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ABSTRACT 
The physical origin of the fractional power dependence of 
MOSFET drain current on gate voltage, namely α-power law 
model that has been considered as a fully empirical model, is 
analytically investigated. For this purpose, we have developed a 
new physics-based analytical drain current model. Using this 
model, we prove that the saturation current can be simplified in 
the form of B⋅(Vg−VTH)α, α-power law model. The physical 
interpretations on α, B, VTH are elucidated, and their analytical 
expressions are given in terms of MOSFET's parameters. Since 
the α-power model is compact and physics-based, it allows circuit 
designers to easily estimate the power dissipation and the gate 
delay time in a predictable manner. 

Categories & Subject Descriptors: I.6.5 Model 
Development. 

General Term: Theory, Verification. 

Keywords: MOSFET modeling, Saturation current, α-power 
model. 

1. INTRODUCTION 
Since Shockley’s square model is not inadequate for today’s 
MOSFETs due to various effects of velocity saturation, short 
channel effect, mobility degradation, and series resistance, new 
MOSFET’s models have been developed to replace it [1][2][3].  
The general strategy for the MOSFET’s model development can 
be categorized into two ways as follows:  

1. A compact (but empirical) model of the drain current (Ids) in 
advanced short channel MOSFETs is very important in VLSI 

initial designs (ie quick estimation of power and speed 
performance).   

2. In parallel, it is also strongly required to develop a physics-
based analytical drain current model for the sake of better 
physical insights into the fundamentals of future ultra-short 
MOSFETs characteristics.  

Most of drain current models reported are reasonably accurate, 
but their mathematical expressions are complicated to use.  On the 
other hand, the conventional α−power law model [3] is widely 
used in discussing low power/low-voltage circuits, but since it is 
totally empirical we cannot know the applicability of the 
α−power model for future devices, including SOI transistors and 
dual-gate MOSFETs.  In addition, the physical background of its 
main parameters, α, B, and VTH has not been satisfactorily 
understood yet, leading to some uncertainty in the evaluation of 
circuit performance. It is empirically known that the value of α of 
present advanced MOSFETs is around 1.3.  In this study, we 
develop an analytical drain current model for advanced short 
channel MOSFETs, and then demonstrate that its saturation 
current equation can be switched into the α−power law model 
revealing the physical origins of α, B, and VTH . The α−power 
model is also successfully verified by comparing with 
experimentally measured bulk and SOI MOSFETs data. It is thus 
shown for the first time from the analytical and experimental 
approaches that the α-power model is not just an empirical model, 
but it is a general model applicable to various MOSFETs 
including SOI, SiGe and dual-gate structures. 

2. MODEL 
The objective in the development of this model is to analytically 
investigate the effect of velocity saturation on the drain current 
characteristics of advanced short channel MOSFETs, taking into 
account series resistance.  
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2.1  New velocity-field model for short channel 
MOSFETs 
Due to the different dependence of the carrier drift velocity, v(E), 
on the longitudinal channel field E, the electrical characteristics of 



the short channel MOSFETs differs from those of the long 
channel MOSFETs.  Therefore, the determination of v(E) is 
crucial to the accuracy of the short channel MOSFET model.  In 
this work, an improved empirical velocity-field expression 
depicted in (1) is proposed to analytically drive the drain current 
equation of the short channel MOSFETs: 
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where v0 is a constant whose dimension is velocity [m/s], and µeff 
is the effective mobility dependent on the gate voltage [4].  It is 
generally accepted that n = 2 with a, b, c = 1 for electrons, and n 
= 1 with a, b, c = 1 for holes. The saturation velocity, vsat, is equal 
to v0. However, the mathematics in solving the n = 2 case to 
derive the drain current are very delicate and tedious [5].  For that 
reason, by additionally introducing the new parameters (a, b, and 
c) instead for the n = 1 case, we are able to reasonably well 
reproduce the n=2 electron velocity vs. longitudinal field 
characteristics, consequently leading to the derivation of the drain 
current.  Here, vsat, corresponds to v0 × a/c.  In the low field limit, 
v(E) → µeff ⋅E, whilst in the high field limit, which is of greatest 
interest in the present deep sub-micron technology node, v(E) → 
vsat.  This is only an empirical part in this work and the other parts 
are fully analytical.  For the values of a, c, and n used for this 
work, refer to table I.  For simplicity, b is set to be 1.  

Furthermore, notice that adjusting the values of a, b, and c the 
model can be also applicable to SiGe, III−V and SOI MOSFETs.  
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Fig 2.  The new analytical Idsat model is in excellent agreement 
with an already- verified empirical model [1] for MOSFETs 
with various channel lengths. 

