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Abstract— An efficient algorithm for three-dimensional (3-
D) capacitance extraction on multi-layered and lossy substrate
is presented. The new algorithm represents a major improve-
ment over the quasi-3D approach used in Green’s function-based
solvers by taking into consideration of the side-wall effects of the
conductors. The accuracy and efficiency of the new algorithm is
tested by examples.

I. INTRODUCTION

It has become more critical that 3-D effects should be con-
sidered accurately in modeling capacitances on RF CMOS
chips because of shrunk feature size and increasing operation
frequency. Boundary element method (BEM) is an efficient
method for this problem, since only surfaces and interfaces be-
tween regions need to be discretized, which greatly reduced
the problem compared to volume-discretized methods such
as finite difference method (FDM) and finite element method
(FEM), e.g., Raphael [1] and HFSS [2].

Great efforts have been made in the BEM-based 3-D capac-
itance extraction, such as fast multi-pole (FMM) [3], singular
value decomposition (SVD) [4], hierarchical [5], and quasi-
multiple medium (QMM) [6] methods . All these methods,
however, mainly focus on the fast solving of the linear system.
In this paper, we study the computation of potential coefficient
matrix P (to be defined later) for multi-layered and lossy sub-
strate based on Green’s function [7, 8]. In this method, the
Green’s function is calculated and stored based on the process
technology only, thus the dielectric interfaces don’t need to be
discretized. As a result, the size of the linear system is greatly
reduced.

In [7], the chip structure is assumed to be confined by rect-
angle electric and magnetic walls. Considering the Neumann
boundary condition at the magnetic walls, the Green’s function
can be expanded to cosine series, such that fast Fourier trans-
form (FFT) can be applied to accelerate the calculation of co-
sine series summation. By introducing the concept of complex
permittivity [9], this method can handle lossy substrate easily
with little extra efforts. The original algorithm was improved
in [8] and implemented in software ASITIC [10].

In ASITIC, however, since only analytical integration over
horizontal panels is derived, the conductors are restricted to
two dimensional sheets. To extend the capacitance extraction

to 3-D domain, the Green’s function should be integrated an-
alytically in z-direction. However, this meets some difficulty.
Because in [8], to preserve the numerical stability, the Green’s
function in z-direction is obtained through a complicated re-
cursive procedure. The resulted expression is a continual mul-
tiplication, which cannot be integrated analytically. Although
measures are taken in [11] by considering the bottom and top
plates of conductors, the sidewall capacitance still cannot be
handled. In [12], the conductors are cut horizontally into slices
in order to include 3-D effects, but this amounts to volume dis-
cretization, leading to prohibitive extra cost.

In this paper, we use a new formula for recursive compu-
tation of the Green’s function, such that it can be integrated
stably in z-direction. The formula for the computation of the
potential coefficients involving sidewall integration is derived
to accomplish the true 3-D parasitics extraction.

II. GREEN’S FUNCTION APPROACH TO CAPACITANCE

EXTRACTION WITH LOSSY SUBSTRATE

The substrate is characterized in [7] as a multi-layered struc-
ture as shown in Fig. 1. Each layer has a thickness and a uni-
form permittivity and conductivity. Conductors are embedded
in the layers. The objective of the parasitics extraction is to
compute the m×m capacitance matrix C for an m-conductor
geometry.

To determine the j-th column of C, we need only to solve
for the surface charges on each conductor produced by rais-
ing conductor j to unit potential while grounding rest of the
conductors. Then Cij is numerically equal to the charge qi on
conductor i. This procedure is repeated m times to compute all
columns of C. The charge qi is obtained by solving the linear
system

Pq = v, (1)

where v is the given potential vector and P is the so-called
potential coefficient matrix. Each entry of P, i.e. pij , is com-
puted by convolving the charge distribution with the Green’s
function as

pij =
1

AiAj

∫
r
′∈Ai

∫
r∈Aj

G(r′, r)drdr′, (2)



where A1 and A2 are the areas of the two panels. The Green’s
function G(r′, r) can be computed by solving the Laplace
equation

∇G(r′, r) =
−δm(r − r′)

ε̇k

, (3)

where

ε̇ = ε +
σ

jω
(4)

is the complex medium permittivity [9]. By the use of ε̇ instead
of ε, both ohmic and displacement currents are accounted for,
thus the frequency-dependent effect for conductive substrate is
included.

