The success of BDDs in solving seemingly intractable
problems has motivated researchers to consider variants of
the basic data structure that support a wider variety of ap-
plications [1, 9, 4] or that are very efficient for some classes
of problems [11]. Though our presentation is in terms of
the more familiar BDDs, our methods apply, with minor
or no modifications, also to these other types of decision
diagrams.

2.1 Variable Reordering

Finding a good variable order for a BDD is a non triv-
ial problem which has attracted lively interest in the last
few years. Many heuristic and exact algorithms have been
devised for the variable ordering problem. Most heuristics
derive an order by inspection of the circuit for which BDDs
are to be built. This approach is obviously of limited use-
fulness when there is no circuit to start with. Furthermore,
even the best heuristics may occasionally fail or produce
inferior results. For these reasons reordering algorithms
have been developed [7, 8].

Reordering algorithms are based on successive improve-
ments of an existing order according to some local search
strategy. Of particular interest to us is the sifting algo-
rithm [14], which can be implemented very efficiently. Sift-
ing reorders variables by considering each of them in turn.
A variable is moved up and down in the order by a series of
swaps of adjacent variables. The best position is recorded,
and at the end the variable is returned to that position.

The effectiveness of sifting depends on the efficiency
with which adjacent variables can be swapped. Rudell has
shown how this can be done in time that only depends on
the number of nodes labeled by the two variables. The
key device is a dictionary of the nodes—called the unique
table—with a sub-table for each variable. Our implemen-
tation of sifting is similar to the one described in [14].



2.2 Symmetric Variables

Symmetry is the basis of one of our aggregation criteria;
hence we review some basic ideas on symmetry. We con-
sider symmetric functions as originally defined by Shan-
non. That is, we consider also the case of symmetry with
complementation.

Definition 1 A boolean function f(x1,...,Ty) is symmet-
ric in x; and x; if the interchange of x; and x; leaves the
function identically the same; f is symmetric in x; and a:;
(alternatively, = and x;), if the interchange of x; and a:;
(and «); and x;) leaves the function identically the same.

It is easily seen that interchanging symmetric variables in
the order does not change the size of the BDD of f. The
fundamental properties for an efficient symmetry check on
BDDs are as follows: 1) Let z; and z; be adjacent variables
where x; precedes x;. For all nodes labeled z;, the condi-
tion Jzial, = Gola; is verified (or gu;z; = Yoyt for the case

of negative symmetry), where g is the function rooted at
the node labeled z;. 2) All arcs into nodes labeled z; come
from nodes labeled z;. The organization of the unique ta-
ble makes checking both conditions of Section 2.2 efficient.
More details can be found in [13].

2.3 Adjacency and Symmetry

Symmetric variables tend to be adjacent in optimum or-
ders for BDDs without complement arcs. Moller et al. have
found this to be the case for most, but not all functions
with up to five variables [12]. A simple counterexample is
as follows: &(z,y,z) = vy +yz' + y'z is a symmetric func-
tion for which no symmetric order is optimal. The optimal
orders are indeed, y < ¢ < z and z < = < y, whereas £
is symmetric in y and z. This particular counterexample
works only for complement arcs. However, based on £ we
can build a family of parameterized functions such that
there is a linear gap between optimal orders and the best
symmetric orders for both cases with and without com-
plement arcs. For instance: Z4(x1,y1,21,...,%d, Yd, 2d) =
@?:1 &(xs,yi, 2:) forms such a BDD structure!. In spite
of the existence of functions exhibiting this linear gap, as
a practical matter it is almost always a good idea to keep
symmetric variables together. Furthermore, the group sift-
ing algorithm we discuss in this paper detects the subop-
timality of symmetric orders in cases like this one.

3 Group Sifting

Group sifting is an extension of sifting. It moves a group
of variables at the time, instead of a single variable. As a
special case, a group may contain a single variable.

We consider, in the general case, two types of groups:
Hard groups are passed to the reordering procedure by the
caller. Hard groups can specify constraints related to the
correctness of the calling algorithm, or may carry sugges-
tions on the structure of the ordering, derived from knowl-
edge of the BDD-based application at hand.