Fig 1 shows the comparisons of the present velocity-field model 
with the commonly used velocity-field models [ 6 ][ 7 ].  Our 
present model is in good agreement with the more complicated 
model with n = 2 which fits experimental data quite well but 
cannot lead to an analytical solution of Ids due to its complex 
mathematical form.  Overall relative error between our present 
model and the commonly accepted model (n = 2) has been found 
to be less than 3%.  

 

Table 1.  Parameters used for present velocity−field model 

For simplicity, b=1.  

 n a c 

Si-NMOSFET 1 1.431 1.089 

Si-PMOSFET 1 1 1 

 

2.2  Analytical drain current model for short 
channel MOSFETs 
To obtain the drain current model one must solve the following 
equation: 
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where W is the channel width, V is the quasi-Fermi potential at a 
point x in the channel, and Qi(V ) is the total inversion charge 
density at the point.  The charge sheet model and carrier drift 
velocity formula depicted in (1) yield an analytical drain current 
equation: 
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represents the maximum depletion width.  Its saturation voltage 
(Vsat) and current (Idsat) can be found by solving dIds /dVds = 0: 
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Fig 1.  Comparisons of commonly used electron velocity-field 
models with the model in (1).  Present model for holes is the 
same with a commonly used hole velocity saturation model. 
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It can be shown that when (Vg −Vth) <<β, Idsat reduces to the long 
channel saturation current, ∝(Vg −Vth)2 (i.e. α=2), and in the limit 
of β(or L)→0, to the velocity-saturation limited current, ∝(Vg 

−Vth)1 (i.e. α=1).  The following equation in (5) represents Idsat 
taking into account the effect of the series resistance (Rs) of the 
source end, which can be calculated iteratively or by solving a 
second-order function of Idsat: 
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3. MODEL VERIFICATION 
Present analytical Idsat model is compared with a widely used 
validated empirical model [1] and with the classical Shockley’ 
square model, as seen in table II and in Fig 2. In the Shockley’ 
model, α is always 2 irrespective of gate length, because the 
velocity saturation effect is neglected. In most of empirical 
models, the velocity saturation effect is incorporated in the 
Shockley’s model in an empirical manner.  Excellent agreement 
between the present model and the validated empirical model is 
achieved.  For the further verification of our model, Fig 3 shows 
the comparisons of the measured Idsat in the 0.2µm technology 
node Bulk MOSFETs (see Fig 4 for the Ids−Vg characteristics) to 
the modeled Idsat using (5).  For these comparisons, the value of Rs 
is experimentally extracted using the channel resistance method 
[8].  The measured total resistance, Rtot (Vds  /Ids at small Vds) vs. 
channel length (L) yields a straight line.  Its intercept at L = 0 is 
taken as the total source-drain parasitic resistance, Rsd (=2×Rs).  It 
is assumed that effective channel length (Leff) is the same with the 
mask length (Lmask).  Good agreement between the measured and 
analytically calculated Idsat is also achieved in the entire range of 
channel length.  However, notice that for the p-MOSFET data 
shown in Fig. 2 and Fig. 3, our analytically modeled data seem to 
get smaller with decreasing channel length than the data obtained 
from the experimental measurements and the empirical model.  
We thus suspect that the generally accepted values of a, b, and c 

for holes in table I should be adjusted.  
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Fig 3.  Comparisons between the measured and modeled Idsat  
using (5). Rs = 15Ω for NMOSFET and 8Ω for PMOSFET.  
No fitting procedure is performed for the comparisons.  Vg = 
1.8V and Vds = 1.8V.  

 

4. THE PHYSICAL NATURE OF THE 
α−POWER LAW MODEL 
In the ISLPED held in 2001, we successfully modeled the active 
power consumption of the variable threshold voltage CMOS 
(VTCMOS), using the empirical α−power law model [ 9 ].  
However, since the physical origin of its main parameters, α, B 
and VTH , were not fully understood, some uncertainty in the 
power estimation of the device remained. In this section, the 
α−power law model is analytically discussed in terms of the drain 
current model explained in the previous sections. 

First, examples of the measured Idsat -Vg characteristics taken from 
both bulk and SOI MOSFETs, and their log10(Idsat) vs. 
log10(Vg−VTH) plots are illustrated in Fig 4.  The excellent 
linearity of the logarithm plots confirms the validity of Idsat =B⋅(Vg  

−VTH )α.  The slopes of the logarithm plots and values of 
log10(Idsat) at log10(Vg − VTH) = 0 correspond to the values of α and 

 

 

 

 

Table II.  Two Idsat models compared to the analytical model presented here. 

 Classical Shockley’s square model 
Chen et al [1] 

[Widely used empirical model] 
Present model in (3) and (4) 
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Fig 4.  Examples of the measured Idsat − Vg characteristics for the 0.2µm 
technology node bulk and SOI MOSFETs and their logarithm plots.  Vds = 1.8V 
and W =15µm. 
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Fig 5.  Extracted values of α and B from the 
measured data in Fig 4, as a function of 
channel length. 