The Greens function for the boundary condition shown in
Fig. 1 can be solved as a double infinite summation

G(x′, y′, z′, x, y, z) =

∞∑
m=0

∞∑
n=0

fmn(z′, z) ×

cos(δmx′) cos(ξny′) cos(δmx) cos(ξny), (5)

where δm = mπ/a, ξn = nπ/b, a, b are the substrate lateral
dimensions. fmn is obtained by solving the Laplace equations
in the z-direction along with the boundary conditions in this
dimension. In [7], fmn is composed of hyperbolic functions,
while in this paper, it is expressed in an exponential manner as

fmn(z′, z) =
Cmn

abε̇sγ
×

(
αu,l

s eγz′

+ βu,l
s e−γz′

)(
αl,u

f eγz + βl,u
f e−γz

)

αu
s βl

s − αl
sβ

u
s

= (αse
γz′

+ βse
−γz′

)(αfeγz′

+ βfe−γz′

), (6)

where Cmn = 4 for (m, n > 0 ), Cmn = 2 for (m = 0
or n = 0 but not both being zero), C00 = 1 and γ =√

(mπ/a)2 + (nπ/b)2. The subscript ‘s’ denotes the source
layer, and the subscript ‘f ’ denotes the field layer. The coef-
ficients αu,l

s , αu,l
f , βu,l

s , βu,l
f can be derived with the help of

recursive formula, similar to the one in [7].
The major advantage of using the exponential function to

express fmn is that it makes it feasible to integrate fmn in z-
direction analytically and stably, which cannot be done using
the expression in [8]. In the next section, the computation in-
volving integration in z-direction will be presented in detail.

III. DERIVATION OF THE PANEL INTEGRATIONS FOR 3-D
EXTRACTION

Suppose the coordinates for two conductors are as shown in
Fig. 1. Each of the conductors’ faces is treated as an inde-
pendent panel. To find pij , (5) is integrated over the surfaces
of panel i and panel j. If one substitutes (5) in (2), and inter-
changes the order of the operations, the integral can be com-
puted analytically, leaving a 2-D infinite summation.
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Fig. 1. Geometry and boundary condition of multi-layer substrate.

To compute the 3-D capacitance, the panels of a cuboid con-
ductor is grouped into three classes, horizontal (in x-y plane),
vertical I (in x-z plane) and vertical II (in y-z plane). The po-
sitional combination of panel pairs can be classified as four
types as shown in Fig. 2. In type A, the two panels are both
horizontal ones, i.e., on the bottom or the top surfaces of the
conductors. In type B, one of the panels is horizontal, and the
other is vertical. In types C and D, both panels are vertical.
They are distinguished by whether the panels are parallel or
perpendicular to each other. In the following subsections, each
type of panel pairs is discussed in turn.
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x

y

z
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Fig. 2. Positional relations of two panels

A. Horizontal-Horizontal (Type A)

To compute the potential coefficient of two panels in x-y
plane, the Green’s function is integrated over them. Excluding
the m = 0 and n = 0 case, it can be written as [8]

pij =

S−1�
m=1

S−1�
n=1

fmn(z, z′)

A1A2

� a2

a1

� b2

b1

� a4

a3

� b4

b3

×

cos(δmx
′)cos(ξny

′)cos(δmx)cos(ξny)dydxdy
′

dx
′

, (7)

where S is the upper bound of the truncated infinite series.
The integration in (7) can be performed easily, resulting in sine



functions, and it can be cast into a sum of 64 terms in the form

pij =

S−1�
m=1

S−1�
n=1

fmn

A1A2δ2
mξ2

n

cos[δm(a1,2±a3,4)]cos[ξn(b1,2±b3,4)] .