Hard groups can be nested and can be fized. The
subgroups of a fixed group keep their relative positions
throughout the reordering process. Soft groups are groups

!Detlef Sieling of the University of Dortmund has independently
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created by the reordering algorithm, when it identifies vari-
ables that have strong affinity. These groups are short-
lived, not nested, and do not survive between successive
invocations of the reordering procedure.

One simple example of group sifting is symmetric sift-
ing [13]. In the sifting algorithm, every variable that is
moved up and down is at some point adjacent to any other
variable. Hence, by combining the test for symmetry with
sifting, we can identify all symmetric pairs, without ever
computing a cofactor, if we guarantee that each variable
is sifted. Once two variables are identified as symmetric,
they are “locked” together, so that their relative position
never changes from that point on. This effectively leads
to an algorithm that sifts groups of variables of varying
size. In the case of symmetric sifting, soft groups are only
dissolved at the end of the sifting procedure.

In the sequel we present a new approach to group sift-
ing, which is not restricted to aggregating symmetric vari-
ables. Hard groups are organized as a tree. Initially there
are no soft groups. At the top level, the group reorder-
ing procedure visits this tree in post-order and sifts the
children of each non-terminal non-fixed node. While re-
ordering a set of individual variables (as opposed to a set
of groups), the group sifting algorithm will try to create
new soft groups.

3.1 Variable Aggregation

The key to successful group sifting is the use of effective
aggregation criteria. Soft groups are created or merged
when adjacent variables pass an aggregation check. There
are several possible aggregation checks and several schemes
for applying them. In this section we describe two aggre-
gation criteria, while in the next section we discuss the
reordering scheme.

3.1.1 Extended Symmetry

One variable aggregation check is based on the notion of
extended symmetry. Section 2.2 shows that for two vari-
ables to be symmetric, all arcs into the layer corresponding
to the variable with the higher index (the top of the BDD
has index 0) should come from the layer corresponding to
the other variable, and the condition Juiw!, = Gola; must be

true for positive symmetry, or ge;2; = 9a!a! must be true

for negative symmetry. We extended this criterion in two
ways. First we allow for cases of mixed positive and neg-
ative symmetry. Secondly, we allow for a fixed percentage
of violations. For instance, we may allow for 10% of the
nodes checked to fail both positive and negative symmetry
checks. Because the condition is derived from the one of
Section 2.2, we call it extended symmetry.

3.1.2 Variable Interaction

When reordering the variables of a multiple-output func-
tion, if two variables do not appear in the support of the
same output, they are said to be non-interacting. Non-
interacting variables should not be aggregated in general,
because their proximity in an order is typically accidental.
Variable interaction is used as a filter applied after some
other aggregation criterion.

3.1.3 The Method of the Second Difference
Let N (i) be the number of nodes labeled 7. Let n—1 be the
largest variable index appearing in the BDD. Let ¢ be such

that 0 < i < n—1. We define: S(i) = 5t — il




The quantity S(¢) is related to the second difference of the
sequence N (7).

Because the behavior of N(i) is more or less the same
for all BDDs—they have a pear-like shape—the size in-
formation is not directly useful to improve the variable
order. The same applies to the first difference of the se-
ries, because it also has a predictable behavior. However,
the second difference starts to filter out the effects of the
pear shape. In particular, we can measure the amount of
recombination occurring between two variables when they
are adjacent in a manner that is relatively independent of
their position in the BDD. A negative S(¢) indicates a lot
of recombination, and is therefore taken to mean that x;
and z;4+1 should be kept together. The value of S(7) is very
easy to compute, because N (%) is maintained by the BDD
package.

3.2 Reordering Schemes

Sifting tries to achieve a global optimum by a sequence
of local optima—orders in which one variable’s position is
best, given the positions of the other variables. The second
method we have implemented tries to take advantage of the
observation that the locally optimum position of a variable
depends on the absolute position in the order, as well as
on the position of the variable relative to the other vari-
ables. If the globally optimal positions of a variable differ
significantly from the local optima, chances are that other
variables attract it to the “wrong” position. The Relative
Absolute Position (RAP) method is therefore composed of
two phases iterated for each variable. At each iteration, a
variable that has not been sifted yet is chosen. This vari-
able is then sifted up and down, while checking it against
its neighbor for extended symmetry. If extended symmetry
is found, a group is formed and the relative position of its
variables does not change from that point on.