B respectively, and they are plotted in Fig 5, as a function of 
channel length. As L decreases, the values of α and B decrease 
and increase, respectively.  However, in the Shockley’s and most 
of empirical models presented elsewhere, they can qualitatively 
explain the increase of B but cannot do the decrease of α. 

To investigate how α and B are affected by Rs, L, and substrate 
doping concentration (Na and Nd), α and B are modeled by 
analytically solving (4) and (5), as seen in Fig 6.  It is obvious that 
larger Rs makes α and B smaller, consequently leading to 
decreasing Idsat.  The gate length dependences of the modeled α 
and B are in good agreement with the measured data in Fig. 5.  
Note that the analytical threshold voltage (Vth) and α-power 
threshold voltage (VTH ) extracted from the analytically modeled 
Idsat are different.  VTH is iteratively calculated until the percent 
error (as shown in Fig 7) becomes less than 2% in the entire range 
of Vg.  It is found from this calculation that VTH can be 
approximated as the linearly extrapolated threshold voltage, Von, 
which is typically higher than Vth by (2~4)kT/e [10].  When Rs=0, 
analytical expressions of α and B are as follows: 
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where β1 and β2 are the values of β at Vg −VTH  = 1 and 0.1 
respectively and ∆Vth = VTH  − Vth.  It is obvious from these 
equations that the values of α and B are mainly determined by the 
value of β (= m⋅v0⋅L/(2µeff )).  The physical implication of 2β is 
the effective drain voltage roughly corresponding to the velocity 
saturation.  Thus, it is clearly understandable that if β→0 
(equivalently, L→0), the current saturation at a given gate voltage 
(Vg) occurs at a lower drain voltage (Vds) compared with the long 
channel case when β>>0.  This is well consistent with 
experimental observations.  

 

Since β is a function of the channel length (L) determining the 
lateral electric field, effective mobility (µeff ) controlling the 
degree of the velocity saturation, and structural parameter (m = 
1+3tox/Wdm) related with the strength of the short channel effect, 
the value of α is determined by the combination of the velocity 
saturation and short channel effects.  It is obvious from (6) that as 
the dependence of β on the gate voltage (Vg) (ie difference  

between β1 and β2) becomes smaller, α decreases.  This means 
that the value of α becomes smaller with decreasing m⋅L/µeff , and 
when L is fixed its value is determined by m/µeff.  However, in 
determining the value of α, the velocity saturation is a more 
dominant factor rather than the short channel effect, due to a 
relatively smaller impact of the short channel effect on m. 
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Fig 7.  Examples of the comparisons of (a) the analytically 
calculated and (b) the measured Idsat (thin lines) to the 
reproduced Idsat (thick dotted lines) using the α−power law 
model with the extracted values of α, B and VTH.  Inset: 
Examples of the percent difference of the α−power law model 
relative to the measured and analytical data against Vg. 
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Fig 6.  Simulated values of α and B for uniformly doped N- 
and P-MOSFETs using the analytical models in (4) and (5), 
as a function of channel length.  Na = 2×1018/cm3 and Nd 

=8×1017/cm3. Rs is in the unit of Ω. 

Fig 7 compares the α−power law model to the measured and the 
analytical data. Excellent reproduction of both the measured and 
the analytically calculated Idsat using (5) are achieved using the 
α−power law model. These results clearly confirm the validity of 
the α−power model.  The percent errors of the α−power Idsat 
relative to the measured and to the analytically modeled Idsat  are 
less than 2% in the wide range of Vg, as seen in the inset.  

The key point of the analysis of this section is that since α, B and 
VTH  are basically determined by the short channel effect and the 
velocity saturation, the compact α−power law model can be 
applicable to future advanced MOSFETs with any structures.  
Therefore, we can continue to use the α−power model for the 
power estimation of the next generation MOSFETs as well as for 
the gate delay time evaluation.  
 

5. CONCLUSION 
In this paper, we have presented a compact analytical drain 
current model for short channel MOSFETs and elucidated the 
physical origins of the α−power law model providing analytical 

expressions of α and B.  This paper clarifies for the first time the 
applicability of the α−power law model for future scaled 
MOSFETs by using both analytical and experimental approaches. 
Our compact and predictive model will provide CMOS engineers 
and circuit designers with a convenient and accurate way to start 
their advanced research.  
 

For the future research, the most important extension to this work 
will include the further refinements of the equations presented 
here including the p-MOSFET case, derivation of corresponding 
α-power model in the triode regime, and practical applications to 
various circuits.  It would be also interesting to derive the α-
power law model using different approaches such as a MOSFET 
capacitor model and to find its validity of the model in the nano-
metric technologies. 
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