(8)

Thus, for a specific technology, the matrix of DCT (discrete
cosine transform), i.e.

Kpq =

S−1∑
m=1

S−1∑
n=1

fmn

δ2
mξ2

n

cos(mπ
p

S
) cos(nπ

q

S
), (9)

can be computed beforehand and stored in a database for 1 ≤
p, q ≤ S. When the layout information, i.e. the coordinates a1-
a4, b1-b4, is given, the potential coefficients can be obtained by
simply access in matrix K and summating the 64 terms.

The computation of (9) need to be computed only once for a
given technology, and it can be very efficient by use of the fast
Fourier transform. For more detail refer to [7].

B. Horizontal-Vertical (Type B)

For the case of type B, since a vertical panel is involved, the
computation of potential coefficients consists of three integra-
tions in x- and y- directions and one integration in z-direction.
With the presence of (6), it is very easy to perform the analyti-
cal integration of fmn(z′, z) in z-direction:

f (1)
mn =

c2∫
c1

fmn(z′, z)dz (10)

The remaining three integrations in x-y plane are the same
as in type A. Suppose the vertical panel is field panel, and it
is in x-z plane with y-coordinate being bf , the integration of
potential coefficient can be written as

pij =
S−1�
m=1

S−1�
n=1

cos(ξnbf )

A1A2

� a2

a1

� b2

b1

� a4

a3

� c4

c3

×

cos(δmx
′)cos(ξny

′)cos(δmx)fmn(z, z
′)dz

′

dxdy
′

dx
′

=

S−1�
m=1

S−1�
n=1

f
(1)
mn

A1A2δ2
mξn

[sin(ξnb2) − sin(ξnb1)] cos(ξnbf ) ×

[sin(δma2) − sin(δma1)] [sin(δma4) − sin(δma3)] . (11)

It can be cast into a sum of 32 terms just like in the case of
type A, and it can be recast into the form of discrete cosine-
sine transform (DCST)

Kpq =

S−1∑
m=1

S−1∑
n=1

f
(1)
mn

δ2
mξn

cos(mπ
p

S
) sin(nπ

q

S
), (12)

which is very similar to (9), and it can also be computed rapidly
by the use of the fast Fourier transform.

C. Vertical-Vertical (Types C, D)

For types C and D, the two panels are both vertical. The
computation of pij consists of two integrations in x-y plane
and two integrations in z-direction. Since the coefficients are
discontinuous at the source point, depending on whether the
two panels are in the same layer or not, the analytical integra-
tion in z-direction

f (2)
mn =

c2∫
c1

c4∫
c3

fmn(z′, z)dzdz′ (13)

should be derived individually, and it can be done with the help
of mathematical tools, such as Mathematica [13].

The remaining derivation of pij includes two integrations in
x-y plane, and the resulted matrix K are DCT (for type C) and
DST (discrete sine transform, for type D), respectively. Due to
length limit, the detail will not be presented here.

IV. NUMERICAL RESULTS

The algorithm described above is implemented in a solver
named SCAPE (Substrate Coupling Analyzer for Passive Ele-
ments). In this section, several examples will be shown to ver-
ify SCAPE and to compare the accuracy and efficiency with
other methods. The simulations are done on a Sun Blade 2000
with Ultra SPARC III Cu processors at 900 MHz and 2 GB
memory.

The test cases are k × k (k = 2 ∼ 5) crossing conductors in
five dielectrics as shown in Fig. 3. The size of each conductor
is (2k + 1) × 1 × 1 (unit in micron). The spacing between
neighboring conductors in the same layer is 1µm. The relative
permittivity of every dielectric layer is 3.9. The thickness is 28
for the top layer and 1 for the rest layers. Each of the structures
are surrounded by a 32 × 32 × 32 box. The bottom of the box
is a perfect ground plane, and the other five surfaces of the box
are Neumann boundaries.