At the end, the variable (or the group) is returned to
the position where the minimum size was encountered. In
the process of returning to the best position, the newly
formed group may be dissolved if the best size was achieved
before the group was formed. This remedies the short-
coming of symmetric sifting for functions such as those
discussed in Section 2.3. If extended symmetry has been
found, the algorithm goes on to choose another variable to
sift; otherwise it enters the second phase.

The position to which the variable is returned is as-
sumed to depend, at least in part, on the presence of affine
variables in adjacent positions. Therefore, the variable
is checked against the two adjacent variables, to see if a
group should be created. The aggregation test is the sec-
ond difference check of Section 3.1.3, followed by the check
for variable interaction of Section 3.1.2. Since we are not
checking until after the variable has found its best position,
we can use a more liberal aggregation test than in the first
phase. If the test succeeds, a soft group, of size up to three,
is formed, and goes through a new phase of sifting. This
second phase may bring the soft group to a new position.
Once this is done, the new group is dissolved.

Our method is better than iterating sifting until con-
vergence: It normally produces smaller BDDs in less time.
This agrees with our observation that a locally optimum
position does not usually change much as a result of sift-
ing the other variables. Instrumental to the success of our
group sifting approach is the fact that extended symmetry
can be checked quickly, and that it fails most of the times.

4 Experimental Results

In this section we present experiments conducted on
several circuits from the IWLS benchmark set [15] and on
some additional circuits. In all experiments, BDDs are
built for the circuits while applying dynamic reordering.
At the end, reordering is applied again. No hard groups
are specified. Table 1 presents four sets of results. The
column headings give the combinations of methods. For
instance, sift-sift means ordinary sifting while building the
BDDs, followed by ordinary sifting. Symm means sym-
metric sifting and group means group sifting. best-ever
indicates the best results we have collected running exper-
iments with different parameters and variants of the algo-
rithms. Times are in seconds on a 275 MHz DEC Alpha
workstation with 256 MB of memory.

In all cases except for the adders, adder/subtractors,
compl28, alul28, and dpath32, the standard musII order-
ing [10] was used as initial order. For the others, contrived
orders were used to test the robustness of the algorithms.
The example named 2230 is the function =3¢ of Section 2.3,
showing a linear gap between optimal orders and symmet-
ric orders. The result of 91 nodes is optimal.

Overall, group sifting produces BDDs that are 11%
smaller. The CPU times are quite similar, with the ex-
ception of a 52% increase in the case of s88417. However,
even such an increase is easily compensated by the savings
that the application that uses the BDDs (e.g., sequential
redundancy removal) can achieve. This is especially true
of a circuit as large as s38417 [16].

Ordinary sifting in many cases puts variables with strong
affinities close to each other. However, when two strongly
attracted variables are adjacent, it is unlikely that their po-
sitions in the order will change, because pulling them apart
is likely to increase the size of the BDD, even though one
variable is going towards the “right” position. Group sift-
ing, on the other hand, does not have this problem, because
it moves both variables at once.

5 Conclusions

Group sifting is an extension of sifting that allows a more
effective exploration of the different variable orders of a
decision diagram. We have presented an algorithm that
extends the benefits of symmetry-based sifting to a wider
class of functions. Experimental results confirm its effec-
tiveness. The strategy of our group sifting method is to
first find a good relative position for a variable—a good
neighborhood—and then move the variable and its neigh-
bors around in search of a better neighborhood. In addi-
tion, extended symmetry is used during sifting to detect
variables that have very strong affinity. This approach
avoids local minima where ordinary sifting is often trapped
and has a modest overhead in terms of CPU time.
Considerable work remains to be done. We cannot re-
gard the search for better aggregation criteria as termi-
nated. We would also like to explore the application of
group moves to search schemes other than sifting. Finally,
we hope to report soon on the application of group sifting
to problems in sequential verification and synthesis, where
constraints on the orders are often found, or the problems
exhibit structural features that our algorithm may exploit.
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