Fig. 3. 2×2 crossover in dielectrics

The above crossover problems are computed by FastCap
with very fine meshing, denoted by FastCap I, FastCap with
relative coarse meshing, denoted by FastCap II, ASITIC, and
SCAPE. Both the expansion order of FastCap I and FastCap
II is 2. It is the most accurate version of FastCap, within a



reasonable amount of time. In the input of FastCap, 0 is as-
signed to the permittivity of outer space to handle the bound-
ary condition, and each interface between the dielectric layers
is specified to make the comparisons equitable.

In ASITIC, since it can not handle conductors with finite
thickness, to model thickness effect to the best of its abilities,
the upper and lower surfaces of conductors are treated indepen-
dently as conductors of zero thickness and extracted as such
[11]. After extraction, the resulted capacitance matrix is re-
duced by combining together the top and the bottom plates of
the conductors. This is electrically equivalent to shorting the
top and the bottom plates together.

Using the capacitance matrix C computed by FastCap I, i.e.
FastCap with very fine meshing, as the standard, the error of
the capacitance matrix C′ computed by another program is es-
timated in the two-norm: ||C′ − C||/||C||. The error of Fast-
Cap II is set to around 3%, controlled by adjusting the mesh
size.

Table I compares SCAPE with ASITIC and FastCap. The
following is a summary of the comparison.

1. Using FastCap I’s result as criterion, SCAPE is more
accurate than FastCap II, which is within 2.5% and around 3%,
respectively. ASITIC does not account for the sidewall effect,
so its error is unacceptably large (> 20%).

2. Since SCAPE does not need to discretize the ground
plane, the boundary, and the dielectric interfaces, it uses much
fewer panels than FastCap I and II, thus it is much faster than
them. The speedup compared to FastCap I is 169 to 42, and 36
to 6 to FastCap II.

3. SCAPE uses 1/14 to 1/6 of the memory used by FastCap I,
and about 1/3 of the memory used by FastCap II. The memory
required by SCAPE grows slower than FastCap does with the
problem size grows. This is because in SCAPE most of the
memories are used to store the Green’s function, which is fixed
when the problem size grows. So it is better for large scale
problems.

It is worth noting that, in the above simulations with Fast-
Cap, the substrate is only 32 µm×32 µm, which is much
smaller than reality. For an actual technology, the problem
size for FastCap will increase drastically, while for the new
algorithm it is fixed, since the dielectric interface charge is ac-
counted for during the computation of Green’s function.

V. CONCLUSION

The multi-layered Green’s function-based algorithm pro-
posed in [7] for substrate coupling analysis is extended to 3-
D domain. To accomplish this, a new recursive formula for
computing the Green’s function is derived and it is integrated
analytically over the sidewall surfaces. Test examples show
that it brings prominent improvement in accuracy, compared
to ASITIC.

TABLE I
COMPARISON FOR k × k BUS PROBLEMS.

Test problem
2×2 3×3 4×4 5×5

FastCap I (with fine mesh)
CPU Time (s) 54 120 218 349
Memory (MB) 111 131 160 197

Panel # 7812 8724 9948 11492

FastCap II (with coarse mesh)
CPU Time (s) 11.6 19.1 31.1 46.6
Memory (MB) 56 64 75 89

Panel # 3628 4080 4684 5448
Error (%) 2.89 2.84 2.85 2.76

ASITIC
Panel # 50 84 144 220

Error (%) 23.7 24.8 25.8 25.4

SCAPE
CPU time (s) 0.32 1.14 3.41 8.39

Memory (MB) 19 20 21 25
Panel # 146 276 464 700

Error (%) 0.99 0.91 1.60 2.38
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